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CONVERGENCE RATES OF PARAMETER ESTIMATION
FOR SOME WEAKLY IDENTIFIABLE FINITE MIXTURES

BY NHAT HO AND XUANLONG NGUYEN *
University of Michigan

We establish minimax lower bounds and maximum likelihood conver-
gence rates of parameter estimation for mean-covariance multivariate Gaus-
sian mixtures, shape-rate Gamma mixtures, and some variants of finite mix-
ture models, including the setting where the number of mixing components is
bounded but unknown. These models belong to what we call “weakly identi-
fiable” classes, which exhibit specific interactions among mixing parameters
driven by the algebraic structures of the class of kernel densities and their
partial derivatives. Accordingly both the minimax bounds and the maximum
likelihood parameter estimation rates in these models are shown to be typi-
cally much slower than the usual n ™12 or n V4 rates of convergence.

1. Introduction. Location-scale Gaussian mixtures are one of the most widely
utilized modeling tools in statistics. Shape-rate Gamma mixtures are also a useful
modeling choice for non-negative valued data. Yet convergence behaviors of the
parameters arising in these model classes remain largely open questions [19, 21,
10]. We seek to address these questions in this paper.

For finite mixtures of Gaussians, some facts are known when only one type of
parameter varies (such as the mean/location or the variance/scale but not both).
Specifically, if the number of mixing components generating the data is given, then
the optimal rate of parameter estimation is the standard n~Y2, where n is the sam-
ple size. If the number of mixing components is unknown but bounded by a known
constant, then the convergence rate n~Y4 for estimating the mixing distribution is
achieved by a procedure established by Chen [5]. For multi-dimensional parame-
ters, the (logn/n) 1/4 rate of posterior concentration of the mixing distribution was
established by Nguyen [22], under Wasserstein distance Ws. Ho and Nguyen [16]
extended the results of [5] and [22] to a broader range of strongly identifiable mod-
els, which admit general rates for the mixing measure under maximum likelihood
estimation (MLE): (logn/n)'/? for exact-fitted mixtures under W, metric, and
(logn/n)'/* for over-fitted finite mixtures under W5 metric.
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Strong identifiablity and related notions, as studied by [5, 22] and several oth-
ers (e.g., [20, 25]), refers to a linear independence condition on the class of kernel
density functions and their first and second-order partial derivatives with respect
to the parameters. It is fruitful to delineate this condition further: first-order identi-
fiability requires linear independence of the density functions and their first-order
derivatives; second-order identifiability requires linear independence of the density
functions and their partial derivatives up to the second order [16]. The classical
identifiability condition — linear independence of the class of density functions —
corresponds to zero-order identifiability. Gaussian mixtures with both the mean and
covariance parameters varying are identifiable up to the first order, but not in the
second-order. Gamma mixtures are not identifiable even in the first-order, despite
being identifiable in the classical sense. In each of these examples, the violation of
such identifiability conditions is due to a specific interaction among different pa-
rameters being present in the model class. Such interactions are driven by specific
algebraic structures of the class of kernel densities and their partial derivatives.
They can be succinctly expressed by certain partial differential equations satisfied
by the kernel density function.

We shall informally refer to those finite mixture models weakly identifiable if
they fail either the first or second-order identifiability condition, but otherwise are
identifiable in the classical sense. Most relevant existing works on the asymptotics
of parameter estimation (e.g., [5, 22, 16]) concern only the settings of strong iden-
tifiability, and thus quite inapplicable to weakly identifiable classes. In fact, for
such model classes the standard rates of convergence 7~ '/? and n~'/* (modulo a
logarithmic term) no longer hold in general — the rates that we establish in this
paper are non-standard, and new. For instance, we shall show that for a location-
scale Gaussian mixture where the number of mixing components is unknown and
bounded by a constant, a minimax lower bound and the MLE convergence rate
for estimating the mixing measure depend on how much we potentially overfit the
model: the estimation rate is n /8 under the 4th order Wasserstein distance Wy,
if overfitting by one extra component; n~ /12 under the 6th order Wasserstein dis-
tance Wj if overfitting by two extra components. All these rates occur while the
MLE convergence rate of the mixture density remains to be n~'/2. Remarkably,
for Gamma and some other mixtures, the minimax lower bound for estimating the
mixing measure is shown to be worse than any polynomial rate of the form n =1/
even when the number of mixing components is known.

In the special case of overfitting location-scale Gaussian mixtures by one ex-
tra component, the poor convergence rate for parameter estimation has been noted
before by several authors. Most notably, Chen and Chen [4] established the con-
vergence rate n~ /8 of the mixing distribution under a hypothesis testing for ho-
mogeneity. Kasahara and Shimotsu [17] also achieved the rate n~/8 of MLE of
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finite normal regression mixtures (overfitted by one more component) when pa-
rameters are reparameterized and mixing proportions are restricted to be bounded
away from zero. We are not aware of existing work on Gamma mixtures.

1.1. Main results for Gaussian mixtures. Given an n-iid sample X1,..., X,

generated according to a Gaussian mixture density pg, ( / f(z]0,£)Go(db, dx),

ko
where Gp = ) p?é(go x0y has ko > 1 distinct support points. The class of Gaus-
i=1 v

sian densities is denoted by { f(2]6,%),0 € © CR%, £ € Q C SI}, where 57
indicates the set of all symmetric positive definite matrices on R**¢ and d > 1.
Throughout this paper, © and €2 shall be restricted to be compact subsets where
their precise formations are given in our main theorems. (We note that without
these compactness conditions, the MLE of Gy may not exist or be inconsistent.)
Now, we shall fit a mixture of & Gaussian distributions using the n-sample, where
k > ko+ 1. Denote by Oy, := O (0O x ) the set of probability measures on © x 2
with at most k support points, &, := &k, (O x ) the set of probability measures
on © x Q with exactly ko support points. In addition, given ¢y € [0, 1), define a
subset of O,

k*
Ok,co = {G = Zpié(ghzi) EOp:pizcgV1<i< k*} .

=1

_Let G, be an estimate of Gp. We seek to derive the rate of convergence of
Gy, to Gy under a number of settings. For evaluating the convergence of mixing
measures, Wasserstein distances have proved to be a natural choice [22, 23]. Given
k /
two discrete probability measures G = >~ p;d(y, x,) and G’ = 3 pidr sy on
i=1 i=1 v
O x €, recall that the s-th (s > 1) order Wasserstein distance between G and G’
takes the form [28]:
1/s
W.(G,G) = mqu@J 16; = 61 + 1= = Z500° |

where the infimum is taken over all couphngs q between p and p’, ie., q =

(¢i)i; € [0,1]%F such that Z gij = p; and Z ¢ij =piforanyi=1,... kand

- /
ji=1,... K.
entrywise {5 norm for matrices.

or the
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To see how a convergence rate in Wasserstein distance Wj is translated to that
of the parameters, suppose that a sequence of mixing measures GG, tending to G
under Wy metric at a rate w,, = o(1). If all G,, have the same number of atoms
k = ko as that of Gy, then the set of atoms of G,, converge to the kg atoms of
G, up to a permutation of the atoms, at the same rate wy, under || - || metric. If G,,
have varying k,, € [ko, k] number of atoms, where k is a fixed upper bound, then a
subsequence of (G, can be constructed so that each atom of G is a limit point of a
certain subset of atoms of (G,, — the convergence to each such limit also happens
at rate wy,. Some atoms of G, may have limit points that are not among Gg’s atoms
— the total mass associated with those “redundant” atoms of G,, must vanish at
the generally faster rate w; .

For over-fitted Gaussian mixtures with both mean and variance varying, a main
result of this paper is to show that the rate of convergence of the mixing measure is
determined by the order of a set of polynomial equations, which we now describe
precisely. Denote by ¥ > 1 the minimum value of » > 1 such that the following
system of polynomial equations

k—ko+1 nl bn2

(D Z Z nl‘m =0 foreacha=1,...,r

ni,n2

does not have any non-trivial solution for the unknowns (a;, b;, cj)k Fotl The
ranges of ny, ny in the second sum are all natural pairs satisfying n; + 2n2 = qa.
A solution is considered non-trivial if all of ¢;s are non-zeros, while at least one of
the ajs is non-zero.

THEOREM 1.1. (Gaussian mixtures) Let L.y, A < X be fixed positive num-
bers. Given © = [—ay,a,]? where a,, < L(logg)v, and Q) be a subset of S;Jr
whose eigenvalues are bounded in an interval [\, \|.

(a) (Minimax lower bound) For any r < 27,

_inf sup  E,, Wl(@n,G) > cn V7.
Gn€Oy GEOk\OkO

Here, the infimum is taken over all sequences of estimates CA}n ranging in
Ok, Ep, denotes the expectation taken with respect to product measure with
mixture density p¢, c1 is a universal positive constant.

(b) (Maximum likelihood estimation) Let co = 0 if k — kg = 1 or 2, and cy > 0
otherwise. Assume that Gy € Oy, ., and let @n be the MLE ranging in Oy, ..
Then,

}P’(Wy(én, Go) > C(logn/n)Y?") < exp (—clogn).
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Here, probability P is taken with respect to pc. C, c are positive constants
depending only on d, L, v, A, A, cg and G.

Part (a) of Theorem 1.1 establishes a minimax lower bound for estimating mix-
ing measure G under W7 distance. Noting the general inequality W7 > W7, this
lower bound obviously also holds for Wz. In words, when the number of mix-
ing components is unknown except that it lies in the interval [ko, k], then there
is no method for estimating G at a rate better than n /(") uniformly for all
G € O \ Og,. The proof actually obtains something stronger: the lower bound
holds uniformly for any fixed or suitably shrinking W; neighborhood in O of
any Go € &y,. Part (b) of Theorem 1.1 establishes that, under the compactness of
the parameter spaces ©, €2, the rate n~ /(") can be achieved, up to a logarithmic
term log n, by maximum likelihood estimation. We wish to emphasize that this is a
pointwise convergence rate, i.e., constant C' depends on Gg. For a fixed G, we do
not know if the upper bound n =/ (27) of the convergence rate for the MLE may still
be improved without additional assumptions or not. As a consequence of part (a),
the upper bound n~ V@) s sharp in the sense that it cannot be improved uniformly
for any W neighborhood for Gy.

The link of the estimation rate for location-scale Gaussian mixtures to the solv-
ability of the system of polynomial equations (1) established by the above theorem
is rather striking, as it describes precisely the hardness of parameter estimation in
over-fitted situations. Determining the solvability of a system of polynomial equa-
tions is a basic question in (computational) algebraic geometry. For system (1),
there does not seem to be an obvious answer as to the general value of 7. Since
the number of variables in this system is 3(k — ko + 1), one expects that 7 keeps
increasing as k — kg increases. Using a standard method of Groebner bases [2],
we can show that for £ — kg = 1 and 2, ¥ = 4 and 6, respectively. In addition if
k — ko > 3, then ¥ > 7. Thus, the convergence rate of the mixing measure for
Gaussian mixtures deteriorates rapidly as more extra components are included in
the model. We expect, but do not have a proof, that the value 7 in the rate n—1/2r
tends to infinity as the number of redundant Gaussian components increases to in-
finity. We note several recent results at the other end of the rate spectrum: when
the number of mixing components is unbounded (infinite), the convergence rate of
the mixing measure under W5 is shown to be (logn)~*/2 for the location Gaus-
sian mixtures [3, 22]. This rate may also resonate with some classical results in
the deconvolution literature (e.g. [30, 12]), but one should be reminded that these
classical results are applicable to only location mixtures carrying smooth mixing
densities. Interestingly, although the convergence rate of mixing measures in over-
fitted finite mixtures may be poor, if one is interested in mixing proportions only,
it follows from the previous discussion of Wasserstein distance W5 that the rate
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(n~1/NT = p=1/2 is still achieved by the MLE. This rate is also obtained by a
Bayesian estimation procedure studied by Rousseau and Mengersen [25].

1.2. Results for other weakly identifiable classes. We now briefly describe
other model classes studied in this paper. Gamma densities represent an interesting
instance: the Gamma density f(x|a,b) has two positive parameters, a for shape
and b for rate. This family is not identifiable in the first order. Moreover, we will
show that there are particular combinations of the true parameter values which pre-
vent the Gamma class from enjoying strong convergence properties. One the other
hand, by excluding the measure-zero set of pathological cases of true mixing mea-
sures, the Gamma density class in fact can be shown to be strongly identifiable in
both orders. Thus, this class is almost strongly identifiable, using the terminology
of [1]. The generic/pathological dichotomy in the convergence behavior within the
Gamma class is quite interesting: in the generic case of true mixing measures, the
mixing measure can be estimated at the standard rate (i.e., n~'/? under W for
exact-fitted and n~1/% under W, for over-fitted mixtures). The pathological cases
are very unforgiving: even for exact-fitted mixtures, one can do no better than a
logarithmic rate of convergence in a minimax sense.

Let some readers wonder whether this unusually slow rate for the exact-fitted
mixture setting can happen only in the measurably negligible (pathological) cases,
we also introduce a location-extension of the exponential distribution, the location-
exponential class: f(z]0,0) := %exp(—%“”)l(m > ). We show that the mini-
max lower bound for estimating the mixing measure in an location-exponentials is
no faster than a logarithmic rate, even when the number of mixing component is
known.

Practical implications. In theory, mixture models enjoy strong asymptotic prop-
erties as a black-box modeling device for density estimation, see [13, 14, 24, 18]
and the references therein. In practice, the parameters specific to each mixing com-
ponents may carry useful information about the heterogeneity among the underly-
ing (latent) subpopulations. Thus, understanding the statistical efficiency of param-
eter estimation in mixture modeling is also relevant from a practical standpoint.
Problematic convergence behaviors exhibited by widely utilized models such as
Gaussian mixtures may have long been observed in practice, but a concrete the-
ory has been largely unavailable. The results established in this paper present a
cautionary tale about the limitation of Gaussian mixtures, when it comes to as-
sessing the quality of parameter estimation, but only when the number of mixing
components is unknown. Since a tendency in practice is to “over-fit” the mixture
generously with many more extra mixing components, our theory warns against
this because as we have shown, the convergence rate via standard methods such as
MLE for subpopulation-specific parameters deteriorates rapidly with the number
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of redundant components. For Gamma and location-exponential distribution, our
theory also paints wildly varied convergence behaviors within each model class
and thus a similarly extreme caution. We hope that the theoretical results obtained
may hint at practically useful ways for determining benign scenarios and imposing
helpful constraints when the mixture models enjoy strong identifiability properties
and favorable convergence rates, and for identifying pathological scenarios where
the practioners would do well by avoiding them.

Paper organization. Section 2 is devoted to the proof of the results for Gaussian
mixture models. Section 3 investigates Gamma mixtures and a location extension
of exponential distribution. The theoretical bounds are illustrated via simulations
in Section 4. Remaining proofs are given in Section 5 and in the supplemental
article [? ].

Notation. In addition to Wasserstein distances for mixing measures, we also uti-
lize several familiar notions of distance for mixture densities, with respect to Lebesgue

1
measure. They are total variation distance V' (pg, per) = 3 / Ipc(z) — per (z)|dp(x)

1 2
and Hellinger distance h?(pg, par) = 2/ (\/pg(x) —Vper (:c)) du(z).

2. Proof of main results for Gaussian mixtures. This section is devoted to
proving Theorem (1.1). This theorem addresses only over-fitted Gaussian mixtures,
i.e., when the true number of mixing components is bounded but otherwise un-
known. If the number of mixing Gaussian components is known, it was already
shown that the rate of estimating the mixing measure G is the standard rate n~'/2
under W7 metric [16]. This is due to the fact that the class of Gaussian densities
with both mean and covariance parameters varying is identifiable in the first order.
However, the Gaussian family is not identifiable in the second order — that is to
say that the collection of Gaussian density functions and their partial derivatives
up to the second order taken with respect to the mean and covariance parameters
are not linearly independent. This can be seen by the following identity, which
represents a partial differential equation satisfied by Gaussian density f(z|60, X):

of

(2/6,%) = 255 (a6, ).

82 f

@ o0

This identity, also noted previously by [4, 17], will play a fundamental role in our
proof of Theorem (1.1).

2.1. On the order 7. Before proceeding to the proof of the theorem, let us
briefly discuss some properties of 7 as defined in (1). This is a system of r polyno-
mial equations with 3(k — ko + 1) unknowns. The condition ¢y, ..., cx_gy+1 # 0
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is important. In fact, if ¢; = 0, then by choosing a; # 0, a; = 0 for all i =
2,...,k—ko+1land b; = Oforall j = 1,...,k — ko + 1, we can check that
system (1) is satisfied for all & > 1. Therefore, without this condition, 7 does not
exist.

To illustrate the possible values of 7, let us consider the case k = kg + 1, and let
r = 3. System (1) reduces to the equations:

claj + ciaz =0

1
5(0?@% + c3a3) + by + by =0
1 . )
g(c%a‘f + c3a3) + cayby + c3aghy = 0.
It is simple to see that a non-trivial solution exists, by choosing co = ¢; # 0,
a; = 1l,ay = —1,by = by = —1/2. Hence, 7 > 4. For r = 4, the system consists
of the three equations given above, plus
L o4, 24 L 99 2 2 L 99 99
I( 1a1 + Cgag) + a(clalbl + 62a2b2) + g(clbl + CQbQ) = 0.

It will be shown in the sequel that this system has no non-trivial solution. Therefore
for k = ko + 1, we have 7 = 4.

Determining the exact value of 7 in the general case appears quite challenging.
For the specific value of k — kg, one can find 7 — there are well-developed methods
in computational algebra for dealing with this type of polynomial equations, such
as Groebner bases [2] and resultants [26]. Using the Groebner bases method, we
shall show in Section 5 that

PROPOSITION 2.1. 7 =4ifk=ko+ 1L, T7=606ifk=ko+ 2. If k > ko + 3,
then7 > 7.

2.2. Discussion of conditions in Theorem 1.1. 'The main conditions in the state-
ment of Theorem 1.1 are concerned with compactness and boundedness of the mix-
ture model’s parameters, including the parameters of mixing components, and the
parameters for mixing probabilities.

The parameters of mixing components lie in €2 and ©. Compactness conditions
for 2 and © are required for three reasons. First, the compactness of {2 is impor-
tant in guaranteeing that the likelihood function is bounded. Indeed, if the small-
est eigenvalue of the covariance parameter is not bounded below or the largest
eigenvalue of the covariance parameter is not bounded above, the likelihood func-
tion will become unbounded [11, 15, 6]. Second, the compactness of © and {2 are
also crucial in obtaining upper bounds of the (bracket) entropies that we need for
Lemma 2.1. Such bounds yield convergence rate n /2, up to logarithmic factor,
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for the convergence of mixture density pg under Hellinger distance. Third, and
most importantly, these compactness assumptions are required in establishing the
lower bounds of Hellinger distance of mixture densities in terms of Wasserstein
distance of mixing measures (cf. Proposition 2.2), thereby allowing us to translate
the convergence rate of the mixture density into that of the corresponding mixing
measure. Our proof technique hinges upon the compactness conditions. As pointed
out by the referees, one may be able to relax somewhat the compactness assump-
tions by penalizing the likelihood function appropriately [9, 8]. While the first two
issues discussed above may still be addressed, the third issue will require a sub-
stantially new proof technique; moreover, the rate of convergence will be likely
different.

It is required in part (b) of the theorem that @n range in Oy ., where ¢y > 0
when k — kg > 3. This requirement is sufficient for establishing the bound in part
(b) of Proposition 2.2. A consequence of this requirement is that it prevents the
Fisher matrix at the masses from being degenerate [6, 7, 17]. As such, this condi-
tion is also crucial in obtaining the asymptotic distribution of parameter estimates.
We note, however, that this requirement may not be necessary for the purpose of
establishing rates of parameter estimation. In fact, when the Gaussian mixture is
overfitted by at most two components, i.e., 1 < k— kg < 2, it will be demonstrated
by Proposition 2.3 that this requirement can be removed (by letting cg = 0) without
affecting the conclusion of the theorem.

2.3. Sharp identifiability bounds. A central ingredient in the proof of Theo-
rem 1.1 are sharp inequalities which relate the distance of two Gaussian mixture
densities to a Wasserstein distance between corresponding mixing measures. Let
V(pa, pa,) denote the variational distance, and h(pg, pg,) the Hellinger distance
of pg and pg,. The order 7 enters the following bounds in an essential way:

PROPOSITION 2.2.  Let T be defined as above, and Gy € &,y N Oy, ¢, for some
co > 0.

(a) Forany 1 < r <T, there holds:

ting int{blpepg)/WE (G Go) s TG, Go) < e} 0.

(b) Forany G € Oy, ., such that Wr(G, Gy) is sufficiently small, there holds:
h(pG7pG0) Z V(pG7pG0) 2 WFF<G7 GO) Z WlF(Ga GO)

~

The proof of this proposition is deferred to Section 5. We make several remarks.

(i) In part (a) the ratio h/W7 is set to oo if Wi = 0. In part (b), the multilying
constant in 2> bound depends only on Gj.
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(i1) Part (a) and part (b) together show that W; (G, Gy) is the sharp lower bound
for the distance of mixture densities V' (pa, pg, ). In particular, we cannot
have V' 2 W/ for any r < 7.

(iii) In part (b), G is restricted to a subset of Oy, i.e., set O ,, which places
a lower bound constraint on the mixing probability mass. This restriction
seems to be an artifact of our proof technique. It can be removed completely
with some extra hard work, at least for the case k — kg < 2, as follows:

PROPOSITION 2.3.  Letk — ko = 1 or 2. Fix G € &E,. For any G € Oy, such
that Wi(G, Gy) is sufficiently small, we have V (pg, pc,) 2, WEZ(G, Gp).

The proof of Proposition 2.3 is deferred to the Appendix. Given the two proposi-
tions above, we can now complete the proof of Theorem 1.1.

2.4. Proof of Theorem 1.1. (a) The proof of this part follows from the same
argument as that of Lemma 1 of [29] for establishing minimax lower bounds. Fix
r < 7and Gy € &,. Let Cy > 0 be any fixed constant. According to part (a) of
Proposition 2.2, for any sufficiently small e > 0, there exists G|, € O}, such that
Wi(Go, Gy) = 2¢ and h(pgy, pgy) < Coe”. Take any sequence of estimates Gn
ranging in Ok, we have

2 max By, Wi(Gn,G) > Epe Wi(Gn, Go) + Ep, Wi(Gn, Gp),
Ge{Go,G}} 0

where EZDG0 (resp. Ep_, ) denotes the expectation taken with respect to the prod-
0

uct measure with density pg @”6). By the triangle inequality, W1(G,,, Go) +

W1 (Gn, Gly) > W1(Go, Gy) = 2¢. Thus,

By, Wi(Gn, Go) + E

ro Wi(Cn.GY) = 26 inf (Epg, 1+ By ).
where the infimum is taken over all measurable nonnegative functions f; and fo
defined in terms of n arguments X1, ..., X, subject to the constraint that f+ fo =
1. From the definition of the variational distance, the infimum value in the above
expression is equal to (1 — V(p¢, , p ). Hence,

0

max FE,. W én,G >ell-=V(pd ,pk)).
s oo Wi(G, ) (1- Ve, )
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Now, due to the general relationship between variational distance and Hellinger
distance, i.e., V' < h, and by our construction that /(pg,, Pe ) < Cpe”, we have
0

= \/1 - (1 - h2(pG0,PGg)>n
\/1 — (1—Cgexr)".

IN

As a result,

max FE Wl(@mG)Ze(l— 1—(1—C2e? n)
Ge{GmGg} PG V/ ( 0 )

1
By choosing %" = o the right hand side of the above inequality is bounded
on

below by c1e < n~ /2" for any r < 7 where ¢; is some positive universal constant.
Noting that G, G € Oy, \ O, -1, this concludes the proof for part (a).

(b) The proof follows from combining the result of part (b) of Proposition 2.2
with a standard result on convergence of density estimation via MLE, from [27].
To draw from the later, we first recall some additional standard notation from the
empirical process theory literature (which after this proof will unfortunately not be
needed for the rest of the paper). Let ©* = © x Q, Pr(0*) = {pg|G € O}. Let
N(e,Pr(©*), || - ||oo) denote the covering number of the metric space (P (©*), || -
lloo), and Hp (e, Pr(©*), h) the bracketing entropy of Pk (©*) under Hellinger dis-
tance metric h. Put Pj,(0*) = {pcwo Ge (’)k} and Pk/2 %) = {fY2|f € Pr(©%)}.
For any § > 0, denote the intersection of a Hellinger ball centered at pg, and
P1/%(0%) as:

PA(©"0) = {2 e P2 ©)Ih(fp60) < 0}

The size of this set is captured by the entropy integral:
1)
6. P 0= [ HY PO ) pdu v
52/213
where p denotes Lebesgue measure. Since 52/2(@*, u) C fi/Q(@*), for any u >
0,

3) Hp(u, Py (0%, ), L(1)) P

IN

(UP (© ) 2(1))
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where the identity is immediate from relationship between the Hellinger distance
metric and Lo(p).

Note that for any two mixing measures G'1, Go, P(c,+Go)/2 = (Pay + PGo) /2.
Note also the fact that for any probability densities fy, f1, fo defined on the same

space, hQ((fl + f0)/2,(f2+ fo0)/2) < hg(fl, f2)/2 (cf. Lemma 4.2 [27]). So, for
any two mixing measures G1, Gy € O, we have

hz(pG1J2rGo aszJQrGo) < hQ(prl’pGQ)/Q.

This inequality yields Hp(u/v/2, Pr(0*),h) < Hp(u, Pr(©*), ). Combining
with Eq. (3) to obtain

Hp(u, Py (0%, 1), La(n)) < Hp(u, Py(0%), h).

This inequality allows us to obtain an upper bound of the LHS in terms of a bound
on the RHS. Specifically, we need the following

LEMMA 2.1.  Suppose that ©* = [—a,a]? x €, where Q is a subset of Sj ™

whose eigenvalues are bounded in an interval [\, \], a < L(log(1/€))Y, v > 1/2,
L > 0. Then for0 <e<1/2,

4) log N(e, Pr(07), [|lc) < log(1/e),
) Hp(e, Pr(©%),h) < log(1/e).

The proof of this lemma is an extension of the arguments in [14] to multi-
variate setting, and is deferred to the Appendix. Now, we choose L > 0 and
v1 = max{1/2,y} > 1/2 such that a,, < L(log(n))"*. From Lemma 2.1, as
long as 0 < u < 1/2, we have

=1/2 "
©6)  Hp(u, P (6%, u), Lo(w)) < Hp(u, Pe(07),h) S log(1/u).
Now, we state the result of Theorem 7.4 of [27] adapted to the notation used in our

paper

THEOREM 2.1. Take V(§) > Tg(9, f,lg/Q(@*, §), ) in such a way that V(5) /5>
is a non-increasing function of 6. Then, for a universal constant ¢ and for

VAt > cb(s,),
we have for all 6 > 0,

no?
P(h(pg, »pGo) > 0) < cexp -y
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Based on the bracket entropy bound in (6), we can choose ¥(8) = 6[log(1/5)]'/2
for § > 0. Therefore, by choosing 6, = O(logn/n)'/?, we obtain P(h(pg, ,pco) >
8,) < exp(—clog(n)), where constant ¢ > 0 depends only on L, v, A, \. Combin-
ing this probability bound with part (b) of Proposition 2.2 concludes the proof.

3. Gamma mixtures and location extensions. The Gamma family of densi-
a

b
ties takes the form f(z|a,b) := T )yga*l exp(—bx) for x > 0, and 0 otherwise,
a

where a, b are positive shape and rate parameters, respectively. The Gamma family
is not identifiable in the first order when both shape and rate parameters vary— this
is to say that the collection of Gamma density functions and their partial deriva-
tives up to the first order taken with respect to the shape and rate parameters are
not linearly independent. This can be seen by the following identity:

Q % (wha,b) = 2 (ala,b) — & f(ala+1,0).

Examining the identity in the above display shows that the violation of linear inde-
pendence of the collection of Gamma density functions and its derivatives is due
to certain combinations of the Gamma parameter values. This suggests that out-
side of these value combinations the Gamma densities may well be identifiable
in the first order and even the second order. This observation leads to a remark-
able consequence for Gamma mixtures, which display wildly distinct behaviors in
two disjoint categories of the parameter values, which we call “generic cases” and
“pathological cases”.

ko
Fix Go = > p?5(ao b0y € Eky 1= E(O©) where kg > 2and © C R2. Assume
i=1 .

that a) > 1 forall 1 < i < ko. To delineate the structure underying parameter
values of Gy, we define

P

(A.1) Generic cases: {]ao a?|, b9 — b9|} # {1,0} forall 1 <4,j < ko.
(A.2) Pathological cases: {|a? — a?|, b9 — b?\} = {1,0} for some 1 < 7,j < ko.

We have the following result under the exact-fitted setting of Gamma mixtures. Let
Gy, € &, denote the MLE estimate of GJ.

THEOREM 3.1.  (Exact-fitted Gamma mixtures) Given © = [a,a] x [b, b]
where a > 1,a, b, b are given positive numbers.

(a) Generic cases If the support points of Gy satisfy assumption (A.1), then
P(W1(Gn, Go) > 6n) < exp(—clogn), where 6, is sufficiently large multi-
ple of (logn/n)'/? and c is positive constant depending only on a,a, b, b.
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(b) Pathological cases For any r > 2,

_inf  sup EpGWT(én,G) >n~ U
Gneé}ko Gegko

While the result of part (a) may seem “obvious” due to the standard rate (log n/n)/2,
this should be put in the context of the minimax lower bound of part (b), which
shows that one cannot estimate the Gamma parameters efficiently uniformly over a
W1 neighborhood of Gy, when we do not know whether G is pathological or not.
As can be seen in the proof, the poor rate is due to the difficulty of distinguishing
between the pathological and generic instances — no polynomial rate estimation
method is possible.

Turning to the over-fitted Gamma mixture setting, as before let G € &y, while
G varies in a larger subset of Oy, := O(©) for some given k > ko + 1. We have
the following categories regarding the true G:

(A.3) Generic cases: {|a? - a?\, b — b?|} ¢{ {1,0}, {2,0}} forall1 <i,j <
ko.

(A.4) Pathological cases: {|ag - a?], b9 — b?\} E{ {1,0},{2, 0}} for some 1 <
i,J < ko.

Additionally, for any ¢y > 0 and [ > 1, define the following constrained set of O,

k,
Oleo :{G — Zpi(s(%bi) k' <kand |a; — af| & [1 —co, 1+ co]
i=1

U[2 — ¢o,2 + o)V (Z,j)}

THEOREM 3.2. (Over-fitted Gamma mixtures) Assume the same conditions
on © as that of Theorem 3.1.

(a) Generic cases If Go € Oy, ¢, and let én € O, be the MLE estimation of
Go, then P(Wo (G, Go) > 9,) < exp(—clogn), where 6, is sufficiently
large multiple of (logn/ n)l/ 4 and c is positive constant depending only on
Co, 4, a, Q? b.

Moreover, the following minimax bound holds, for any 2 < r < 4,

_inf sup Epe Wi (G, G) 2 ntr,
GnGOk,co Geok,cg\oko—l
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(b) Pathological cases For any r > 2,

_inf sup By, Wy (G, G) = n =",
Gn€eOy GeOk\OkO,l

Part (a) shows that in the over-fitted setting, if the true G falls in the generic
cases, then the standard MLE method restricted to a suitable subset of O still
yields the (logn/n)'/* rate of convergence for the mixing measure. Outside of
this category, however, one cannot hope to estimate G at any polynomial rate of
convergence.

Not all is bad news for Gamma mixtures: since the pathological cases represent
a Lebesgue measure zero set, Gamma mixtures can be viewed as almost strongly
identifiable with the strong convergence properties for the parameter estimation.

Exponential location extension. Let the reader think that pathological cases are
rare, we introduce a location extension of the exponential distribution, for which
there is no such generic/pathological dichotomy. With this family, the conver-
gence behavior of the mixing parameters is always slow, even when the number

of mixing components is known. The class of location-exponential distribution
1 -0

{f(2|6,0),0 € R, € R} is defined as f(z|f,0) = — exp (-“"”) Aiaso)

o o

for x € R. Direct calculation yields that

of
00
Since this identity holds in general, the linear independence of the kernel densities
f and their partial derivatives is clearly violated regardless of the true values of
Go. We shall state a result for the exact-fitted setting only. Let © = [—a, a] and
) = [0, 7] where a, g, 7 are fixed positive constants.

(8) (z|0,0) = %f(ajw, o) when = # 0.

THEOREM 3.3. (Exact-fitted location-exponential mixtures) For any r > 2,

Cinf sup Ep,Wi(Gp, G) 20l
Gneé‘ko GESkO

This is quite a surprising bound, especially considering this is a finite mixture
model with the known number of mixing components kg. Yet, one cannot hope
to achieve a polynomial estimation rate uniformly over a neighborhood (in W7) of
any mixing measure G. As in the pathological cases of Gamma mixtures, the poor
convergence behavior of parameter estimation is due to the interaction of mixing
parameters ¢ and o, which is induced by the algebraic structures of f and its par-
tial derivatives. As can be observed from the proof, the algebraic structure makes it
difficult to distinguish between mixing measures GG carrying similar mixture den-
sities.
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4. Simulations. We illustrate via simulations the rich spectrum of conver-
gence behaviors for weak identifiable classes. Both identifiability bounds h > V' 2>
W, and the convergence behavior of the MLE are examined.

x10™

x10°
==
—h= W,

05 1 15 2 46 8 L. 2
W66, i W66, (PePs ) 10° a6,

4
x10° )

Fig 1: Location-scale Gaussian mixtures. From left to right: (1) Exact-fitted setting; (2) Over-fitted
by one component; (3) Over-fitted by one component; (4) Over-fitted by two components.

Weak identifiability bounds. We experiment with classes of Gaussian densities.
The results for mixtures of location-scale Gaussian distributions are given in Fig-
ure 1. Simulation details are as follows. The true mixing measure G has exactly
ko = 2 support points with locations 80 = —2, 6 = 4, scales 0 = 1, 09 = 2, and
p? = 1/3,p3 = 2/3. 5000 random samples of discrete mixing measures G € &,
5000 samples of G € O3 and another 5000 for G € Oy, where the support points
are uniformly generated in © = [—10,10] and 2 = [0.5, 5]. Additionally, to il-
lustrate the best lower bound W when we overfit by one point, we also generate
sequence G in accordance with the construction of sequence G in the proof of part
(a) of Proposition 2.2. The ratios h/W23 and h/W; are plotted in the third panel of
Figure 1 to verify that b > W} holds, but h > W3 does not. It can be observed
that both the lower bounds and upper bounds are in agreement with the theorems
established earlier.

Convergence rates of MLE. First, we generate n-iid samples from a bivarite location-
covariance Gaussian mixture with three components with an arbitrarily fixed choice
of Gp. The true parameters for the mixing measure G are: 69 = (0,3),09 =

4.2824  1.7324 1.75  —1.25
_ 0 _ 0 _ 0 _ 0 _
(1,-4),05 = (5,2), X (1.7324 0.81759)’ 2 (1.25 1.75 > >

(é 2), and p9 = 0.3,p9 = 0.4,p3 = 0.3. MLE G,, are obtained by the EM

algorithm as we assume that the data come from a mixture of k£ Gaussians where
k > ko = 3. See Figure 2 for a fixed choice of GGy. Wasserstein distances be-
tween @n and G| are plotted against increasing sample size n. The error bars were
obtained by running the experiment 7 times for each n. These simulation results
match quite well with the established rates and highlight that convergence slows
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down rapidly as k — kg increases.

—Wi

- =25(log(n)in)"?

W4

—205(og(n)in)"®
- We

Wi ~W4 - We
25 —25(og(nn)'?| 25 —2.05(log(n)in)"® 3 —3.6{log(n)in)"""2

1112

36(ogln)in)

2&‘;,;%;3;1%;&::%?;;‘;-’&

"

e
w

1 1 2 1 2 1 2
n=sample size x10' n=sample size x10° n=sample size ¢ n=sample size ¢

Fig 2: MLE rates for location-covariance mixtures of Gaussians. L to R: (1) Exact-fitted:
Wi =< n~1/2, (2) Over-fitted by one: W4 < n~1/8, (3) Over-fitted by two: Wg < n~1/12,

-~ W1 ~W2 Wi ’ W1

—1.1(ogn)n)'?| 08 —1.4(ogin)n)" 1 —1.9/(og(n) " 1 —2.15/(log(n)) "

0 05 1 15 2 25 O0 05 1 15 2 25 0 05 1 15 2 25 0 05 1 15 2 25
n=sample size «10* n=sample size x10* n=sample size «10* n=sample size x10*

Fig 3: MLE rates for shape-rate mixtures of Gamma distributions. L to R: (1) Generic/Exact-fitted:
W1(Gn, Go) < n~12.(2) Generic/Over-fitted: W =< n~'/%. (3) Pathological/Exact-fitted:
W1 ~ 1/(logn)*/2. (4) Pathological/Over-fitted: W, ~ 1/(logn)'/2.

We turn to mixtures of Gamma distributions. For generic cases, we generate n-
iid samples from a Gamma mixture model that has exactly two mixing components.
The true parameters for the mixing measure G are: a(l) = 8, ag =2, 10 = 3,
b =4, p) = 1/3, p§ = 2/3. For pathological cases, everything else remains the
same, except for our choice of GGy, for which we choose a(l) =8, ag =17, b(l) =3,
vy =3,p) =1/3,p) =2/3.

It is remarkable to see the wild swing in behaviors within this same class. See
Figure 3. Even for exact-fitted finite mixtures of Gamma, one can achieve very
fast convergence rate of n~Y2 in the generic case, or appear to be stagnant at a
logarithmic rate if the true mixing measure G belongs to the pathological category.

5. Proofs of other propositions and theorems.

5.1. Proofs for over-fitted Gaussian mixtures.

PROOF OF PROPOSITION 2.2. For the ease of exposition, we consider the
setting of univariate location-scale Gaussian distributions, i.e., both § and X = o?
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are scalars. The proof for general d > 1 is deferred to the Appendix. Put v = o2,

ko
so we write Go = Y p{d(g0 ,0).

i=1 .
Step 1. For any sequence G, € Oy, since k is finite, there is some k* € [ko, k]
such that there exists a subsequence of (¢, having exactly k* support points. De-

note G,, = Z Pid(gn omy (here, without loss of generality, we replace the whole

sequence by 1ts subsequence) Now if G,, — Gg in W, there exists a subsequence
of G, such that each support point (69, 0?) of Gy is the limit of a subset of s; > 1
support points of (,,. In general there may also a subset of support points of G,
whose limits are not among the support points of Gy.

Note that with part (a), we shall construct one sequence of G,, to prove its con-
clusion. In our construction there are no constraints placed on p;* for all ¢. On the
other hand, regarding part (b), we shall impose the constraint that p}' > ¢ for all
i. Under this constraint, all the limit points of support points of G,, will be only
those of G. To avoid notational cluttering, we replace the subsequence of GG, by
the whole sequence {G,, }. By re-labeling the support points, GG, can be expressed
by

® = 30 S

=1 j=1

where (07, v5) — (09,09, szl—>pl foralli =1,...,kpand j = 1,...,s;

where s1, ..., sy, are some natural constants less than k. All G, have exactly the
same k* = > s; < k number of support points. This is the representation for G,
that we shall utilize in the proof of both part (a) and part (b).

Step 2. Forany x € R,

pGn( ) pGo _Zi:pz] l‘|923’ z]) ($|9w z))

=1 j=1
ko

> 0 = p))f()6], o)),

i=1
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Si
where pl' := ) p;;- Forany r > 1, integer N > r and = € R, by means of Taylor
j=1

expansion up to the order IV, we obtain

= |a
PG, (2) pG’o ZZpl] Z A@n)al(AUz]) M_'_

ol
=1 j=1 lal=1
(10) Ai(z) + Ri(x).

Here, a = (a1, a2), |a| = a1 +ag, a! = ajlas, AQ?]- = (9%—90 Av” = v — ;.

k
Additionally, Ay (z) = 3 (2 — p) (2169, 00, and R () = (z 5 by (agg e

0

i=1 i=1j=
+]Avy [N )> for some positive constant § > 0.
0% f of :
Step 3.  Enter the key identity (2): —( 10,v) = 28—(:1:|9, v) for all . This en-
v
n1+n2f 1 8n1+2n2f

tails, for any natural orders 11, no, that m(ﬂ@,v} = %W(ﬂ&, v).

Thus, by converting all derivatives to those taken with respect to only 6, we may
rewrite (10) as

o)™ (Avp)™ oe

5 (A
b ) pa) = YS! it g @160 0)

=1 j=1 a>1ni,n2

+ Ai(z) + Ri(z)
(11) = Ai(x) + Bi(x) + Ri(x),

where ny, no in the sum satisfy ny + 2no = a,n; +ng < N.

Step 4.  'We proceed to proving part (a) of the proposition. From the definition of
T, by setting » = 7 — 1, there exist non-trivial solutions (¢}, a}, b;‘)k FoF1 for the
system of equations (1). Construct a sequence of probability measures G,, € Oy
under the representation given by Eq. (9) as follows:

al 205 pcl)(c;-‘)2

" zagur#, vl :v?—i—n—;, p  forall j=1,..., k—ko+1,

177 k—ko+1
> (cp)?
j=1
and 07} = H?, v = v?, Py = p? forall i = 2,..., kg. (That is, we set k* = k,

s1=k—ky+1,s = 1forall 2 < i < k). Note that bj may be negative, but
we are guaranteed that vy; > 0 for sufﬁciently large n. It is easy to verify that

k—ko+1 af|  2[bt
Wi(Gn,Go) = > p1@< "i‘ o]

) = —, because at least one of the a; is
i=1 n’

n2
non-zero.
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Step 5. Select N = 7 in Eq. (11). By our construction of G,,, clearly A;(x) = 0.
Moreover,

n (Aenl ni (A,Uni)’nz 8af
Bi(z) = D1i Z Z ;22721!”2} 89‘1( z|67, 1)
=1 a=1ni,ng
k—ko+1 2r
n (AG7,)" (Av,)" 0% f
+ -t P1; 7 Z 2n2n1!n2! aea( |917vl)
1= =7 Nn1,Nn2
r—1
00‘f
= Z Bon— 89a 1’ 1 + ;Can 90 9U|91vv1)

In the above display, for each « > 7, observe that C,,, = O(n~%). Moreover, for
eachl<a<7 -1,

1 ar)™ (b))
Bon =~ PNCIDD ( Zi 17(1 Zv) =0
no Z (C%)Z =1 ni+2ns=ua 1+12:
)
=1

because (¢, a;, b:)f —1k:0+1 form a non-trivial solution to system (1).

Step 6. 'We arrive at an upper bound for the Hellinger distance of mixture densi-
ties.

[ e, @) —pe, @)
219(1) R f(z ’61”1)
2F oo f 2
Z = (2)69,49) | + Ri(x)
< / (ae 1> 1 iz,
(33\917”1)

R

R (pa, pc,) <

Oé
For Gaussian densities, it can be verified that (30f (x|91,v1)) /f(x]69,09) is

integrable forall 1 < a < 27. So, h2(pg,,, pa,) < O(n™2") + /R%(x)/f( 1609,4Y) dz

Turning to the Taylor remainder Ry (), note that

k—ko+1
[Ri(2)| S ) Z |A9 17| Av;] 72 x
=1 |B|=r+1
L _ ?—i—lf
<[00 | I8 188 o 4 1) d
0



RATES OF PARAMETER ESTIMATION 21

Now, (A0 (Av)P2 < n=F1=202 = o(n=%7). In addition, as n is sufficiently
large, we have for all |3| =7 + 1 that

8F+1f " 2
tzl[i)pl} / (W(ﬂﬁwo + tA7;, ) + tAUu)) /£ (@69, 0?)da < oo.
"zeR

It follows that h(pg,,,pg,) = O(n~"). As noted above, W1 (G, Go) < n~L, so
the claim of part (a) is established.

Step 7. Turning to part (b) of Proposition 2.2, it suffices to show that

li inf - ™ :
ting int{ sup ) — o)/ WF (G- Go

(12) Wi(G, Go) < e} -0,

Then one can arrive at the proposition’s claim by passing through an argument
using Fatou’s lemma (cf. proof of Theorem 1 of [22] or step 4 in the proof of
Theorem 3.1 of [16]). Suppose that (12) does not hold. Then we can find a sequence
of probability measures G, € Oy, that are represented by Eq. (9), such that
WI(Gn,Go) — 0and sup, |pa, (z) — pae, (7)|/WE(Gp, Go) — 0. Define

Si ko
D Gn7G0 Zzpzj |A9 ‘T ‘szj‘ +Z‘pl _pZ’
=1

=1 j=1

It is easy to see that WX (G, Go) < Dy, since D, is the multiple of the W cost

of moving mass from G, to G by a (possibly) non-optimal coupling. So, for all

xz € R, (pg, () —pc,(x))/ D, — 0. Combining this fact with (11), where N = 7,

we obtain

(13) (Ai(x) + Bi(x) + Ri(x))/D,, — 0.

We have Ri(x)/D,, = o(1) as n — oc.

Step 8. Ai(z)/D,, and B;(x)/D,, are the linear combination of elements of
(6]

W(x!@, v) where o« = ny + 2ngy and n; 4+ ng < 7. Note that the natural order «
(63

0
ranges in [0, 27]. Let E, (0, v) denote the corresponding coefficient of 8—f( 10, v).
Extracting from (11), for a = 0, Ep(6?,0Y) = (p?* — p?)/D,,. For a > 1,

(AG7 )™ (Avg)™

2n2m11ng!

me 2.

ni1+2ns=a
n1+n2<r

/Dy
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In the remainder of this proof step, we shall show that as n — oo, at least one

of the coefficients E, (6?,v?) must not vanish. Suppose this is not the case, i.e.,

Eo(09,09) — 0foralli =1,...,kyand 0 < o < 27 as n — oo. By taking the

10 Y%

ko
,we get > [pf' —pP|/Dyp — 0 as n — o0. As a

=1

summation of all |Ey (69, vY)

Rt

consequence, we obtain

ko s;
SO P (AL + |AVET) /Dy — 1 as n - .
i=1 j=1

Hence, we can find an index i* € {1,2,...,ko} such that as n — oo

S P (A0 + [Av )1/ Dy /5 0.
j=1

Without loss of generality, we assume that ¢* = 1. Accordingly,
Dy Ea(67,07)

S1 _ _

) p?j(’Ae?j‘r + ’A”{ij)

j=1

Fa(ﬂ?, U(l))

i Y (Ad7;)™ (Avgy)"™
Jj=1 Y ni+2n2=a 2m2nqIng!
= rtnest — 0.

51 _ _
le’fj(IA%V +[AvE)[7)
J:

If s; = 1 then F1(69,1Y) and Fyr (09, 1Y) yield
|07 7/ (IA0T |7+ [Aviy 1), [Avi [/ (JA0T | + [Avfy|7) — 0,

which is a contradiction. As a consequence, s; > 2.

Denote p, = max {p?j}, M, = max{yAeffl SRV RN
>J>S1

AU?SI\I/Q}. Since 0 < p?j/ﬁn < 1forall 1 < j < s1, by a subsequence ar-
gument, there exist c? = nh—>120 pY; /D, for all j = 1,...,s;. Similarly, define
aj = lim AGY;/My, and 2b; == lim Aol /M foreachj = 1,..., s1. By the

constraints of Oy, p?j > cp, so all of c? differ from O and at least one of them

equals to 1. Likewise, at least one element of (a;, bj)j.lzl equal to -1 or 1. Now, for
each « = 1,...,7, divide both the numerator and denominator of Fa(Q?, v?) by
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p,, and then Mf; and let n — oo, we obtain the following system of polynomial
equations

a2

51

E E 2 I J_—0 foreach a=1,...,7.
77,1!712!

j=1n1+2ns=a

Since s1 > 2, we get7 > 4. If a; = 0 for all 1 <7 < 57 then by choosing o = 4,

S1
we obtain ]gl b
— a contradiction to the fact that at least one element of (a;, b;);L, is different
from 0. Therefore, at least one element of (a;);L, is not equal to 0. Observe that
s; < k — kg + 1 (because the number of distinct atoms of GG, is Ziil s;i < k and
all s; > 1). Thus, the existence of non-trivial solutions for the system of equations
given in the above display entails the existence of non-trivial solutions for system
of equations (1). This contradicts with the definition of 7. Therefore, our hypothesis
that all coefficients E, (69, v?) vanish does not hold — there must be at least one
coefficient which does not converge to 0 as n — co.

= 0. However, it demonstrates that b; = O forall 1 < i < 57

Step 9. Let m,, be the maximum of the absolute values of E,(6?,v)) where 0 <
a<2r,1<i<kyandd, = 1/mn Since m,, /4 0 as n — oo, d,, is uniformly
bounded above for all n. As d,,|Eo (69, v))| < 1, we have d,, Eo (69, 0)) — Bi, for

all0 < a < 27,1 < i < kg where at least one of 3, differs from 0. Incorporating
these limits to Eq.(13), we obtain that for all z € R,

ko 27

(pGn(x)_pGo /D %Zzﬁlaaea .%"92, z) 0.

i=1 a=0

By direct calculation, we can rewrite the above equation as

ko 2r+1 ‘ (x . 00)2
(14)2 Z Yij(x —69Y 71| exp (—%O> =0 forall z € R,

i=1 7=1 )
where 7;; for odd j are linear combinations of 3, ), for (j —1)/2 < I3 <7, such
that all of the coefficients are functions of v? differing from 0. For even j, ;; are
linear combinations of 3;(;, 1), for j /2 <ly < T, such that all of the coefficients
are functions of U? differing from 0. Now, without loss of generality, we assume
that v? < v << Denote i € [1,ko] to be the minimum index i such

0o _

that v = vk It implies that % =V T = vk Therefore, 00 are pairwise

different as i < i < kg. Now, let call ¢ = arg max 9?. Multiply both sides of (14)
i<i<ko
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with exp[(z — 92 )2/ 2@2} and let x — 400, then we can check that

2741 A
Z vij(x — 92)7_1 — 0,
j=1

which only happens when «;; = 0 for all 1 < j < 27 + 1. Employing the same
argument to the remained indices, we obtain ;; = 0 forall i = 1,... kg, j =
1,...,27 + 1. This entails that 3;, = Oforalli =1,..., kg, =0,...,2F —a
contradiction. Thus we achieve the conclusion of (12).

PROOF OF PROPOSITION 2.1. Our proof is based on Groebner bases method

for determining solutions for a system of polynomial equations. (i) For the case
k — kg = 1, the system (1) when r = 4 can be written as

(15) c%al + c%ag =0
1
(16) 5(0%(1% + c5a3) + ciby + 3y = 0
1
an g(c%aif + c3a3) + claiby + c3azby = 0
1 1 1
(18)  (dal +c3ay) + p(ciaib + caazbo) + o5 (cb] + 3b3) = 0

Suppose that the above system has a non-trivial solution. If c;a; = 0, then equation
(15) implies coas = 0. Since ¢q,co # 0, we have a3 = ao = 0. This violates
the constraint that one of a1, as is non-zero. Hence, ciai, coas # 0. Divide both
sides of (15),(16),(17),(18) by c?a1, c2a?, c?a}, c?af respectively, we obtain the
following system of polynomial equations

1+ 2% =0

14+ 2%a® +2(b + 2%c) = 0

14 2%a® +6(b + z%ac) =0

1+ 2%a* +12(b + 2%a%c) + 12(b* + 2°c¢%) = 0

where © = co/c1,a = az/a;,b = by/ai,c = by/a;. By taking the lexicograph-
ical order a = b > ¢ > x, the Groebner basis of the above system contains
2% 4+ 224 + 222 4+ 1 > 0 for all z € R. Therefore, the above system of polynomial
equations does not have real solutions. As a consequence, the original system of
polynomial equations does not have non-trivial solution, which means that 7 < 4.
However, we have already shown that as 7 = 3, Eq.(1) has non-trivial solution.
Therefore, 7 = 4.
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(ii) The case k — kg = 2. System (1) when r = 6 takes the form:

3
(19) > clai =0
=1

3 3
1
(20) 3 Z cta? + Z by =0
=1 =1
1< 1<
(21) G Z ad + 3 Zc?aibi =0
i=1 i=1
1< 1< 1<
(22) 21 C%a?—{—gz:c?a?bi 520?6?20
=1 =1 =1
1 & 95 1 & 23 1 ’ 2 12
(23) HZczaz—i—gzczazbz—i—izczalbl:()
i=1 i=1 i=1
13261324 132221323
i=1 i=1 i=1 i=1

Non-trivial solution constraints require that ¢, co, ¢s # 0 and without loss of gen-

erality, a; # 0. Dividing both sides of of the six equations above by c?ay, c3a?, cZa3,

clat, cla}, c3a$, respectively, we obtain

1+2%a+3%b=0
1
5(1+a:2a2+y2b2)+c+gc2d+y2e:0

1
5(1 + 2%a® + y?b°) + ¢+ 2%ad + y*be = 0

1
ﬁ(l + 22a® 4+ 1) + ¢ + 22a?d + y? Ve + P + 22d? + yPe? =0

1 1
o+ z%a® + y?b°) + 3le+ z?ad 4 y?*bPe) + ¢ + xad® + y*be? = 0

1 1 1
%(1 + z%a% + 420%) + E(C + z2atd + y?ble) + 5(02 + 22a®d + y?b3e)

1
+§(c3 +22d® + y%e?) =0

where © = cy/c1,y = c3/c1,a = az/a1,b = az/ai,c = by/al,d = by/a3, e =
bs/a?. By taking the lexicographical order a = b = ¢ = d = x > y, we can verify
that the Groebner bases of the above system of polynomial equations contains a
polynomial in terms of x2, 32 with all of the positive coefficient numbers, which



26 N. HO AND X. NGUYEN

cannot be 0 when x, y € R. Therefore, the original system of polynomial equations
does not have a non-trivial solution. It follows that 7 < 6.

When » = 5, we retain the first five equations in the system described in the
above display. By choosing x = y = 1, under lexicographical order a > b > ¢ >
d > e, we can verify that the Groebner bases contains a polynomial of e with roots
e =++v2/3ore = (—3++/2)/6 while a, b, ¢, d can be uniquely determined by e.
Thus, system of polynomial equations (1) has a non-trivial solution. It follows that
T = 6.

(iii) For the case kK — kg > 3, we choose ¢; = ¢ = ... = Cp_py+1 = 1L,
a; =b; =0forall4 <i <k — kg + 1. Additionally, take a; = az = 1. Now, by
choosing = 6 in system (1), we can check by Groebner bases that this system of
polynomial equations has a non-trivial solution. As a result, 7 > 7.

5.2. Mixture of Gamma distributions and location-exponential distributions.

PROOF OF THEOREM 3.1. The proof of this theorem proceeds in the same
manner as that of Theorem 1.1. Therefore, it suffices to prove the following.

PROPOSITION 5.1. (Bounds for exact-fitted Gamma mixtures)

(a) (Generic cases) Assume that the support points of Gq satisfy assumption
(A.1). Then for G € &, and W1 (G, Go) sufficiently small, we have

V(pa,ra,) 2 Wi(G, Go).

(b) (Pathological cases) If the support points of Go satisfy assumption (A.2),
then for any r > 1

lim inf {V(pg,pgo)/W;’(G, Go) : WT(G, GO) < 6} =0.
E—)OGEgkO

PROOF. (a) For the range of generic parameter values of Gy, we shall show that
the first-order identifiability still holds for Gamma mixtures, so that the conclusion
can be drawn immediately from Theorem 3.1 of [16]. It suffices to show that for
any oi;; € R (1 <7 <3,1 < j < ko) such that for almost sure x > 0
af of

8b(x‘al7 1,) :0

(1"&1, ’L) + oz

(25) Zauf ola?, ) + azi -

then «;; = 0O for all 4, j. Equation (25) is rewritten as

ko

(26) Z (Bliwag_l + Ba; log(:lc)ac“?_1 + Bgix“?) exp(—b?x) =

=1
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(bo)“? (bo) Y (log(1?) — ¥(a?)) ad(b0) %~
where 31; = a1, —~ : 5 4 i , Pai =
K X R ) @
(bg)% and S (b?)ai Without loss of generalit e assume that
9 — =, ;= —Q3; . u . W u
21 I‘(a?) 31 3 F(g?) g y
bO < b0 o < b0 Denote 7 to be the maximum index ¢ such that b? = b(l).

Then we have that al, . ,ag are pairwise different. Multiply both sides of (26)
with exp(bg x) and let x — 400, we obtain

]
Zﬁlixagil + Bai log ()2 ™! + Byiz®™ — 0,
i=1

Since |a? — a9| # 1 and a? > 1forall 1 < 4,5 < i, the above result implies
that B1; = Bg; = B3; = O forall 1 < i < i or equivalently a; = g; = as;
for all 1 < i < i. Repeat the same argument for the remained indices, we obtain
a1y = ag; = ag; = 0 forall 1 <4 < kq. This concludes the proof.

(b) Without loss of generality, we assume that {|ad — af], Y — 89|} = {1,0}.

In particular, b9 = b9 and assume a9 = a{ —1. We construct the following sequence

ko
of measures G,, = lefé(azz’b?), where a}' = a? forall1 <14 < ko, b} = b?, by =
1=

—1/n,plt = po for all 3 < i < ko. We can check that W/ (G,,, Go) < 1/n +
(p2 — 1/n)|b5 — 9" < n~! as n — oo. For any natural order 7 > 1, by applying
Taylor’s expansion up to the ([r] + 1)th-order, we obtain:

pGn( pGO sz 17 z) (l“al, z))—i_(p?_pz) (x\az, z)

= (p} — pY) f(@]a?, bY) + (p5 — p3) f(x]a3, b9) +

[r]+1 C A
3 o (03 — b3)7 >\ 0

The Taylor expansion remainder | R,, ()| = O(p%|b3 — b3|1+1+9) for some § > 0
due to @) > 1. Therefore, R,,(z) = o(W/ (G, Gy)) as n — oo. For the choice of
p3, b2, we can check that as j > 2, p2(b% — b3)7 = o(W/(Gp, Gy)). Now, we can
rewrite (27) as

pa, () — pa, () = Anajag exp(—box) + an“g_1 exp(—b(l)a:) +

N P
jz; P2T BT (z|ag, by) + R (),
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0

(b9)"
T'(a3)

p2 (b5 — bY) = 0 for all n. Since a9 > 1,

0 a(l)
(I{)(lgg) (7 — ) —

ag(9)°s~"!
T'(a3)
is bounded for all 2 < j < r+ 1. It follows that sup,~ [pa,, (x) —

where we have A, = p3 (b5 — bY) = 0 and similarly

(b1)*2
n = F(la(]) (pQ _pg) +
2
8jf
W( |a8,b8)

PG, ()] = O(n2). Observe that

Vip,.pe,) = 2 / (b (@) — pe, (2)) d(x)

Py, (2)<pg (2)

IN

2 / Ipa,, () — pa, (z)|dz.

z€(0,a3/69)

As a consequence V (pg, ,pg,) = O(n~Y2) so for any r > 1, V(pg,,pa,) =
o(W! (G, Gp)) as n — oc. O

PROOF OF THEOREM 3.2. As in the proof of Theorem 3.1, it is sufficient to
prove the following.

PROPOSITION 5.2. (Bounds for over-fitted Gamma mixtures)

(a) (Generic cases) Assume that we have Gy € Oy, .. Then, for G € Oy, ., and
Wo (G, Gy) sufficiently small, we obtain

V(va pGo) Z W22(G7 GO)

(b) (Pathological cases) Assume that the support points of G satisfy assumption
(A.4), then for any r > 1,

. - : < _o.
E%Glél(gk {V(pg,pgo)/WT(G,Go) WT(G,GQ)_E} 0

PROOF. (a) As in step 7 in the proof of Proposition 2.2, it suffices to show that

. 0 B 2 :
lng inf { sup pca) (o)) /WH(G. Go)

28) Wa(G, Go) < e} -0,

Suppose this does not hold, by repeating the arguments of step 1 of Proposition
ko+m s; ko+m

2.2, there is a sequence G,, = > > P%(S(a?;.,b’f}) —Go= >, p,?é(ao »0y such
i=1 j=1 e i=1 v
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that (a7, bf;) — (a 989) forall 1 < i < ko + m where (a?,b?) are limit points
that lie outside the support points of G as kg + 1 < i < kg + m. Additionally,
p? = 0as kg + 1 < i < kg + m. Invoke the Taylor expansion up to the second
order and assume that all of the coefficients corresponding to the first and second
derivatives with respect to the parameters go to 0. Use the same argument as that of
step 8 in Proposition 2.2, by summing up all the coefficients of second derivative,
we obtain the contradiction. Now, by proceeding in the same way as that of step 9

in Proposition 2.2 , as we let n — oo, we have for almost every z,

ko+m

PG (T) — Py (@ of of
d(Gn, Go) - Z {ah l‘|a“ Z)+a218a( ‘al’ z)+azab(

zlay, by) +

82
Za4ma 2 |az7 ) +Z Sz]abg (J:“CLZ, % +2Za4lja5lja 8[)(1“@“ 2)}:0,

S5 S5 54
2 2 :
where at least one of a1, aig;, (g, Qi > Q5 25> 044§ (535 1 non-zero. We
can rewrite the above equation as

ko+m
Z {Blixag_l + Bm‘xag + 531'96‘1?“ + Bai log(x)xa?_l + Bsi log(x)Qx“?_l +

i=1

0 o () a®)N e, 9 (B9
h i 7 . 90— ! % e Yins ’
where fu; = i 6] 5 (m?) PR A e \ Dy )
0 0ya?—2 ; 0(p0yad—1 0ya?
S o ay(ay —1)(b)" . 9 [ a7 (b)™ ()
.. 2 1 7 s 7 1
D ) R DR L Pl W P Poi = —osip oyt
@) o (®)* w2
2 — 2 ) 1) ! H i = 07 ’ ’
Z 5zg (al) + Z Q445 54 Ja (ag) B3 ]; 545 F(a?)
(1) o () d a9
i = 2 i 051§ — o> P
T £ ohuga \riay ) +2 5o Sy
s, () ()"
Z 413 I ) and Bg; = —2 Z 04 O35 v Ia ) Using the same argument as
=

that of the proof of part (a) of Proposition 5.1, by multiplying both sides of the
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above equation with exp(b?x) and let x — 400, we obtain

i
0_ 0 0 0_ 0_
D Bria® Tl By + Baix™ T + Byilog(w)a® T + By log(x) a4
i=1
Bei log(m)aja? — 0.

By the constraints of O ., we have |a) — af| & {1,2} forall 1 < 4,5 < ko + m.
Therefore, this limit yields 81; = Bo; = (3 = Ba = Bs5i = Bgi = 0 for all
1 < ) < %OI‘ equivalently 1y = Q245 = Q345 = Q445 = Qs = 0 for all
1 <i<1i,1<j < s;. The same argument for remained indicies yields a1 =
Qi = (355 = Q445 = Q535 = 0 forall 1 < ) < ko +m, 1 < ] < Si, which leads
to contradiction. This concludes the proof.

(b) If there exists (7, j) such that {\ao a2|, b — b?]} = {1,0}, then we can

0
use the same way of construction as that of part (b) of Proposition 5.1. Now, the
only case of interest is when we have some (i, j) such that {|a? - a2|, ]b? - bg|} =

{2,0}. Without loss of generality, assume that a = aY — 2. We construct the se-
ko+1

quence G, = 21 P Oan pry as af = ad,ay = a% = a3, a? = af , for all
1= b()

4 <i<ko+1,b7 =09, 05—09 =09 —b} = ﬁ,b? =0b) | foralld <i < ko+1,
2

0 0
py 1 1 py 1 1
p?:p?—cn,pSZE—l—i <Cn+n> >p§:5+§ Cn_ﬁ ,p?zp?flfor
(a3 +1)p3
(2n2 —1)ad -1

all4 < ¢ < ko + 1 where ¢, = . Now, we can check that for any

1

r > 1, W/ (G, Go) 2 ¢n + — . Asr > 2, by means of Taylor expansions up to
n

the ([r] + 1)-th order, we obtain

3
PG, (x) = pao(x) = (p7 — p}) f(x]ad, 00) + (D pf' — p9) f(x]a3, 3)
=2
3 -
1 20 R — by o
= 0 70

where R,,(z) is the remainder term and therefore |R,(z)|/W] (G, Go) — O.

3 .
We can check that as j > 3, > pl(b — b9)7 /W] (Gpn,Go) — 0 as n — oc.
i=2
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Additionally, direct computation demonstrates that

3
(P =P f(]af, 09) + O pp — p9) f(x|ad, )+

i=2
2 0
T(or — b)) .
2 Z;pz( 2 'L) 8]f 0 0
Z ;1 w(ﬂ%abﬁ =0

The rest of the proof proceeds in the same way as that of Proposition 5.1 part
(b). O

PROOF OF THEOREM 3.3. It suffices to demonstrate the following bound:

PROPOSITION 5.3. (Location-exponential mixtures) For any r > 1,

1%G1€I}€io {V(p@,p@o)/W{(G, Gg) : W1<G,G0> < 6} =0.

ko
PROOF. Choose the sequence G, = ) p}'d(gn on) such that 7' = o for all
i=1 e

1 <i < ko, (p,07) = (p?,607) for all 3 < i < ko. The parameters p7, p3, 07, 6%
are to be determined. With this construction of G,,, we obtain W1 (G, Go) =<
[Pt — D}l + [p5 — p3| + pI1OT — 07| + p310% — 03] Now, for any = ¢ {67, 63} and
for any r > 1, taking the Taylor expansion with respect to 6 up to the ([r] + 1)-th
order, we obtain

2
pGn($)_pG0('x> = Zp? z’ z ($|9w z))—i_(pln_pz) ($|‘9w ’L)
(

2 [r]+1

SR RN Z“’;,“‘;ﬁ 07, 0?)
i= j=

+ R(z)
2 [T]+1 0”)

= Z ( 7pz Z ; ($|9w z)+R()
=1

where the last inequality is due to the identity (8) and R(x) is the remainder of
Taylor expansion. Note that

2
sup |R(x)|/W{ (Gn, Go) <Y O(l67 — 62|11H14%) /167 — 69)" — 0.
z2{69,03} i=1
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Now, we choose p} = p{ + 1/n, pi = P9 — 1/n, which means p7 + p§ = p{ + p
and p — pY, pi — pY. As p{/j!(0?)/ are fixed positive constants for all 1 < j <
[r] + 1. It is clear that there exists sequences 67 and 6% such that for both ¢ = 1
d gpn — go he id 0 [r]erl (0? — 0:1)]
and ¢ = 2, 07 — 67 — 0, the identity p; =

C "= gie))

(sufficiently large). With these choices of p7, py, 07, 05, we have

=pl — p? holds for all n

sup |pa, (2) = pao ()| /Wi (G, Go) = sup |R(x)| /Wi (Gn, Go) = 0.

v {09.09} v#{69.69}
The rest of the proof proceeds in the same way as that of Prop. 5.1 part (b). O
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APPENDIX

PROOF OF LEMMA 2.1. For any set M, a set M_ is called an e-net over M if
any element of M is within e distance of some metrics from an element of M_.. It

is a known fact that we can choose an e-net Sy over the k-dimensional simplex for
k

)
the /; norm such that |S;| < ) , where |.| denotes the cardinality of a set (e.g
€

see Lemma A.4 of [14]). Additionaly, if we denote Sy to be 2de-net of €2 under
o\ 4@/

metric ||.||, then we can verify that |Sa| < | —
€

Now, denote S3 to be the set of all pg € P(©*) such that G is supported on
((£lye, £loe, ..., £lge), X), where 3 € Sz, 0 < [; < 2 forall 1 < ¢ < d, with

weights come from S only. For each pg in Pr(0*), wg firstly move the support
points of G to their closest support points in ((£l1€, £lse, ..., +lz¢),X) to form
G and then we move the masses of G to their closest masses in S to form G*. By
means of triangle inequality, we obtain

Ipc = pe-llo < lIPe = P&l + PG — PG+ loo-
Due to the boundness of kernel density function f(z|0, X), it is not hard to verify

k1
o S €. Additionally, denote G = ) pide, 5} Where k1 < k.
i=1

that [|p5 — pc-

~ k1 ~ ~
Then, G = ) pié{g_ £ where (0;,%;) has the form ((£l1€, lse, . .., +l4e), )
1:1 1y
and X € S;. By means of triangle inequality, we obtain

k1
Ipc = pgloo < D pi (12163 50) = S (2185, T oo + 1£ (@18 0) = F(21is 5 o )
=1

As |§)l] is bounded for all 1~§ 1 < ki, by means of mean value theorem, we
achieve || f(z]0;, %) — f(2|0:,%0)]lc0 < [|60i — 0i]] < €. Similarly, by means of
Taylor expansion up to the first order regarding %;, f)l and Cauchy-Schwarz’s in-
equality, we have || f(z]0;, %) — F(2]6;, %) |l < |2 — ]| < €. Therefore,
lpc — pe-

o < €. As a consequence, the cardinality of Ss is bounded as

94N d(d+1)k/2 2.\ % 5\ F
|S3] < [ — x | — x| =1 .
€ € €

Hence, for some constants ¢; and ¢,

log N(cie, F, ||.|lo0) < log|Ss| < log(1/e),
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which proves (4).
To establish (5), let < € to be chosen later. From the assumption, it also
indicates that a < (log(1/7))”. Denote f1, fa, . .., fn to be an n-net for ||. ||, Over

P (0*). Notice thatas ¥ € Q, |S| > A?? and as ||z| > 2V/da,

2 2 _ 2
> |z — 0] > |2 729|| > (J|]] 72!\9”) > H{I2
Aa(E) \ p\ 4N

|2
(z— 0TS Yz —0) .

Therefore, by defining

b (— ”x”2> if ||| > 2vda
H(x) = { (@12 s\’ S
m, OtherWiSC,
7T =

L

we obtain H () is an envelope for Py (0©*). We construct the brackets [pl, p¥] as

follows
p{ (x) = max {fi(x) —n,0}, p{(z) = min{fi(z) +n, H(z)}.
N
Itis clear that P, (©*) C U [pF,pY]. Additionally, p¥ (x)—pF(z) < min {2n, H(z)}.
=1

As a consequence, for any B > 2\/&@, we have

/(p?(w)—pf(x))dxg / da + / H(z)da.

Rd l=ll<B l=l>B

B2
By means of spherical coordinates, we obtain / H(z)de < B texp <—> )

8N’
lzl=B
Additionally, we also have
B
/ ondx < n/Rd—ldR < nB-.
llzl<B 0

By choosing B = max {2\/&L, \/EX} (log(1/n))7, then it is clear that

5 B2 _
B exp (—&) < (log(1/m) @, 0B < 5 (log(L/n)™.
Thus,

/ (p?(iﬁ) - sz(iU))dx <n (10g(1/77))dv'

Rd
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With this result and that of (4), they imply that for some positive constant c
Ha (e (1og(1/n))™" . P(©), |.I1) < N 5 log(1/n).
By choosing € = ¢n (log(1/1))?7, note that log(1/n) ~ log(1/¢). Therefore,

Hp(e, Pr(07), [|-ll) < log(1/€).

As we have h? < ||.||1, the above result implies that Hg(y/€, Pr(0%),h) <
log(1/€). Therefore,

HB(€7 Pk(@*)a h) 5 10g(1/6)7
which proves (5).
PROOF OF PROPOSITION 2.3. We divide the proof for two separate settings:

As k — kg = 1. From Proposition 2.1, we have 7 = 4. As in the proof of Propo-
sition 2.2, it suffices to show for d = 1 that

lim inf { sup |pg(z) — pa, (2)| /Wi (G, Go)

e=0GEO, | gex
(30) Wi(G, Go) < e} S0,
Denote v = o2. Assume that the above result does not hold, i.e we can find a
ko+m s;
sequence of Gy, = Y > Pidon opy — Go in Wi where (pi, 055, v75) —
i=1 j=1 R

(P2, 09, v9) forall 1 <i <ko+m,1 <j<s;andp) =0asko+1<i<ko+m.
As k — kg = 1, we have 0 < m < 1. Note that since we do not have the con-
straints on the masses of mixing measures (,, as those in part (b) of Proposition
2.2, there are some atoms of (,, that may converge to some limit points outside
the set of atoms of Gip. That is the reason why we define the possible additional
atom (pY, .1, 0p .1, v} 41)- Repeating the same arguments as the proof of Propo-
sition 2.2 up to step 8 when we have the assumption that E,, (9?, v? ) — 0 for all

1 <i<k+mand 0 < o < 2r as n — oo. Now, we can find an index
i* €{1,2,...,ko+ m} such that as n — oo

Sy*
S o (A0,
j=1

ko+m s; _ _ kot+m 0 ) 0 0
where D,y = > 5 pil(|A0%[" + [Av[")+ 32 [p — p;l. Since Eor(0p, v ) —
i=1 j=1 i=1

T+ A}

")/ Dy £+ 0.

"/ D,, — 0. Therefore, we

Syx
0 forall 1 <4 < ko + m, it implies that > pji |Av,|
j=1
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obtain
Syx Si*
ZP%‘AU%V/ZP%GAG%V + ‘Aviﬁjr) — 0.
j=1 Jj=1

It implies that

Si* Si*
D PR IAGR T pi(JAGE T+ [Avt,T) = 1.
j=1 J=1
Asa consequence,
Sy* _ _
'_1p?*j(|A0?*j|T+|Avin*j|r)
Fé(e?*,v,?*) = = S B Fa(e,?*,v,?*)
> P AT
j=1
(AGZ )™ (Agr )n
> Py Dl T
j=1 ni,ne nina:
31) - -0,
le?*ﬂAe?‘jH
j:

where n1 + 2ne = cand 1 < a < 4. Asi* € {1,2,..., ko +m}, we have
i* € {1,...,ko} ori* € {ko+1,...,ko+ m}. Firstly, we assume that i* €
{1,..., ko}. Without loss of generality, let i* = 1. Since s1 < k — kg + 1 = 2,
there are two possibilities.

Case 1. If 51 = 1, then F{(6),v?) = A0} /| A0 |* /4 0, which is a contradic-
tion.

Case 2. 1If sy = 2, without loss of generality, we assume that p7y |AOT;| <
Diy| AT, | for infinitely many n, which we can assume to hold for all n (by choos-
ing the subsequence). Since ply (AO7,)* + piy(A0,)* > 0, we obtain 67, # 0 for
all n. If AGY, = 0 for infinitely many n, then F}(69,v?) = A67,/(A0%)* 4 0,
which is a contradiction. Therefore, we may assume 07, # O for all n. Let a :=
nh_{go Pl AT, /DT, A0T, € [—1,1]. Dividing both the numerator and denominator

of F{(69,v9) by pt, A0}, and letting n — oo, we obtain @ = —1. Consider the
following scenarios regarding pY, /piy:

(i). 1If pty/pty — oo, then AGT, /AOTY, — 0. Since AT, A6}, # 0, denote
Av = kP (AOY)?, Avl, = k3 (A0Y,)? for all n. Now, by dividing the numerator
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and denominator of F5(69,v9), F5(69,09), F1(69,v9) by p7y (A0Y)2, py (A0,
and p, (A07,)? respectively, we obtain

1 prl(Aaﬁ)Q
Mny = g+ky+R s = 0,
2 ? ! p12(A912)2
1 Pl (AGY)?
Mo = —+ky+kl—F——-5—0,
TR VT E
1 kn (kn)2 kn (k")2 pn (Aen )4
M,y = — -2 2 R 1 11 11 0.
’ a2 Ty T ( 2 2 ) ply(A0)* -

1
If [k, |k3| — oo then My s > — for sufficiently large n, which is a contra-

diction. Therefore, at least one of |

k%] does not converge to oco. If |k]| —

b}

R p?l(Ag?l)Q
oo and |k%| /4 oo then M, ; implies that \k’fm\ #» oo. Therefore,
D12 12

7 (AOT 3 A" 2
k?m — 0.as AG7, /AOT, — 0 and k?EME;Q — 0as piy /ply — 0.

1

1 1 kD

Combining these results with M,, 3, M,, 4, we get k3 + 30 — 0 and 1 + ?2 +
(k3)? | '

— 0, which cannot happen. If |k}'| /4 oo, then M, ; and M,, o implies that
k3 +1/2 — 0 and k% + 1/6 — 0, which cannot happen either. As a consequence,
PY1/Ply 77 00.

(ii). If piy/ply — O then pfy/ply; — oo. Since pi AOT, /pl, A7, — —1, we
have |A67, /A67,| — oo or equivalently A67,/A67, — 0. From here, using the
same argument as that above, we are also led to a contradiction. So, pi; /pY, 7 0.

(iii). If piy /DYy — b & {0, 00}. It also means that AOY, /AT, — —1/b. There-
fore, by dividing the numerator and denominator of F3(69,v?), F4(69,49), F;(69,v))
by piy (A0)2, py (A67,)3, and p, (AHT,)* and let n — oo, we arrive at the scal-
ing system of equations (1) when r = 4 for which we already know that non-trivial
solution does not exist. Hence, the case s; = 2 cannot happen.

As a consequence, i* ¢ {1,...,ko}. However, since m < 1, we have i* =
ko + 1. This implies that sj,41 = 1, which we already know from Case 1 that (31)
cannot hold. Therefore, our hypothesis that all coefficients E,, (69, v?) vanish does
not hold — there must be at least one coefficient which does not converge to 0 as
n — o0o. Repeating the same argument as step 9 in the proof of Proposition 2.2, we

achieve the conclusion of our result for k£ — kg = 1.

As k — kg = 2. The proof becomes more complex. Here we consider the case
k — kg = 2. As in the argument of case when k — kg = 1, we can find ¢* €
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{1,2,...,ko + m} where 0 < m < 2 such that

szi‘](‘Ae ‘6+‘sz*]| )
1

F,(H? ,'UZ*) = = (910 vvz*)
Z P
v <Aezaj>m<mzaj>”2
(32) S T i 0
Z i ;| AG

where n; 4+ 2ny = cand 1 < o < 6. Asi* € {1,2,...,kg+ m}, we have
i* € {1,...,ko} ori* € {ko+1,...,ko+ m}. Firstly, we assume that i* €
{1,...,ko}. Without loss of generality, let i* = 1. Since 57 < k — ko + 1 = 3,
there are two possibilities.

Case 3. If 51 < 2, then since Z pi; A0 16 < Z pi;1 A0, |4, we also obtain

(A2 )™ (A

Si*

Ry Z AGR[*
le1] nl!n2. / ’ %]
]:

ni,n2

— 0,

which we easily get the contradiction by means of the argument of Case k—kg = 1.

Case 4. 1f s; = 3, we assume WLOG that piy |A0T | < pi'y|A0T,| < pls|AOT,|
for all n. With the same argument as that of Case k—ko = 1, we can get A07,, Ad7,,

Ts # 0for all n. Denote a; := piy A0}, /pTsAls € [—1,1], ag := plyA0T, /pis Al
€ [—1,1]. By dividing both the numerator and denominator of Fj (69, v?) by p7's A7,
and letting n — oo, we obtain a; + ag = —1. We have the following cases regard-

ing 'y /piiz; P12/ Pls:
Case 4.1. 1f both pT, /ps, pia/pls — oo then AT /AH{%, AT,/ AOTs — 0

Since A67, Ab7y, AbY; # 0, we denote Avf; = h”(AG{LZ) forall 1 < i < 3.
By dividing the numerator and denominator of F/(69,4?) by p7s(A87)? for all
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2 < ¢ < 6, we obtain

Koy = 5+ +Zh”ph ) —0,
P1i(A0Y;)
o = hege 3 (L) ZHARE g
Z 3! Pi3(A0f5)?
Lok ()2 O (1 R (B0 ph(AGY)!
Kn3 = += + =+ =+ Lol 0,
4 2 2 ; 4 2 2 ) piy(A07,)4
1 hn h 2 2 ' . \5
Kog = =+ 08 W), ( + 4+ (A0,

' 5! 6 2

2
1 hi (R} ? (h?)s pi; (A0,
Kns = Z; <6! + ot +

1 by (hE)® | (hE)°

+ 6l + Z + 1 + 6

If |hY|, |hy],|hE] — oo then K, 3 > 1/4! as n is sufficiently large, which is a
contradiction. Therefore, at least one of them is finite. If either |hY| or h5| #
00, then we reduce to the case when s; = 2, which eventually leads to a con-

tradiction. Therefore, |h}|, |hy| — oo and |h%| /4 oo. Now, K, 3 implies that

— 0.

AG™
(hn )2% A oo forall 1 <i <2, Aspl;/pls — ooforalll <i <2, we
P13 13
. (AG7)? . . .
obtain A}’ A an) — 0. Combining these results with K, 4 and K, 5, we obtain
13
1 hn hn 1 hn hn 2 h 3
54-*4- ( 2) —0a d — I—i_ ( fl) —|—(g) — 0, which cannot happen.

As a consequence, both py / Pl and ply/p's — oo cannot hold.

Case4.2. Exactly one of p, /D5, piy/pls — o0. If py /Py — oo and pi, /pYs
oo. It implies that A67, /A6 — 0. Denote pi,/pfs — c. If ¢ > 0 then as
P AOT, /DS A0y — ag, A012/A0?3 — ag/c. From the previous case 3.1, we
know that at least one of ||, |h%|, h%| will not converge to co. If |h}| /4 oo, then
K, 3 implies that

1 hn hn 2 hn hn 2 (AO 4
7‘+7+( )+(2+(2)>p7112( 7112)4_>0’
41 2 2 2 s (A0T)
L (AGY)I
which means that at least one of |h%|, |hy| /A oco. As ZZM +» oo for all

1 < j < 6, we have both |h%|,|h%| 4 oo. Denote h — hg and hy — hs3. Now,
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K1, Kpn2,Ky 3, and K, 4 yield the following system of polynomial equations

1 1 a2
iy — 4 hy | 2=
5+ 3+<2+ 2> . 0,

1 1 al

?)'+h3+<3‘+h2>c§:07
1 h3 hg 1 hg h% a%_
ptatytlatety)s=0
5 6 2 5/ 6 2 )t

By converting the above equations into polynomial equations and using Groebner
bases, we obtain that the bases contains an equation in terms of ¢ with all positive
coefficient,which does not admit any solution since ¢ > 0. Therefore, the above
system of polynomial equations does not admit any real solutions (hg, h3, ¢, az)
where ¢ > 0. Therefore, the assumption |h}'| /4 oo does not hold. As a conse-
quence, |h}| — oo.

Now, if |h| 4 oo then K, 3 demonstrates that |k | /4 oco. Hence, K, 1 yields
o P11 (A0])?
! Pis(A075)?
h?(Ae?l)i/P?s(Ae?za)i — Oforall 3 <7 <6, (h?)2p7f1(Aaﬁ)i/PTfS(Aeﬁ)i —0
for all 4 < i < 6, and (R7)>pt (AOY)C/pty(A)® — 0. With these results,
by denoting hyy — hg and hy — h3, Ky 3, Kp4, Ky 5, Ky, 6 yield the following
system of polynomial equations

#4 oo. As A0, /A0 — 0 and pT, /pYs — oo, we achieve

1 1 a2
4+ h ho | =2 =0
2+ 3+(2+ Q)C ,
1 1 a3
1 h3 hg 1 hg h% a%_
4!+2+2+ 4!+2+2 c3_0’
1+h3+h§+ 1+h3+h§ ag_o
50 6 2 506 2 )t 7
1 hy A% B} 1 hy k% h3\ dS
— 424343 — 224 2) 22—,
o Tt e T e T\t T TS

We can check again that Groebner bases contains a polynomial of ¢ with all positive
coefficients. Therefore, the possibility that % is finite does not hold. As a conse-
quence, |hi| — co. However, as both |h'|, |hy| — oo, we get |hl| — oo, which is
a contradiction. Therefore, ¢ > 0 cannot happen. It implies that pi, /p}s — ¢ = 0.
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If ag # 0then ABT;/ABT, — 0. Since pty /ply, pis/ply — 00, P AT, /P AbT,,
P AT /Dl AT, are ﬁnlte, with the same argument as that of Case 3.1, we get

o AGT o AOTy
the contradiction. Thus, as = 0. However, as p}f 7111 < P12 =1 it implies
Pi3A07; p13A913

that py A0Y, /pis A0,
— 0. It follows that a1 4+ as = 0, which is a contradiction to the fact that a; +ao =
1. Overall, the possibility that p}; /pfs — oo and pi,/pls # oo cannot happen.
As a consequence, pi/pYs # oo and pY,/pls — oo. Using the same argu-
ment as before, eventually, we get to the case when p}; /pjs — 0 and a; = 0. If
AGFy /A7 is finite then p’fl(AH?l)j/p??)(AG{g)j — 0forall 1 < j < 6. As we
also have pTy(A07,)? /pi3(A0T3)) — Oforall 1 < j <6, Ky 1, Kn2, Kn3, Kna
demonstrate that |h}|, |h5| — oco. However, it also implies that |h%| — oo, which
46!
G,
If hy is finite then at least one of A and A% is finite. First, we assume that A"
is finite. Now, if pf; (A0],)? /pl3(A0Ys)? /> 0 then py (07,)7 /pi5(075)’ becomes

infinite for all j > 3. Consider K, » — K, 1, we achieve 30 + h} — 0.Similarly,

. 1 1R (k)2 : .
consider K, 4 — Ky, 3+ §K n,2, We obtain 5 + 3 + — 0, which contradicts

1
to 30 + h — 0. Therefore, py (A07,)? /pis(A07)? — 0. From K, 1, it shows

is a contradiction. Therefore, — 00

1
that h + 3 — 0. Combining this result with K, 2, K, 3, Ky, 4, K, 5, we obtain

P (A0 /pl (AG,) are finite for all 2 < j < 6. However, as Af7, /A0, is
infinite, we obtain pt, (07)?/pt4(07)% — 0. Combining it with K, 5,we obtain
hy + % — 0, which contradicts h% +1/2 — 0. As a consequence, kY is not finite,
which also implies that /% is finite.
However, it means that pi; (A07,)7 /pi5(A8T;)? — 0 forall 2 < j < 6. If
npll(A‘gu
Ly (AG7)2

; # 0 then K, o cannot happen as A6, /Af7; is infinite. Hence,
npll( 07)?

)

(

p13(A9?3 5 = 0, which implies h% +1/2 — 0. From K, 4, since h} is infinite,

A A" 3
h7)? IM is finite. It also means that h”]LQ}ll)g 0.
Pi5(A07)* 5(A075)

Combining this result with K, o, we achieve hy + 30 — 0, which contradicts

% 4+ 1/2 — 0. Thus, the possibility that h% is finite does not hold. Therefore,
|h%| — oo. Using the same line of argument as before, we also obtain A7, h% are
infinite, which is a contradiction. As a consequence, case 3.2 cannot hold.

we achieve
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Case 4.3. At least one of p7, /pi5 and pi,/pfs — 0 and they are both finite. As
a1 + as = —1, it means that at least one of a1, ao is different from 0. Without loss
of generality, we assume a; # 0. It implies that pT, AOT, /pT AT, — az/a1 #
oo and ps A7, /pl A0, — 1/a1 # oo. Since pYy /pYs is finite, pis/pY; # 0.
Additionally, if ay = 0 then pi5A07;/pi,A07, — oo and pTy AGY, /pTyAbTy —
oo, which is a contradiction to pf |A0T, | < pl'y|ABY,|. Therefore, ag # 0.

If pty /0y # {0, 00} then by dividing the numerator and denominator of F/, (69, v?)
by piy (AOF) for all 1 < o < 6 and letting n — oo, we achieve the scaling sys-
tem of polynomial equations (1) when r» = 6, which we have already known that it
does not have any soltution.

If piy/pYy — oo then we can argue in the same way as that of Case 3.2 by
dividing both the numerator and denominator of F/,(69,v?) by p; (A8, ) for all
1 < «a < 6 to get the contradiction.

If pTy/pty — 0 then it implies that p, /pYy — oo and pis/pfy — 0o. Now,
we also have pJs A0 /Py ABTy — 1/ag # oo and pTy AOY, /Pl A0y — ay/as #
oo. Therefore, we can argue in the same way as that of Case 3.1 by dividing both the
numerator and denominator of F,(69,v?) by p,(A67,) to get the contradiction.
Therefore, case 3.3 cannot happen.

Case 4.4. Both pY, /pls, pls/Pls # {0,00}. By diving both the numerator and
denominator of F),(01,v1) by pJ5(A07;)* forall 1 < o < 6, we achieve the scal-
ing system of polynomial equations (1) when » = 6, which does not admit any
solution.

As a consequence, i* ¢ {1,...,ko}. Therefore, i* € {ko+1,...,ko+ m}.
However, since m < 2, with the observation that when kg + 1 < i < kg +m, each
support point (9, v?) only has at most 2 points converge to, we can use the same
argument as that of case 3 to get the contradiction. Overall, we get the conclusion

of our theorem.

PROOF OF PROPOSITION 2.2. (Continue) We present here the proof for gen-

eral d > 1. This proof is similar to the case d = 1, with extra care for handling

matrix-variate parameters. For any sequence G, € O ¢, (0 x Q) — Go in W5,
ko si

we can denote G, = > > p?ﬁ(e@,znj) where (pf;, 0%,
i=1j=1 v

alll <t <kgand1 < j <s; <k —ky+ 1. Let N be any positive integer. For

any 7 > 1 and for each x € R, by means of Taylor expansion up to any N order,

SE) = (9,09, %9) for
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we obtain

PG, () = pao(x) = ZZ% (f (655, 375) — £ (167, 57))
=1 j=1
ko+m

+ > (- p)) f ()69, 5)

i=1

ko s N
T n\o n\« Dla‘f x91072’(t)
= Zzpij Z (Agij) I(Azij) 2 (a’! )

i=1j=1 |a|=1
(33) + Ai() + Ru(),

S; ko
where p! = 3 pil;, Ai(x) = Z (P} — p?) f (207, 20), A0% = 07, — 07, AXY; =
=1 i=1

E%—E? foralll <i < kp,1<j<s;and Ri(x) < <Z Z p (|A9 | N+
i=1j=

AE’T‘-|N+5>. Additionally, « = (a1, as), where a; = (al,...,al) € N4, ay =

d
al = Za + Y a2, and o! = Ha%! I o3,

1<u,v<d =1 1<u,v<d

al 2
Moreover, (Af)*1 = H (A&?j)ll and (AX)*? =[] (AX})us” where
=1 1<u,v<d
(.); denotes the [-th component and (.),,, denotes the element in u-th row and v-th
alel ¢ olel f
column, Finally, DIl f(x|69, ¥9) = Sgaigses — - (z]69, %9).
[1o6) [I oxor
=1 1<u,v<d
0*f of d
Since we have the identity 502 (z]0,%) = 26—E(a:|c9, Y) for all § € R® and
Y e S++ for any o = (a1, a2), we can check that

<a2 )uv c Ndxd’

olel ¢ 1 olelf

(34 9ga1gyoz — olasl g8

d d

where 3, = o} + Zl a%j + Zl a?l forall 1 <! < d, which means || = |a1| +
Jj= Jj=

2|ag|. This equality means that we can convert all the derivatives involving ¥ to
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the derivatives only respect to §. Therefore, we can rewrite (33) as follows:

Si (A
PG, () = pa(x) = ZZ UZ

=1 j=1 |8]>1
+ Ai(z) + Ri(x)
35 = A (Hf) + B3 (1‘) + Ry (a:),

where (3 is defined as in equation 34.
Now, we proceed to proving part (a) of the proposition. From the hypothe-

sis for 7, we have non-trivial solutions (z}, a’, bf)k T for equation (1) when
k

r =T —1. We choose the sequence of probability measures G, = Z piro (7.,57) as
=1
(07)1 = (09)1 + a} /n, (67); = (6Y); for2 < j < d, (Z”)H = (20)11 + 267 /n2,

(EPuw = (Z)uo for (u,v) # (1,1), pp = pi(a})? / Zl (1‘*) when 1 <
=

en [e%1 AEn )ag 8‘5|f

\0‘2|a1'a2‘ 08

(a]67, 27)

J

i < k—ko+1,and @ = 60, % = X0, PP = Py, When
k — ko +2 <1 < k. As n is sufficiently large, we still guarantee that X' are pos-
itive definite matrices as 1 < ¢ < k — ko + 1. We can check that W{ (G,,, Go) =

FEgtt L (lai] 1B
(2 (5
struction, s1 = k—ko+1,s; = 1 forall 2 < ¢ < kg, (Aﬁ?j)l = (AZ’fj)w = (0 for
all1 <j <s1,2<1<dand (u,v) # (1,1), A6}, = 0 eRd,Azgj =0 ¢ R4
forall k — ko +2 <i¢<kand1 < j < s;. Now, by choosing N = 7 in 11, we

obtain A;(z) = 0 and sup |Ry(z)|/W/](Gpn,Go) — 0. Moreover, we can rewrite
z€eR4
Bi(z) in (35) as follows

k—ko+1 r—1

T
>) > 0 for all » > 1. Additionally, under this con-

n (A0 Oq (AX™, )ana f -
Bl(x) = z; plzz 232 2a11a1|a2 ! 89’1y( |91721)
= Lajaf,
k—ko+1
n AGM AEM)O‘H o~ f 0 <o
’ ; ph; 122 2a110£1'04 | 36¥( z|6}, 37)
B Tag,oqy

3'Y
o 0
= § anaw LD+ Cynaw( |6, X9).

=1 y>T

where v = af + 204%1. From the formation of G,,, foreach 1 < v <7 — 1,

k—ko+1

1 2 (ap)®1 (b7)°%1
B’Y:n = CnY Z (xz) Z 2 ' = 07

1|
Oé
=1 al+202 =a
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k—ko+1
where C = Y. (x})% As a consequence, By /W[ (Gy,Go) = 0 forall 1 <

1=1
v <7 — 1. Similarly, for each v > 7,

k—ko+1 r
Cyn/ Wi (G, Go) =An2T7/< > pilnlai] + |bf|)> — 0,
i=1

> (a7)* (b;")""1

where A = 5 and the last result is due to » < 7. From
any

a +2a11 =y
ag 142 115r-1
now, it is straightforward to extend this argument to address the Hellinger distance

of mixture densities in the same way as the proof for the case d = 1.

We now turn to part (b). It suffices to show that (12) holds. Assume by contrary

that it does not hold. Now, we can find a sequence G,, = Z ZZ: Dy 5(9:;7271) €
=1 jf

Ohkco(© x Q) — Gg in Wy as n — oo and G,, have exactly k* support points

where ko < k* < k. Additionally, (pf}, 05, X7%) — (pf, 07, %7) forall 1 <i < ko

and1 < j <s; <k —kp—+ 1. Denote

i ko
d(Gy,Go) = Zzpw (A5 + [ASET) + Y [pf = p)l;
=1 j=1 =1
As we point out in the proof of the proposition of the case d = 1, the assump-
tion (pg, (z) — pGe(2))/WE(Gr,Go) — 0 for all z € R leads to (pg, () —
PG, (x))/d(Gr, Go) — 0 for all z € R. Now, by combining this fact with (11) and

choosing N = 7, we obtain

(36) (Ay(2) + Bi(z) + Ry(2))/d(Gn, Go) — 0.

Now, A1 (x)/d(Gy, Go), B1/d(G,, Gp) are just the linear combination of elements

e d d
895f (2|0, X) where 3 is defined in equation (34), i.e 8, = o} ; O‘le +> O‘?l

= =1
forall 1 <[ <d, || = |a1|+2|az|, and |a1|+ |az| < 7. Therefore, it implies that
0 < |B| < 27, which is the range of all possible values of |/3|. Denote Eg(6,3) to

olPlf
(x|0 ). Assume that E5(6?, %) — 0

forall 1 <i < kpand 0 < |B] < 27 as n — oo. Using the result from (11), the
specific formula for E5(69, %) as |8] > 11is

be the corresponding coefficient of ——-

(A6 )1 (AX )02
0 50
9 Z Z 7,] Z 2|a2|a1'a2' /d(G’I’LaGO)

1,002
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d d
where a1, as satisfies o + > a%j +3 a?l =G forall1 <1 <d.
iz =1
By taking the summation of all |Eo(69,29)|,i.e B = 0, we get

ko
Z Ip? — p?|/d(G,, Go) — 0 as n — oo.
i=1

As a consequence, we get

ko  s;
SO R UIAGT + ||ASE|T)/d(Gn, Go) — 1 as n — oo
i=1 j=1

As ||.|| and ||.||7 are equivalent, the above result also implies that

ko  s;
SO o UIAGLIT + |ASH]IF) /d(Gn, Go) 75 0 as n — oo,

i=1 j=1

Therefore, we can find an index 1 < i* < d such that
S

37) S0 (1867 + AT 2)/d(G, Go) 0.
j=1

Without loss of generality, we assume ¢* = 1. There are two cases regarding the
above result:

Case 1. There exists 1 < u* < d and such that

S1
Un =D 035(1(A81)u " + [(ASE)urur ) /d(Gin,y Go) # 0.
j=1

Without loss of generality, we assume u* = 1. With this result, for any |3| > 1, we
obtain

SIS (Af7;)™ (AXT;)*
n.
FB(9?7 E?) - Eﬂ(0(1)7 %9) _ J=1 7 ala 2122l lay! — 0.

Un <A T n T
leu(l(Mu)ll’" +(AZ)nl")
J:

Now, we choose o] = 0 forall2 <[ < dand a2, = 0 forall (u,v) # (1,1), then
18| = at + 2a?,. Therefore,

Oél 042
ip?‘ D (Ae?j)ll(AE?j)lln
=1 aiae 20t1alla?, !

(38)  Hpg(6),%9) = -0,

S1 _ .
lelj(\(Aglj)lV + [(AZF) ")
j:
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where o} + 202, = |8 and 1 < |3] < 27.

Denote two important notations of maximum p,, = max {p?j} and M, =

1<j<s1
max { |(AOY 1], .., [(AOF 1), [(ASH )12, .. [(ASY, )11]Y/2}. Since 0 <

p?j/ﬁn < 1foralll < j < s1, we define lim p’fj/ﬁn = c? forall 1 < j < s;«.
n—oo
.. . — . —2
Similarly, define nh_)rr;o (A07;)1/M;, = aj and nh_>nca>o (AXT))11/M;, = 2b; for all
1 < j < s1.Since p?j > cpforalll < j < sy, all of $? differ from O and at

least one of them equals to 1. Likewise, at least one element of (a;, bj)jfl:l equal
to -1 or 1. Now, for 1 < || < 7, divide both the numerator and denominator of

H g (69,%9) by M'f "and let n — oo, we obtain the following system of polyno-
mial equations

1 2
o [
ca oM

S1 Y

, atla®!
J:1Qi+2a%1:\ﬁ| et

As 2 < sy < k — kg + 1, the hardest scenario is when s;1 = k — kg + 1. However,
from the hypothesis, as s1 = k — ko + 1, the above system of polynomial equations
does not have non-trivial solution, which is a contradiction.

Case 2:. There exists 1 < u* # v* < d such that

S1
Vn = Zp?j’(AE?j)u*v* |r/d(Gn, Go) 7L> 0.

j=1

Without loss of generality, we assume u* = 1,v* = 2. With this result, for any
|B| > 1, we obtain

ST (ABT;)™ (AXY;)*
P
F,é(eg)a E(l)) = Eﬁ(0?7 E?) — j:1 J aq,02 2|a2|a1!062! — 0

V. 51 _
" 21 PYI(AEY))12]”
]:

By choosing a; = 0 € N, a2, = 0 for all (u,v) & {(1,2),(2,1)}, then |B] =
a2y + a3,. Therefore,

2 2
n \¥121tas;
Lo (Azlj)m
Zplj Z 208la2 1021
Jj=1 a%Q,agl 12°%21°

Hig (69,%7) = — 0.

s1 B
21 PYI(AST)12]”
]:
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Denotep. = ma { "-},M’ = ma { AY }.Then,wehave nopl—
Pp = max \pi; g, My, = max [(AXT))12] P1;/Pn

(c;-)2 > 0 and (AE?j)lg/M; = dj; forall 1 < j < s1. Again, we have at least
one of d; differs from 0. Now, by dividing both the numerator and denominator

of H4(69,%9) by (M,)? and letting n. — oo, we obtain Z (¢ )2d2 = 0. This
equation implies d; = 0 forall 1 < j < d, whichis a contreidlctlon.

Therefore, at least one of the coefficients E5(6?, $9) does not converge to 0 as
n — oo. Now, we denote m,, to the maximum of the absolute values of Eg(@?, %)
where (3 is defined as in equation (34), 1 < i < kg and letd,, = 1/m,. Asm,, /4 0
as n — 00, dy, is uniformly bounded above for all n. As d,,|Ez(69,09)| < 1, we
denote d, E3(0?,%?) — 7,5 where at least one of 7;4 differs from 0. Combining
these notations with (36) we get that for all x € R,

PG, (z) — pay (@ olP 'f 0 w0
(G, Go) %ZZ”B agr (@10 20) =

Using the technique we have in the proof of part (a) of Theorem 3.4 in [16], it is
sufficient to demonstrate the above equation as d = 1. However, from the result
when d = 1, we have already known that 7,3 = O forall 1 < 7 < kg, 0 <
|B] < 27, which is a contradiction. Therefore, the assertion of our theorem follows
immediately.
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