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Abstract

We study identifiability of mixing measures in infinite mixture models. We show that, in
many common cases, lack of identifiability can be characterized in terms of certain differential
structures of the kernel family with respect to its parameters. In our main result we prove that,
when the kernel is annihilated by a non-trivial differential or difference-differential operator over
the parameter space, there exist infinitely many distinct mixing measures yielding the same
mixture density. We give verifiable conditions for such operators to exist, covering many common
cases, including the location-scale Gaussian, location-scale Student-t, gamma, beta, Dirichlet,
negative binomial and non-central chi-squared families. Furthermore, our conditions apply to any
exponential family whose parameter dimension exceeds the dimension of its sufficient statistic
and, more generally, to kernels with polynomially-growing score functions. We complement
our results with a minimax lower bound on the estimation error for the mixing measure in the
Wasserstein distance under non-identifiability. On the flips side, we describe three classes of
kernels for which identifiability is preserved and nonparametric statistical inference remains
possible.

1 Introduction

Mixtures are among the most widely used models in statistics, offering a principled way to describe
populations composed of unobserved subgroups and to build flexible distributions from simple
parametric components (McLachlan and Peel, 2000; Fraley and Raftery, 2002). In their basic form,
data X71,..., X, taking values in a sample space X C R% are assumed to be independent draws
from a density

pe.(z) = /@ [z ]0)G.(do),  zeX, (1)

where {f(- | 0) : 0 € ©} is a family of probability density kernels (with respect to some common
dominating measure on X, say A) indexed by the parameter space © C R%, and the mizing
measure Gy is a probability measure on © that weights the parameter values entering the mixture.
Equivalently, the generative model implied by (1) admits a hierarchical representation: latent
parameters 61, ..., 60, are drawn independently from G,, and each X; is then drawn independently
from f(- | ;). For the purposes of statistical inference, two related objects are of interest: the density
pg, and the mixing measure G,. The latter, whose estimation motivates the present work, encodes
the latent structure underlying tasks such as model-based clustering and the recovery of subgroup
parameters.

In nonparametric settings, the unknown G, is left unrestricted (or nearly so) and is modelled
through mixing measures G' with infinite support, which we call infinite mizing measures, giving rise
to infinite mizture models. This flexible formulation is standard in Bayesian nonparametrics, through



priors on G such as the Dirichlet process (Ferguson, 1973, 1983; Lo, 1984) that model G, as discrete
and induce a latent clustering of the data according to the mixture component imputed to have
generated each observation. While G, governs this rich latent structure, the flexibility of the scheme
comes at the cost that G, is considerably harder to estimate than pg,. This is because, as the
hierarchical form makes explicit, the data are directly informative about pg,, whereas information
about G, is only indirectly available through the additional noise layer contributed by the kernel
f(-10). This effectively makes pg, a noisy version of G, so that the statistical recovery of G, may
be framed as the problem of denoising pg,, or an estimate thereof, to extract the latent signal G..
In light of this interpretation, the first fundamental question to address, for the task at hand to be
at least well-posed, is about identifiability: even granting perfect estimation of the data-generating

density—that is, ps = pg, for some estimator G of G.—does recovery of the mixing measure
follow—that is, G = G.7

1.1 Contributions of the article

This work focuses precisely on the above-mentioned question of identifiability for infinite mixture
models. To begin our discussion, write A for the linear operator G — [g f(- | #)G(df) that maps
mixing measures to mixture densities. Using this formalism, the mixing measure is identifiable based
on the mixture density whenever A is injective. In light of this, the key questions we address are:
for which kernels f does injectivity of A hold? And when this property does not hold, what are the
structural mechanisms responsible for the failure of identifiability?

Our starting point is the observation that many standard kernels belong to the null space of, or
equivalently are annihilated by, a differential operator acting on the parameter 6. To build intuition,
fix a probability measure G, admitting a density g, that is bounded away from zero on an open
ball B C ©°, where ©° denotes the interior of ©, and suppose that there exists a non-trivial linear
differential operator Ly such that

Lof(z|6)=0 for A\-almost every z € X and every 6 € O°. (2)

We refer to (2) as a parameter partial differential equation, or parameter PDE. For ease of exposition,
we postpone the presentation of more general differential structures and of concrete examples. For
the moment, let £ denote the formal adjoint of Lg (Folland, 1999), the latter also being a differential
operator that can be applied to any infinitely differentiable and compactly supported function
uw: R% — R. Hence, letting g := Lju for an appropriately chosen u, the properties of adjoint
operators and the parameter PDE lead to

/ f(z|0)g(0)do = / u(@)Lof(xz|0)dd =0 for X\-almost every x € X. (3)
(S} S}

Integrating (3) over z and using Fubini’s theorem also gives [y g(f)df = 0. Therefore, defining
G(df) := g(0) df yields a signed measure such that AG = 0. This, together with other properties of
u, implies that the perturbed probability measure G, + €G, for € > 0 small enough, is different from
G while giving rise to the same mixture density: pg, = pg,+eg A-almost everywhere.

This simple line of reasoning sheds new light on a direct connection between the presence
of parameter PDEs and the non-identifiability of mixing measures in infinite mixture models.
Importantly, the existence of parameter PDEs as in (2) is not a mere mathematical artifact, but will
be shown to rather be a pervasive feature of commonly used kernel families. While a comprehensive



set of such families will be discussed later, it is useful to exemplify the discussion by means of a
concrete and popular case, namely, location-scale Gaussian miztures. With di = 1 and dy = 2,
let N(z | p,v) == (2nv) "2 exp{—(z — p)?/(2v)} denote the univariate Gaussian density with
mean g and variance v, with kernel f(z | p,v) = N(z | p,v) indexed by 6 := (u,v) € © =
[~a,a] X [Vmin, Vmax] C R?, for a > 0 and 0 < Upin < Vmax < 00. Denoting by 0y the partial
derivative operator with respect to the scalar argument y, the Gaussian kernel famously solves the
heat equation

ouf(x|pv)= %82]"(37 | p,v) for every z € R and (u,v) € ©°, (4)

which is constitutes a parameter PDE in the sense of (2), with £y = 9, — %62 Hence, fixing an
appropriate infinitely differentiable u : R? — R and recognizing that £} = —d,u(f,v) — %qu(ﬁ, v),
the same line of reasoning as in the previous paragraph implies that infinite location-scale Gaussian
mixtures suffers from non-identifiability of the mixing measure.

Beyond these heuristic preliminaries, the contributions of the article can be summarized as
follows. First, we formally show that the arguments outlined above hold in very general settings. In
particular, Theorem 1 states that a kernel annihilated by a non-trivial differential operator generates
a non-identifiable mixture model whenever the mixing measure has a density that is locally bounded
away from zero. Theorem 2 extends this conclusion to difference-differential operators, in which the
kernel is evaluated at shifted parameter values. Second, we give verifiable conditions under which such
operators exist. Proposition 1 shows that any exponential family whose parameter dimension exceeds
the dimension of its sufficient statistic admits a parameter PDE, while Proposition 2 generalizes this
results also to kernels whose score is polynomial in a finite collection of statistics. Together with the
examples of Section 4.3, these results identify common barriers to identifiability, which fails across
the location-scale Gaussian, location-scale Student-f, gamma, beta, Dirichlet, negative binomial
and non-central chi-squared families, and they indicate that over-parameterisation, in the sense
ds > q with g denoting the dimension of the sufficient statistic, is a systematic mechanism behind
such barriers. As we document in Proposition 3, these instances of non-identifiability have crucial
implications for statistical estimation of the mixing measure, which becomes impossible without
further constraints on the model or G.,.

Third, we describe three classes of kernels for which no such barrier exists and identifiability is
ensured. Proposition 4 introduces generalized translation families, for which identifiability reduces
to the non-vanishing of the Fourier transform of a base kernel. Proposition 5 treats exponential
families in which the sufficient statistic has dimension at least that of the parameter and its range
is rich enough to determine measures on the natural parameter space, a condition of Miintz—Szasz
type. Proposition 6 considers a third class of kernels that both preserves identifiability and verifies
the absence of any parameter PDE condition.

The remainder of the article is organised as follows. Section 2 fixes notation and preliminary
concepts. Section 3 reviews the existing literature on identifiability and estimation in mixture models.
Section 4 develops the theory of PDE barriers to identifiability, presents concrete examples, and
discusses the consequences of non-identifiability on statistical estimation of the mixing measure.
Section 5 treats kernel families for which identifiability is preserved. Section 6 concludes. The proofs
of the results presented in the article are collected in the Supplementary Material.



2 Notation and preliminary concepts

We assume throughout that the sample space X is a Borel-measurable subset of R% over which a
o-finite Borel measure A is well defined; this is understood to be the Lebesgue measure for continuous
kernels and the counting measure for discrete ones. Analogously, the parameter space © C R% is
assumed to be regular compact! with a non-empty interior ©°, and is equipped with the restriction
of the Lebesgue measure in R%. For k € N, k-fold product spaces are denoted as X* and ©*, and
are endowed (when meaningful) with the product topology and the corresponding Borel o-algebra.
Similarly, P*¥, where P is a probability measure on some measurable space such as X’ or O, denotes
the k-fold product measure on the corresponding product space. A kernel f: X x © — [0,00) is
taken to be a jointly measurable function satisfying [, f(x | 8) A(dx) =1 for every € ©, so that
x +— f(x | 60) is a probability density function with respect to A.

We write M(©) for the Banach space of finite signed Radon measures on © endowed with the
total variation norm || - ||rv, P(©) C M(O) for the set of Borel probability measures on ©, and
D(©) C P(O) for the set of discrete probability measures (i.e., those with at most countable support).
The mixture operator A : M(©) — L*(X, )\) is defined by

> (AG)(z) ::/@f(:p|0)G(d0), z€EX,

and we write pg := AG whenever G € P(0), so that pg is a probability density with respect to .

The mixture model (1) is said identifiable if, for all G1,Gy € P(0©), the equality pg, = pa,,
holding A-almost everywhere, implies G1 = G2. By linearity of the mixture operator, identifiability
is implied by the injectivity of A on M(©); that is, the model is identifiable if

AG = 0 A-almost everywhere — G =0

for all G € M(©), where G = 0 indicates that G is the identically zero signed measure . Also, following
the seminal contribution of Nguyen (2013) we will, when discussing statistical estimation, measure
the discrepancy between any two mixing measures G, Ge € P(©) according to the Wasserstein
distance of order 1,
Wl(Gl,Gg) = inf / ||91 *92”7‘1’(d91,d92),
well(G1,G2) Jo

where II(G1, G2) is the set of probability measures 7 on ©? with left- and right-marginal G; and Gs,
respectively (Villani, 2008).

For a multi-index o = (a1, ..., ;) € Njj, where Ny := {0} UN, we set |a| := a1 + -+ + a, and
write 95 = 0141 /991" - .- 992, with the convention that 95 is the identity when |a| = 0. To ease
notation, we will often omit o € N” from subscripts and set definitions, and will instead directly
state the required conditions on a (e.g., in terms of its size |a|). For a non-empty open set U C R%
and k € Ng U {00}, C*¥(U) denotes the space of k times continuously differentiable real functions on
U, and CZ°(U) the space of infinitely differentiable functions whose support is a compact subset of
U; elements of C°(U) are referred to as test functions. For real functions wi,ws on © with wjws
integrable, we write (w1, ws) := [ w1(8)w2(8) do for the L?(X) inner product with respect to the
Lebesgue measure on ©. We denote by B(6y, p) the open Euclidean ball of centre 6y and radius p,

1A subset S of Euclidean space R? is call reqular closed set if S equals to the closure of its interior Willard (1970).



by A the closure of a set A, and by ey, ...,eq the standard basis of R, For h € L'(R?), the Fourier
transform of h is
F[R](€) := / e h(z)de, ¢ eR%

Ra

Analogously, for a finite measure p on R, its characteristic function is denoted with

Flul(—¢) = /R (), geR

Finally, we call a map between metric spaces a homeomorphism onto its image if it is a continuous
bijection onto its image with continuous inverse. We refer to Folland (1999) for further background
on the previous and other functional-analytic tools employed throughout the article.

3 Relation to existing work

Identifiability and estimation in mixture models have a long history, going back to the work of
Teicher (1960, 1961, 1963). Much of the recent literature has dealt with estimation of the density pg.,,
with Ghosal et al. (1999); Barron et al. (1999); Ghosal et al. (2000); Ghosal and van der Vaart (2001)
pioneering the study of L' consistency and contraction rates in the infinite-dimensional setting. The
problem of quantifying convergence at the level of the mixing measure has been recently formalised
by Nguyen (2013), who advocated for the Wasserstein distances as natural tools toward this aim
on account of their geometrically meaningful behaviour between measures with arbitrary supports.
This perspective has generated a growing body of work on estimation of the mixing measure (Ho
and Nguyen, 2016a,b; Gao and van der Vaart, 2016; Scricciolo, 2018; Rousseau and Scricciolo, 2024;
Bariletto et al., 2026a; Ascolani, 2026). A central device in these analyses is the search for inequalities
of the form [, |pa, (%) — pa, ()| AM(dz) > ©(W,.(G1, Gz2)), for some increasing ¢ and a Wasserstein
distance W, of order r > 1 (see Villani, 2008, for a definition when r > 1), which convert density
rates into mixing-measure rates (Nguyen and Wei, 2026). Such an inequality is possible in general
only when A is injective, so that establishing it may be viewed as a quantitative refinement of
identifiability itself; the attainable ¢, and hence the estimation rates, have in turn been shown to be
governed by analytic features of the kernel, notably the decay of its characteristic function and the
smoothness of the parameterisation.

Work addressing identifiability directly, rather than through estimation rates, has largely been
confined to finite mixing measures. In this setting, Ho and Nguyen (2016a,b); Manole and Ho (2022)
showed that the identifiability and convergence behaviour of the mixing measure is controlled by
some algebraic relations among the parameter derivatives of the kernel: when certain families of such
derivatives of f are linearly dependent, distinct configurations of atoms become difficult or impossible
to separate, degrading identifiability and estimation rates; see also Nguyen and Wei (2026) for a
recent review and Ho et al. (2022); Nguyen et al. (2023); Do et al. (2025); Bariletto et al. (2026b) for
extensions to the covariate-dependent case. Differential structure in the parameter has thus already
been recognised as a key mechanism in the finite mixture setting, and the aim of this article is to
develop these connections in the infinite-dimensional setting as well. It is notable that, in part also
owing to applications in deconvolution problems (Caillerie et al., 2011; Dedecker and Michel, 2013;
Dedecker et al., 2015) where the noise kernel f(- | 0) is typically well understood and need not be
very flexible, most of the literature on infinite mixing-measure estimation has focused on relatively
simple kernel structures, such as location families or, only recently, location-scale families with a



scale parameter shared across components but estimated from the data (Bariletto et al., 2026a).
As our analysis reveals, the scarcity of results on more general and widely used families, such as
location-scale ones, is not accidental; rather, many of these flexible parameterisations give rise to
differential structures that are incompatible with an identifiable model, rendering the recovery of G
from a density estimate ps impossible in general.

4 PDE barriers to mixing-measure identifiability

We are now in a position to formally initiate our study of identifiability of mixing measures in
the context of infinite mixture models. In this section, we examine two types of PDE barriers to
identifiability and provide examples that illustrate both.

4.1 Non-identifiability via parameter PDEs

The first type of PDE barrier to identifiability we examine is induced by the following kind of
differential operator.

Definition 1. Let U C ©° be open and r € Ny. A parameter differential operator on U of order r
is a map Ly acting on functions w € C"(U) by the relation

Low = Z ca(8) Ogw, 0eU,

laf<r

with coefficients co, € ClNU). Its formal adjoint is Ljw = ZMST(—l)'O“@g‘(caw), so that
(Lowr,w2) = (wi, Lyws) for all wi € C™(U) and wy € CX(U). The operator is non-trivial on
a set A C U if cq is not identically zero on A for at least one a with |a] > 1.

Accordingly, we say that the kernel f satisfies a parameter PDE on U if Lyf(z | ) = 0 for
A-almost every x € X and every 6 € U, for some parameter differential operator Ly on U. As
anticipated, the presence of such parameter PDE relations leads to non-identifiability of the mixing
measure.

Theorem 1. Let U C ©° be open and let f satisfy a parameter PDE on U for a parameter differential
operator Ly that is non-trivial on an open ball B with B C U. Let G, € P(0) admit a density g.
with respect to the Lebesgue measure on © such that g. > m Lebesgue-almost everywhere on B, for
some m > 0. Then there exists G € P(©) with G # Gy and pg = pg. A-almost everywhere.

The proof of Theorem 1 details the construction of the probability density pg obtained by
perturbing the mixing measure g, by an additive term of the form eh, where h is a function on ©
such that f@ h(0)d = 0 and € > 0 is appropriately small. It is worth emphasizing that, since E and
€ depends only on B and m, this construction is generic: there is a continuum of choices of A and
€, each leading to a mixing measure that is indistinguishable, based only on the induced mixture
density, from G,. Secondly, the conclusion is local in the parameter space: only the behavior of Ly
and of g, on the ball B matters, so that a kernel satisfying a parameter PDE on an arbitrarily small
open region generates non-identifiability for every mixing measure whose density is bounded away
from zero there. In particular, if g, is continuous and bounded away from 0 on ©°, the assumptions
of the Theorem reduce to the non-triviality of Ly.



Theorem 1 links non-identifiability to the existence of an annihilating differential operator. The
next two results give sufficient conditions for this kind of PDE barriers to identifiability to exist,
the first for exponential families and the second for a broader class in which the score function is a
polynomial in a finite collection of statistics.

Definition 2. The kernel f belongs to an exponential family with sufficient statistic of dimension
q € N if

f(x | 6) = h(z) exp {Z ni(0)Ti(x) - Aw)} . weX 0co, (5)
=1

where h : X — (0,00) is measurable, T = (T4, ...,T,) : X — RY is a vector of sufficient statistics,
n=(n,...,ng) : © = R? is the natural parameter map, and A : © — R is the log-partition function.

Proposition 1. Let f be an exponential family kernel as in (5), with n and A infinitely differentiable
on ©°, and suppose that q < do. Then there exist a non-empty open set U C ©° on which the kernel
family satisfies a non-trivial parameter PDE.

The proof of Proposition 1 hinges upon the rank deficiency of the natural parameter map. Since
n takes values in R? with ¢ < dy, its Jacobian J,(6), of dimension g X dg, has a non-trivial kernel at
every 0. This makes it possible to construct a parameter differential operator that annihilates f on
an open subset of ©.

Outside the class of exponential families, the score need not be linear in a finite set of statistics.
As the next result shows, a polynomial dependence suffices to deduce the presence of a parameter
PDE from a similar dimension mismatch.

Definition 3. The kernel f has a polynomial score of degree p > 1 relative to S = (S1,...,5q) : X —
RY if 0 — f(x | 0) is infinitely differentiable on ©° for every x € X and, for each j € {1,...,da},
Op; f(z | 0)
f(z]0)

where Pj(-;6) is a polynomial in q variables of total degree at most p whose coefficients are infinitely
differentiable in 0 for almost every x € X.

= P;j(5(x);0), reX, §eO°,

Proposition 2. Let f have a polynomial score of degree p relative to S : X — R4, and suppose
that ¢ < da. Then there exist a non-empty open set U C ©° on which the kernel family satisfies a
non-trivial parameter PDE.

The proof of the previous result also relies on a comparison of dimensions, with the order of
the annihilating operator governed by the mismatch between ds and ¢ and by the degree p. The
previous result is similar in spirit to the exponential family case of Proposition 1, where p = 1 and
the dependence of log f on S is linear.

4.2 Non-identifiability via shift parameter PDEs

Several standard families are not subject to a parameter PDE in the sense of Definition 1, while
they do satisfy a recurrence relation linking the kernel at 6 with the kernel at translated parameter
values, possibly combined with differentiation. While we postpone concrete examples, the following
definition accommodates such relations.



Definition 4. Let V = {vy,...,v5} C R® be a finite set of distinct shift vectors with vy = 0.
Furthermore, let m,...,r; € Ng, and U C ©° be open and such that U + v; C ©° for all j.
A difference-differential parameter operator Ly with shifts V is defined to act on functions w €

Cmax; ( Uj(U + Uj)) by
J
Low=3"3 ¢jal0) GFw)O+v), 0T,
j:l |CM‘ST‘J‘

with coefficients c; o € C‘O"(U). The operator is non-trivial on a set A C U if ¢; o is not identically
zero on A for at least one pair (j, ).

Accordingly, we say that f satisfies a shift parameter PDE on U if there exists a difference-
differential parameter operator Ly, defined on some open U C ©° in the sense of Definition 4, such
that Lof(x | #) = 0 for M\-almost every z € X and every 6 € U.

Theorem 2. Let Ly be a difference-differential parameter operator with shifts V.= {v1,...,vs}
on an open set U C ©O°, and let f satisfy the associated shift parameter PDE on U. Let B =
B(6o,p) C U be an open ball such that B+ v; C ©° for all j =1,...,J and whose radius p satisifes
p < 3min;; ||v; — vj||. Suppose that Lg is non-trivial on B. If the true mizing measure G € P(0)
admits a density g, with respect to the Lebesque measure on © satisfying g« > m Lebesgue-almost
everywhere on U}']:1(B +v;), for some m > 0, then there exists a G € P(©) with G # G such that
PG = pa, A-almost everywhere.

The construction behind Theorem 2 parallels that of Theorem 1, whereby an appropriate test
function is used to build a perturbation of g, that, by exploiting the non-trivial null space of the
difference-differential parameter operator, induces non-identifiability of the mixing measure.

4.3 Examples

We now discuss concrete kernel families for which the hypotheses of Theorems 1 or 2 are satisfied,
and which therefore lead to non-identifiable infinite mixture models. The variety and popularity of
these families are a testament to the pervasiveness of the PDE barriers to identifiability uncovered
by our analysis.

Location-scale Gaussian kernel. With X =R and f(z | p,v) = N(x | p,v), and for 6 = (u,v)
in a compact subset of R x (0, 00) with non-empty interior, the heat equation (4) gives a parameter
PDE of order two with operator Ly = 9, — %83, so Theorem 1 applies. This case was already
discussed in Section 1.1.

Beta and Dirichlet kernels. Let X = (0,1) and f(z | o, 8) = [['(a+8)/T()T(8)]z* (1 —z)5~1,
the beta kernel, with (o, 3) ranging in a compact subset © of (0, 00)?. Since a(a+8) " f(z | a+1,8) =
rf(z]a,B)and Bla+B) 1 f(z|a,B+1)=(1—z)f(z]|a,B) for all z € X and (o, 3) € O, we have

~—

(@lat1,8)+ L fa|afr1)—flz]ap) =0,

e
a+p a+p



a shift parameter PDE of order zero with shifts (0,0), (1,0) and (0,1). The same argument applies
to the more general Dirichlet family on the open simplex Ay ; = {x € R?: z; > 0, Zle x; =1}
with density f(z | o) = T(X% @) [1E, (2% /T(y)), for which

7

d .
Y S late) ~ fa]a)=0,

d
j=1 > m=1 Qm

with shifts 0,eq, ..., eq.

Location-scale Student-t kernel with fixed degrees of freedom. Let X =R, let v > 0 be
fixed, and let

I'((v+1)/2) 1(z—p o1 —(v+1)/2
(v/2)(vm)l /20 1+V< o >] ,

with @ = (u,0) in a compact subset of R x (0, 00). Direct computation gives the parameter PDE of
order two

falmo) =

[aag + VU@EL + (1 =)0 f(z | p,0) =0,
so that Theorem 1 applies.

Gamma kernel. Let X = (0,00) and f(x | 7, 8) = B727"te=P%/T'(v), with 6 = (v, 8) in a compact
subset of (0,00)%. Using the identities zf(x | v,8) = v87 f(x | v+ 1,8) and dsf =8~ f —af
gives

2035w 19:8) ~ Flo | 7.8)+ f(w |1+ 1,6) =,

a shift parameter PDE with shifts v; = (0,0) and vy = (1,0) and orders r; = 1, r9 = 0; Theorem 2
applies whenever the parameter space accommodates a ball together with its translate by vo.

Negative binomial kernel with varying number of successes. Let X = Ny, let A be

the counting measure, and let f(z | r,p) = I;(!?X))pr(l — p)*, with (r,p) in a compact subset of

(0,00) x (0,1). Then

p(1 —p)

fl@[r+1p)+ Opf (x| r,p) = fz|r,p) =0,

a shift parameter PDE with shifts (0,0) and (1,0).

Non-central chi-squared kernel. Let X = (0,00) and

k/4—1/2
—(z x
f(x ] ky Ane) = %6 (@FAne)/2 () Ik/271((/\nc33>1/2),

n

where I;(z) = ijo(z/2)2j+“/[j! I'(j + k + 1)] is the modified Bessel function of the first kind, the
degrees of freedom k and the non-centrality parameter \,. ranging over a compact subset of (0, 00)2.
The classical recurrence

8)\ncf(x | k? AHC) - %f(x | k + 27 Anc) + %f(x | k, Anc) = 0
is a shift parameter PDE with shifts (0,0) and (2,0).



4.4 Consequences for statistical estimation

Having established that a wide range of kernel families induce non-identifiable infinite mixture
models, we now briefly discuss the consequences of this phenomenon for statistical estimation. Since
the large majority of mixtures used in practice model the mixing measure as discrete, the following
result focuses on that case, although considering general members of P(©) would not alter the
conclusions.

Proposition 3. Let {f(- | 0) : 0 € O} be a kernel family such that the mapping 0 — f(z | ) is
continuous on © for A-almost every x. If there exist two mizing measures G1,Gy € P(O) with
G1 # Go and pg, = pa, A\-almost everywhere, then

3¢

inf inf  sup Ex,,pn [Wi(Gn(X1m), Gi)] > ==,
neN &, @.eD(©) Kb, (WGl Fren), G 32

where ¢ = W1(G1, Gs) and the inner infimum is taken over all estimators G, : X™ — D(O).

The proof of Proposition 3 relies on standard tools from minimax theory together with the
Wi-density of D(0) in P(0). The above results shows that fully unconstrained estimation of the
mixing measure is inconsistent, in the worst-case sense, whenever identifiability fails. In particular, it
shows that our non-identifiability results, though stated for mixing measures with a locally positive
density with respect to the Lebesgue measure on O, carry strong implications for estimation even
in the seemingly more structured class of discrete mixtures. Hence, unless further knowledge of
the structure of G, is available and used to constrain estimation—how to do so being an open
problem—recovery of G, from a growing sample is made impossible, in the worst case, by the
non-identifiability phenomena uncovered by our theory.

5 Identifiability-preserving kernel families

The results of Section 4 identify specific differential and difference-differential structures in the kernel
parameterisation as mechanisms impeding the recovery of the underlying mixing measure from a
given mixture density. As a complement to these negative results, we now describe three classes
of kernels for which the mixture operator is injective, which ensures identifiability and restores the
hope for consistent unconstrained estimation of G,.

5.1 Generalized translation families

The first such class consists of kernels whose dependence on the parameter is, after a change of
variables, that of a location family.

Definition 5. The kernel f belongs to a generalized translation family if
f(x]0) =h(x)v(0) K(r(z) —4(0)), zeX, 0€6, (6)

where h : X — (0,00) and v : © — (0,00) are continuous, 7 : X — R% is a homeomorphism onto
R4, ) : © — R4 is a homeomorphism onto its image, and K € L'(R™).

Proposition 4. Let f belong to a generalized translation family and suppose that F[K](&) # 0 for
Lebesgue-almost every &€ € R¥. Then A is injective.

10



The structure of generalized translation classes reduces the proof of Proposition 4 to a classical
Fourier-analytic deconvolution argument. Moreover, the non-vanishing requirement on F[K] is
mild. Indeed, suppose d; =1 and [ |K (x)]el*l dz < oo for some ¢ > 0. Then F[K] extends to a
holomorphic function on the strip {z € C : [Im(z)| < ¢}. A set of positive Lebesgue measure on R
has an accumulation point in R, which lies inside the strip; were F[K] to vanish on such a set, the
identity theorem would force F[K] = 0 on the strip and hence K = 0 almost everywhere. Since by
construction K # 0 on a set of positive Lebesgue measure, its transform F[K| vanishes at most on a
Lebesgue-null set, so any integrable kernel with exponentially decaying tails satisfies the hypothesis
of Proposition 4. Analogous arguments apply in higher dimension.

The following standard kernels belong to generalized translation families, and the resulting
infinite mixture models are therefore identifiable.

(i) Gaussian kernel with fived variance. With X = R and f(x | ) = N(z | §,02) for fixed
o? > 0, representation (6) holds with h(z) = (270%)"V2, v = 1, 7(z) = z, ¥(h) = 6
and K (u) = exp{—u?/(20%)}, whose transform F[K](¢) = (2r)'/20 exp(—02€2/2) is strictly
positive.

(ii) Gamma kernel with fized shape. With X = (0,00) and f(x | 8) = [[(a)8%]~ 2> Le=*/? for fixed
a >0, take h(z) = [[(a)x] 7L, v(0) = 1, 7(z) = logz, ¥(#) =logh and K (u) = e** exp(—e").
Here 7 maps X onto R, and K decays exponentially at —oo and doubly exponentially at 400,
so K € L*(R) has exponentially decaying tails and the remarks after Proposition 4 apply.

(iii) Laplace kernel with fived scale. With X = R and f(z | ) = (2b) "' exp(—|z — 0|/b) for fixed
b>0 take h=1v=1,7(x) = (@) = 0 and K(u) = (2b)"Le~1"/® whose transform
FIK](€) = (1 + b%¢?)~1 is everywhere positive.

The above examples show that fixing an appropriate subset of parameters, such as the scale or
the shape, removes the PDE barriers documented in Section 4 for the analogous kernels with more
free parameters. Moreover, as already noted, location families such as (i) and (iii) are precisely those
on which mixing-measure estimation has largely concentrated so far (Nguyen, 2013; Gao and van der
Vaart, 2016, among others). In hindsight, our results suggest that it is exactly their identifiability,
absent in the more flexible (e.g., location-scale) alternatives, that has made the recent technical
progress on estimation rates possible in the corresponding infinite mixture models.

5.2 Non-degenerate exponential family

Proposition 1 shows that an exponential family whose parameter dimension exceeds the dimension
q of its sufficient statistic carries a parameter PDE and therefore yields non-identifiable infinite
mixture models. We now consider the complementary regime, in which the sufficient statistic has
dimension at least as high as the parameter vector.

Definition 6. Let Q C (0,00)? be compact. A set S C R? is determining for Q if the linear span of
{y —y*:5€ S}, where y* ==y - yy? fory € (0,00)%, is dense in the space C(2) of continuous
real functions on ) equipped with the supremum norm.

Proposition 5. Let f be an exponential family kernel as in (5) such that h > 0 A-almost everywhere,
A is continuous on the compact parameter space ©, T is continuous on X, and n is injective and
continuous (hence a homeomorphism onto its image n(©). If T(X) is determining for exp{n(©)},
where the exponential is applied coordinate-wise, then A is injective.
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Definition 6 is a Miintz—Széasz-type condition. For ¢ = 1 and S = {s1, s9,...}, the classical
theorem of Miintz (1914) characterizes density in terms of the divergence of » s, L. Multivariate
versions of this statement are available, though the picture is less complete (Krod, 1994; Yang, 2014).
The condition is easy to verify in many cases of interest. For instance, if S contains N, as when
X = N{ and T is the identity, then the span is the algebra of polynomials, which separates points in
Q) and contains the constants, so the density property follows from the Stone-Weierstrass theorem.
The same holds when T'(X) = R?. Moreover, notice that injectivity of n on a compact set with
non-empty interior in R% requires ¢ > da, so the proposition deals with the regime complementary
to that of Proposition 1.

The following families satisfy the hypotheses of Proposition 5:

(i) Poisson kernel. With X = Ny, X the counting measure, f(z | #) = §%¢~? /2! and © a compact
subset of (0,00), take h(x) = 1/x!, T(z) = z, n(0) =logf and A(f) = 6. Here g =da =1, 1 is
a homeomorphism onto its image, and T'(X) = Ny is determining for exp(n(©)) = © by the
previous remarks;

(ii) Negative binomial kernel with fived number of successes. With X = Ny, f(x | 0) = ("H;*l)(l -
6)*6" for fixed » > 0 and © a compact subset of (0, 1), take h(z) = (x+;_1), T(z) = x,
n(0) =log(l — @) and A(f) = —rlog6, so that T'(X) = N is determining for exp(n(©)) =1—06
by the previous remarks;

(iii) Multivariate Gaussian kernel with fived covariance. With X = R%,
1
I 16) = x5 e { o —0) 5w - 0)

for a fixed positive definite ¥ and © a compact subset of R, take n(0) = 6, h(x) =
exp(—iz ¥ 2)(2n)~Y2|2|7Y2, T(z) = £z, and A() = 10TE710. Here ¢ = dy = d
and T(X) = R? is obviously determining for exp(n(©)) = exp(O).

5.3 Beyond the determining set assumption

The determining set condition of Proposition 5 constrains the range of the sufficient statistic.
We conclude by showing, in an example, that identifiability can hold without it, provided the
sufficient statistics satisfy appropriate conditions. Specifically, let X = R, so d; = 1, and let
© = [~a,a] x [~b,b] C R? with a,b > 0, so dy = 2. Consider the kernel

F(@ | 01,09) = h(z) exp {012 + 026" — A(0)},  h(z) = exp ( — 2be™), (7)

which we call a super-ezponential kernel. Its sufficient statistics are T1(z) = = and Ta(x) = ¢, and
the choice of base measure guarantees integrability: since 65 — 2b < —b < 0 on O, the exponent
01z + (02 — 2b)e"c2 is bounded above by 612 — be’”Q, so A is finite, continuous and bounded on the
compact ©.

Proposition 6. Let f be the kernel (7). Then,

(a) the only parameter differential operator of finite order, with continuous coefficients on ©°, that
annihilates f is the trivial one, so that f satisfies no non-trivial parameter PDE;

12



(b) A is injective.

Both statements follow from a mismatch in growth between the two sufficient statistics. Moreover,
we emphasize that the construction is not specific to the statistic ¢®’: the same argument applies
to kernels of the form f(z | 61,602) = h(z) exp{f1x + O2e""® — A(6)} for any polynomial P of even
degree with positive leading coefficient (with the base measure adjusted accordingly).

Remark. Proposition 6 exhibits a kernel family for which (a) the absence of a parameter PDE and
(b) identifiability of the mizing measure coexist. Whether the absence of these or similar differential
structures is sufficient for identifiability in more general scenarios, and not just necessary for it as
discussed in Section 4, remains an open question.

6 Discussion

We have identified differential structure in the parameterisation of the kernel as a fundamental
barrier to the identifiability of the mixing measure in infinite mixture models. When the kernel is
annihilated by a non-trivial parameter differential operator, or by a difference-differential operator
involving shifted parameter values, distinct mixing measures induce the same mixture density, and
the mixing measure cannot be recovered in general. Such operators have been shown to exist for
a wide range of standard families, where over-parameterisation emerges as a systematic route to
non-identifiability. Complementing these barriers, we have exhibited three classes of kernels for
which the mixture operator is injective, showing that the phenomenon is not universal and that
identifiability can be recovered by suitably restricting the parameterisation.

From our analysis, two main questions emerge as worthy of future investigation. The first
concerns the exact scope of the differential barrier mechanism. Our results establish that the
presence of a parameter PDE is sufficient for non-identifiability, but not that its absence is sufficient
for identifiability. The super-exponential family of Section 5.3 shows that the two properties can
indeed coexist: there, no non-trivial parameter PDE exists and, at the same time, the mixture
operator is injective. Whether the absence of differential structure is sufficient for identifiability in
general, or whether further obstructions may arise, remains to be understood.

The second question concerns the implications of our results for statistical estimation of the
mixing measure. Proposition 3 shows that, when identifiability fails, no estimator can recover
the mixing measure in the worst case, so that our findings make the study of consistent and fully
unconstrained nonparametric estimation hopeless. This worst-case analysis, however, leaves open
the question of which constraints on the model class or on the true mixing measure may rule out
the perturbations underlying our constructions and restore consistent estimation. For instance, the
recent results of Bariletto et al. (2026a), which establish convergence rates for the mixing measure
in location-scale mixtures with a scale parameter shared across components and learned from the
data, may be read precisely as imposing one such constraint on the model class and the ground
truth, i.e., that the scale coordinate be held common. A more systematic understanding of which
constraints, of this or other kinds, suffice to restore identifiability would give a more nuanced picture
of statistical estimation in infinite mixture models.
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Supplementary Material

In this Supplementary Material, we collect the proofs of all the results presented in the main
text of the article (Appendix A), and the statements and proofs of auxiliary results (Appendix B).

A Proofs of the results in the main text

Throughout this appendix we use the notation of Sections 2-5. For a parameter differential operator
Lo =3 |a|<r Ca(8)g on an open set U C ©°, recall its formal adjoint Liw = Z‘QKT(—I)""@g(caw),
and the pairing (w1, wa) = [g w1(0)w2(0) db.

A.1 Proof of Theorem 1

Step 1. For u € C°(B) and v € C"(U), integration by parts on B, with no boundary contributions
since u and its derivatives vanish near 0B, gives

(Lov, u) = > / ca(0)(350(0))u(8) d = 1)l / 0) 95(ca(0)u(8)) db = (v, Lyu),
la|<r |a\<r
where h := Lju is continuous and compactly supported in B.

Step 2. We first show that Lou = 0 for all w € C2°(B) is impossible. Since Ly is non-trivial on
B, there is 6, € B and a multi-index § with [3| > 1 and cg(6,) # 0. Choose ¢ € C$°(B) equal to
1 in a neighborhood of 6, and set ug(f) = écp(ﬁ)(@ 0.)P, so that dyus(6.) = 1{a = 8}. Then,
Loug(0x) = D))<y Cal(0x)05us(0s) = cs(6i) # 0. Consequently, if Lju = 0 for every u € CZ°(B ),
then (Lov,u) = (v, Lyu) = 0 for all u,v € C°(B), forcing Lyv = 0 on B for all v, which was shown
to be impossible. Hence there exists u € C2°(B) with h := Lju £ 0.

Step 3. By Fubini’s theorem and [, f(z | 0)A(dz) =1,

/@B(e) de_/X</® RO)f(x | 0) d@) dz),

while the parameter PDE and the adjoint identity give, for A-almost every x,
[ 1@ 10h©)d0 = (@ | ).L50) = (Laf(e | ) =0,

ence [, hdf =0 an T h = 0 for A-almost every z.
H o hdo d o f 0)h(0) db for A-al

Step 4. Let M := supgeg |h(0)| € (0,00) and set € := m/(2M) > 0. Define g := g, +ch. On B
we have g > m —eM = m/2 > 0, and on © \ B we have g = g, > 0, since h is supported in B;
thus g > 0 almost everywhere. Moreover f@ gdf = f@ g« dO + ¢ fe hdf = 1, so g is the density of a
probability measure G € P(0). Finally, for A-almost every z,

po(x) - pe. (x) = ¢ /@ F(x | 6)R(9) do =

At the same time, because h is non-zero at @, and continuous on B, it is non-zero on a set of positive
Lebesgue measure. Therefore G # G, proving the claim.
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A.2 Proof of Proposition 1
Write f(x | 0) = h(x)exp{d>_ ¢, n:(0)T;(x) — A(0)}. Differentiating in 0;, we obtain

Og, f(x]0) = f(z]0) (Z o; 1i(0) Ti( 89A(9)>

For a first-order operator Ly = 2?2:1 cj(0)0p; + co(0), we get

q d2

d2
Lof(x]0) = f(x]0) | Y Tilx)Y c;(0),m(0 Z 0) + co(0)

i=1 j=1

Since f > 0, the operator annihilates f on an open set U C ©° so long as

da
ch J0o,m(0) =0 (1<i<q) and co(0) =) c;(0),A0), (8)
j=1

for all @ € U. Below, we will demonstrate a choice of U and of the functions (cy(0),c1(0),...,cq,(0))
for each 0 € U satisfying the above relationship.

First, notice that by writing .J;(¢) for the ¢ x da Jacobian with 9, j)-th entry [J;(0)]i; = Op,7:(0)
and letting c() = (c1(0),...,cq,(0))T, the first set of equations is equivalent to

J(0)c(6) = 0. 9)

Let 7 := maxgeceo rank(J,(#)) and R := {§ € ©° : rank(J,()) = r}. By construction, for any
¢ € R, there exists some 7 x r submatrix M (6') of J,(¢') such that det M (6') # 0. Without loss of
generality, we can assume that M (6’) is the principal submatrix (i.e. it occupies the first r rows
and the first r columns) of the Jacobian J,(6’). Since the entries Jp;7; are continuous and the
determinant is a multilinear polynomial in those entries (and therefore continuous), there exists a
§ > 0 such that U := B(¢#',6) C R and, for each 6 in U, rank(J,(0)) = rank(M (0)) = r, where M (6)
is the leading principal submatrix of J,(6) of dimension r x 7.

Write c4(0) = (c1(),...,c.(0) " and cg(d) = (c,41(0),...,cq,(0)) . Because do—r > da—q > 0,
cp(f) contains at least one coordinate. Let B(f) denote the r x (d2 —r) submatrix of .J,,(¢) adjacent
to M(6), and let by(6) be its first column. We now set cz(f) as the one-shot vector (1,0,...,0)" for
every 6 € U and show that a solution to (9) exists for every # € U. Indeed, the identity .J,(8)c(§) = 0
becomes

M(9)ca(6) + B(0)es(9) = 0,

which in turn is equivalent to
M(0)ca(0) = —B(0)cp(0) = —bi(6).

Since det(M(6)) # 0 on U, the above system has a unique set of solutions (¢;(#),1 < j < r) for each

0 € U, given by Cramer’s rule as
det(M,(0))
(0) = J
%) = Set(a1(8))”
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where M;(0) is formed by replacing the j-th column of M (€) with the vector —by(#). From this
choice of ¢(#) it follows that

&2 0?2
Z "71 =0 foralll<i<r (10)

We now verify that equation (10) holds also for ¢ > r. Let ri(f),...,ry(0) be the row vectors of
Jy(0). For i > r, since rank(J,(#)) = r and M (#) is invertible on U, for each § € U there exist real
numbers \i(6), ..., Ai(0) such that

= Z No(O)r
m=1
As a result, for every i > r,
d '
> o 02O _ (e(0)(0)) = 37 X0 (6) (e(6). 10(0)) = 0 (1)
7=1 m=1

the final equality following from (10). Combining (10) and (11), we verify that (9) holds on U.

To complete the proof, it remains to show the second identity in (8). Towards that goal, we set,
for each 0 € U,

da
0= Y o)
j=1

where (¢j(#),1 < j < dg) are the coefficient functions derived above. Since the entries of the Jacobian
are infinitely continuously differentiable, both 6 € U +— det(M (0)) and 6 € U — det(M;(0)) are as
well. As det(M(0)) is bounded away from zero on U, we conclude that ¢; € C*°(U) for all j > 1.
This, along with the fact that A € C°°(0°), yields that ¢g € C*°(U), too. This completes the proof.

A.3 Proof of Proposition 2

Step 1. We prove by induction on m = |«| that, for every multi-index « € NgQ,

9 f(x | 0) = Qa(S(x);0) f(x ] 0), (12)

where Qo (- ;0) is a polynomial in the ¢ variables S;(z), ..., Sq(x) with coefficients that lie in C°>°(©°)
and of total degree deg Q, < p|a|.

For |a| = 0, (12) holds with Qo = 1. For |a| = 1, say o = e, Definition 3 gives 9y, f(z | 0) =
P; (S(m);@)f(a: | 0) with deg P; < p, so (12) holds with Q.; = Pj; moreover, by assumption the
coefficients of P; are in C*°(©°).

Assume (12) holds for all multi-indices of order m, and take 8 = a + e;, for some a with || =
and j, so that |3| = m + 1. Then

031 = 0,(95.1) = 90, [Qu(S(2):0) f(w | 0)] = (0, Q) f + Qa(90,.) = (90, Qu + QuF}) f.
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Define Qp := 0yp;Qa + Qo Pj. Then Qp is again a polynomial in Sy,...,S; with f-dependent
coefficients: differentiating Q. in 0; affects only its coefficients, not its degree in S, so deg(ﬁgj Qo) <
deg Qn < pm, while

deg(QaPj) =degQq +degP; <pm+p=p(m+1),

whence deg@Qg < p(m + 1) = p|B|. Moreover the coefficients of Qg are sums and products of
the infinitely continuously differentiable coefficients of ), and P; and of their 0-derivatives, hence
themselves infinitely continuously differentiable. This completes the induction and establishes (12).

Step 2. Fix a maximal differential order M > 1. The number of parameter derivatives 5 with

|| < M on a do-dimensional parameter space equals the number of multi-indices « € Ngg with
|a] < M, namely

Ngex(M) := +O(M= (M = o0).

M +dy\  M®
dy ) da!

By (12), each such derivative, divided by f, is a polynomial in St, ..., S, of total degree at most pM;
any linear combination |, </ ca(0)0g f therefore equals f times a polynomial lying in the span of
the monomials S7* - --S3? with 41 + -+ + 7, < pM. The number of such monomials is at most

+O(M*) (M — o0).

M + apfe
Noot(M) = <p q) P

q q!
Since g < da,
Nder(M) q! do— M—ro0
= M*79(1 +0(1)) —— oo,
Npol(M) pqdz! ( ( ))

so there exists an integer M* > 1 with Nger(M™*) > Npo1(M*). We fix such an M* for the remainder
of the proof.

Step 3. We seek coefficient functions ¢, (), indexed by o with |a] < M*, not all zero, such that

Lof(z0)= > cal®)05f(x]6)=0

laf <M~

for A\-almost every x € X and all 6 in some open U C ©°. By (12) and the strict positivity of f, this
identity is equivalent to

> cal0) Qa(S(x);0) =0, 6. (13)
|| <M*
Let mq,...,my, enumerate the distinct monomials in S1,...,95, of total degree at most pM™,

that appear across the polynomials {Qq : || < M*}, so that N, < N,q(M¥); isolating these
monomials as a basis removes any dependence coming from the sufficient-statistic map S : X — R%.
Writing N, := Nger(M*) for the number of unknown coefficients, for any fixed 6, define the matrix
() € RN~*Ne whose (i, ) entry is the coefficient of the monomial m; in Q(-;6). Collecting the
coefficients into c(0) = (ca, (0), - - -, Cay, (0))", condition (13) is equivalent to

B(0)c(0) =0, 0cU. (14)
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Below we will prove that the above system holds on an open subset U of the parameter space. We
will use similar arguments as in the proof of Theorem 1.

First, notice that, by the choice of M*, we have N, > N,, so (14) is an underdetermined
homogeneous system; in particular rank ®(0) < N, for every 6. Let p := maxgcgo rank ®(0) < N,
and set R := {0 € ©° : rank ®(0) = p}. If p = 0 then ® = 0 on ©° and (14) is solved by any non-zero
constant c; assume therefore p > 1. As R is a non-empty subset of ©, let 6y be any point in R.
Then, there exists a p X p submatrix M (6y) with det M (6y) # 0. After relabeling the monomials
(rows) and the multi-indices (columns), we may assume that M () is a principal submatrix of ®(0).
As the entries of ® are C*°, there exists an open set U C ©° containing 6y such that det M (6) # 0
on U, where M(0) is the p x p principal submatrix of ®(6).

Let B(6) be the p x (N, — p) submatrix of ®(6) adjacent to M (@), and b(f) be its first column.
Split ¢ = (ca,cp) conformably, with ¢4 = (Cay,.--,¢q,)" and g = (Capir,---+Cay,) ' ; since
N, —p> N.— N, > 1, cp has at least one entry. Fix cg(6) := (1,0,...,0)" for every # € U. The
top p rows of (14) then read

M(0)ca(0) + B(0)cs(0) =0,

or, equivalently,
M(0)ca(0) = —b(0).

Since det M(0) # 0 on U, this determines c4(f) uniquely given the above choice of cp(f), by
Cramer’s rule,
det Mo, (0) )
Caj(a)—m> 1<j<m,

where M, () is obtained from M (6) by replacing its j-th column with —b(f). This choice annihilates
the top p rows of ®(#)c(f) by construction. For the remaining rows, note that on U, since
rank ®(0) = p and M(0) is invertible, each of bottom N, — p rows of ®(#) is the same linear
combination of the p top rows, using similar argument as in equality (11), the bottom N, — p entries
of ®(0)c() are similarly annihilated. Hence ®(0)c(f) = 0 on U, so (13), and with it Lof(z | ) = 0,
holds for every x € X and 6 € U.

Finally, since the entries of ® are C°*° on U and det M is bounded away from zero there, each
Ca; 18 C°° on U, while the entries of cp are constant; thus all coefficients of Ly lie in C>®(U). The
coefficient set to 1 has multi-index a,1, thus the operator Ly is non-trivial on U in the sense of
Definition 1. This establishes the proposition.

A.4 Proof of Theorem 2

Step 1: Construction of measure discrepancy. The first step is to construct a non-vanishing everywhere
function h such that

/g(n)f(ac | n)dn =0 for all z € X.
(S

Consider the linear difference-differential operator Ly defined as

K
Lolf (| N=>_ " cral0)Iff(z]0+vy).

k=1 |a|<ry
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Then, for any function u € C2°(0) such that supp(u) C B, we have
/ chm V05 f(z | 0 +vg) | df =0,
© k=1 |a|<ry

and thus as our function supp(u) C B, and as the summations are finite and the integrands are
continuous on a compact set, we can write the above equation as

Z Z / (Cka (9))85‘f(x!9—|—vk)d0:(). (15)
k=1 ]a|<ry B

As u € C°(0) and supp(u) C B, we have

/ ck,a(0)u(0) [ag‘f(x | 6+ vk)] do = (—1)"“‘ / flxz] 0+ vk)[ag‘(ck,a(e)u(e))] do.
B B

Plugging in this result into (15), we have
K
Sy (_1)lal/ @ |6+ 00)08 [er.a(@)u(8)] d8 = . (16)
k=1 |a|<ry B

By applying the change of variables n = 0 + vy, we have

/B (@] 0+ 00)08 [cra(@u(®)] dd = [ F( | mO2 [craln — veuln — ve)] dn

By
where By := B + vg. Plugging this equation into equation (16) leads to
K
SN (- / F(@ | 0)0% [ena(n — vi)u(n — vg)] dn = 0. (17)
k=1 |a|<ry B

By the properties of the bump function u, the multi-index partial derivatives 0 [cka(n—vk)u(n—vk)]
are 0 on the complement © \ By. By understanding u = 0 outside O, we can rewrite equation (17) as

/ S S (1008 el — )t — 00)] | £l [ 5 —o.
k=1 |a|<ry,
We define a function h: © — R as
Z Z |a|8a (k0 (n — ve)u(n — vg)].
k=1 |a|<rp

Next we will use the fact that the sets B;’s are pairwise disjoint. Indeed, arguing by contradiction,
if there exists a ( € B; N B; for some i # j, then || — 6y — v;|| < p and || — 6y — v;|| < p, so by
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using triangle inequality, |lv; —v;|| < 2p, contradicting 2p < min,.; ||v; — vj||. Now, from the the
disjointness of the sets By for 1 < k < K, we have

hm)|  =he(n) = > (=102 [era(n — vr)u(n — ve)],

e <rg

which indicates that h(n) = szl hi(n). For any 1 < k < K, we define linear partial differential
operator L acting on a test function u € CZ°(0) as

(Lew)(0) = D cra(0)05u(0).
jal<r

Using the similar argument as the proof of Theorem 1 in Section A.1, the adjoint operator L takes
the following form

(Lru)(©) = > (=108 (cka(0)u(0)).

lo|<r
Furthermore, L;u € CZ°(©) for any u € C2°(0©). Putting these equations together, we have
hi(n) = (Lju) (1 — vk).-

As the operator Ly is non-trivial, it indicates that the coefficient function ¢y, , is non-zero for some
multi-index o and 1 < j, < J. Therefore, the PDE operator £;, is non-trivial. Using the argument
similar to that of Section A.l, there exists a test function u € CZ°(B) such that L7 u# 0. Since

g(n) 5 = Ok (n) = (E;:,*u) (n — vk, ), it indicates that g # 0.
kx

Step 2 - Construct probability measure G. By employing the same argument using Fubini’s
theorem as Step 3, Section A.1, noting that [g h(n)f(z | n) = 0, we have

/e h(n)dn = 0.

Let Q, := supp(h) € Ui, Bx C ©. Recall from the assumption that
g«(n) >m >0 forall ne Q.

Because h € C2°(©), we define M = ||h| (), which is finite. Since h # 0, it indicates that M > 0.
Let ¢ := 537 > 0, then, it is clear that €|[h[| (@) = m/2. Now, we define

9(6) == 9.(8) + ¢ h(6).

From here, with the similar argument as that Step 4, Section A.1, we have g € L'(6) and non-
negative almost everywhere and integrates to 1. Hence, it is a density function of a continuous
probability measure G € M(©), and satisfies pc = pg, for A-almost everywhere. In addition, as

dTvGG /]g g* ‘d@— /|h |d9>0
we achieve that G # G, and thus, W1 (G, Gx) > ¢ > 0.
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A.5 Proof of Proposition 3

Let G1 # G2 be two measures in P(0O) satisfy pg, = pg, for A-almost everywhere, and set
¢ := Wi(G1,G2) > 0. Since finitely supported measures are Wj-dense in P(©) when © is compact,

we can construct a pair of discrete sequences, {Ggm)}ﬁzl C D(©) and {G(Qm)}ﬁ:1 C D(0), such
that Wl(Ggm), G;) — 0 for 1 <14 < 2. Thus, for there exists a positive integer M; such that for all
m > Mj, we have Wl(Gl(»m), G;) < ¢/4 for m > M. An application of the triangle inequality yields

Wi (GS™ G > Wi (Gy, Ga) — Wi(G™, Gy) — Wi(GE™, G) > ¢/2.

As the mapping 6 — f(x | 6) is continuous on the compact set © for A\-almost every z, it is also
bounded for the z values. Therefore, we appeal to Lemma 2 and infer that ||p m) — pc,[1 — 0.

Using the fact that pg, = pg, almost everywhere, we obtain that

m—0o0

lpgem = pggmll < IPgem = paillt + Ipey = peall + llpe —pggmlln = 0.

Thus, there exists a positive integer Mj such that [[pm) = pgem [t < 1/(2n) for all m = M. By
1 2

sub-additivity of the total variation distance over product measures, we have
1PGm = Poom Il < nllpgem —pegmll < 1/2.

Let M = max{Mj, My}, Le Cam’s two-point inequality (e.g., Wainwright, 2019, Lemma 15.9) then
gives, for any estimator Gy, : X™ — D(0) and m > M,

) . . 3¢
<1 - 5”PG§m> - PGgrmHl) > 3

N 1 W, G(m),G(m)
sup  Ex,,~pp [Wi(Gn,Gy)] > B 1 12 :
G.€D(O)

As the bound is uniform in n, we arrive at

3c

inf inf sup Ex,,~pz (W1 (Gn,Gy)] > 32

neN &, G.eD(O)

As a consequence, we reach the conclusion of the proposition.

A.6 Proof of Proposition 4
Let G € M(O) satisfy AG = 0 for A-almost everywhere. Since h > 0, we have that
/ Y(0)K (7(z) — () G(df) = 0 for almost all z.
©
S~ince the function + is assumed to be continuous on the compact set O, it is also bounded. Thus,
G(df) :=~(0) G(df) defines a finite signed measure. Let p:= G o 1~! the push-forward measure of
1 := G by 9, by construction supported on the compact set 1(0) C R%. Because 7 maps X’ onto

R? | the above identity can be rewritten as

/ K(y — s) u(ds) = 0, for almost all y € R%.
$(©)
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Taking Fourier transforms and using the properties of convolutions, we obtain
FIK]() Flul(€) = 0 for all £ € R®

Because F[u] is continuous and F[K]| # 0 almost everywhere by hypothesis, we deduce that F[u] = 0
and hence = 0. Since ¥ is a homeomorphism onto its image, this implies G = 0, and since v > 0,
we conclude that G = 0. This proves injectivity of A, as claimed.

A.7 Proof of Proposition 5
Let G € M(O) satisfy AG = 0 for A-almost everywhere. As h > 0,

/@exp ((n(0), T(x)))e_A(e) G(df) =0, A-almost every x.

Because © is compact and A continuous, e~ is bounded away from 0 and oo, so G(df) := e~ G(dh)
is a finite signed measure with G(S) = 0 < G(S) = 0 for any measurable set S C ©. The map
U :=expon: O — (0,00)9, applied coordinate-wise, is continuous and injective on the compact set
©, hence a homeomorphism onto its image Q := ¥(0) = exp{n(©)}, which is therefore compact
in (0,00)?. Let p:= G o U1, so that u is a finite signed measure on Q, and since W is a bijection
between © and Q, u(S) =0 < G(T~1(S)) =0« G(¥~(S)) =0 for any S C Q measurable. That
is u = 0 if and only if G = 0.
Fix € X and set s := T'(x) € R?. For § € O, writing y = ¥(0) = (en® ... () we have

q

exp (<77(9),T(.7}))) = exp (ZS’ 172(9)) — H (em(ﬁ))si _ Hyisi _ yS.
=1

i— =1 =1

Therefore, changing variables in the last display equation, we obtain
[vtutdn =0, ser(). (15)
Q

Notice that this holds for every s € T'(X') because the original identity holds for A-almost every z
and T is measurable. Note that each monomial y — g * is continuous and bounded on the compact
set 2 C (0,00)?, so the integrals in (18) are well defined and finite.

Since T'(X) is determining for €, the linear span of {y +— y*®:s € T(X)} is dense in C'(£2) under
the supremum norm. Given w € C(£2) and € > 0, choose a finite linear combination w, = ), ay y**
with s, € T(X) and ||w — wel|oo < €. By (18), [qwedu =", ax [oy® du =0, so

| [wdu] =] [ =0 du| < ljw=well Nilry < < v

Letting € — 0 gives fQ wdp = 0 for every w € C(2). By the Riesz representation theorem, the only
finite signed Radon measure on the compact set {2 that integrates every continuous function to zero
is the zero measure, so = 0, and therefore G = 0, proving the injectivity of A.
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A.8 Proof of Proposition 6
Recall the kernel f(z | 6) = h(z) exp{fiz + O2¢*" — A(f)} with base measure h(z) = exp(—2be*”)

and parameter space © = [—a,a] X [—b, b].
(a) Non-existence of a non-trivial parameter PDE. Suppose, for contradiction, that some non-

trivial parameter differential operator £y = Z‘ al<r ca(0)0g with continuous coefficients on ©°
annihilates f; that is, there is a multi-index o* with |o*| = r and c,+ # 0. Write

f@]0)=h(z)e "D E@|0), E(z]0):=exp iz + 62¢" ).

Since h(z) > 0 is independent of 6, the identity Lof = 0 is equivalent to Lyle 2O E(z | §)] = 0.
Expanding the derivatives of the product e=4?)F (z | 0) by the Leibniz rule yields an operator Ly
acting on FE, i.e.

LoE(x | 0) = Lo[e O E(x | 0)] = Y ¢5(0) 9, E(x | 0) = 0. (19)

I8]<r

Note that the coefficients ¢z() are linear combinations of products of ¢, (#) and higher order partial
derivatives of A(f). For the top-order terms |3| = r, the Leibniz rule gives ¢3(6) = cg(6), so in
particular éus (6) = co+ () # 0; moreover Lg = 0 if and only if £y = 0, so Ly is non-trivial whenever
Ly is.

Since E(x | 0) = exp(61x + 92612), differentiation gives

Bl

g P (017 -+ 62¢) = o7 () 2B | ).
1 2

E(x|6) =

Substituting into (19) and using E(z | ) > 0 for all x € R,

3 e ahe ™ =0, zeR (20)

[B]<r

We now show that the above relationship forces ¢g(f) = 0 for every |3| < r, contradicting non-
triviality. Indeed, for a non-negative integer k < r, grouping the terms in (20) by the value k of the
second index S yields the polynomial in x Py(z,0) 1= 5 &5, 1)(0) 21, Thus, we can re-rewrite

(20) as
M

ZPk(x,G) b = 0, z €R, (21)
k=0
where M < 7 is the largest index with Pp(-,0) # 0 (such an M exists precisely because Ly is
non-trivial). We will study the asymptotic behavior of the last identity as z — oo. Dividing both
sides of (21) by eM**, we obtain

M-1
Py(z,0) + Z Pi(x,0) ek=M)z® _ (22)
k=0

For each k < M one has k — M < 0, so Py(x,0) e®M7* _5 0 as 2 — oo; letting # — oo in (22)
therefore gives lim,_,oo Prs(x,0) = 0. But a polynomial in z either is identically zero or diverges to
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+00 or tends to a non-zero constant, so this limit is impossible unless Py (-, ) = 0, contradicting
the choice of M. Hence Py(-,8) = 0 for every k, so éz(6) = 0 for all || < r. Since ég = cg at the
top order, the highest-order coefficients of Ly vanish. By descending induction on |a|, we calculate
that ¢, = 0 for all || < r. Equivalently, Ly is trivial, a contradiction. Thus f satisfies no non-trivial
homogeneous parameter PDE; the first claim of the Proposition is proved.

(b) Identifiability. Suppose there exists a u € M(O) satisfying
/ flx|0)u(dd) = / h(z)exp (612 + foe™ — A(9)) p(dd) =0, x eR. (23)
© (C]

We will show that this relationship implies that x4 = 0 (thus proving identifiability) in four steps.
Step 1: Reduction and holomorphic extension. As h(z) = exp(—2be®") > 0, (23) is equivalent to

/ exp(f1x + foe™ — A(0)) u(do) =0, for all x € R.
(C]

Define the signed measure ji by ji(df) := e~ 1(df); since © is compact and A is continuous, e~4

is bounded away from 0 and oo, so [ is finite and i = 0 if and only if 4 = 0. Thus, identity (23)
becomes

/ exp (612 + 926"32) f(df) =0, xz € R. (24)
(C]

Let F : C2 — C be the Laplace transform of i, i.e.

(wl,wQ) S (C2 — F(’U)l,wg) = / exp (w101 + w202) ﬂ(da)
©

Because i is finite with support in the compact box [—a,a] x [—b,b], the Paley—~Wiener theorem
implies that F is entire on C? and satisfies

|F(wy, w2)| < |||y exp (a|Rew:| + b|Re wsl),

so F' is of exponential type (see Definition 7 below).

Step 2: The diagonal slice and its Taylor expansion. Consider the entire function M(z) :=
F(z,e*"), a composition of entire functions. By (24), M(z) = F(z,e") = 0 for every z € R. The
real line is a subset of C with an accumulation point lying in C, so the identity theorem gives
M(z) = F(z, 632) =0 for all z € C. Since F is entire on C?, it has a globally convergent Taylor
expansion in its second argument,

e’} 1 B
Fwi,wg) =Y cn(wi)wg',  cnlw) = n,/ 03 exp(w160y) fu(dh).
n=0 ©Jo

Step 3: Fast decay of the leading coefficient. By the Paley—Wiener theorem each ¢, is entire of
exponential type. Evaluating the identity M (z) = 0 through the expansion gives }_, - cn(z)enz2 =0
for all z € C, and substituting z = iy with y € R yields that

oo oo
Z en (1Y) e™" =0 or, eqiuivalently, co(iy) = — Z cn (1Y) e (25)
n=0 n=1
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From the integral formula for ¢, and using || < ||i]|Tv and |f2] < b,
ealin)l < = [ 16 |”\6iy91||~|(d9)<bi|!~|!
1Y) = ! Jo 2 H =0 BTV -
Using these bounds and (25),
= 2 b o 2= b7 D
ofi)] < 3 lenli)l e < llrw 3 e = ey e Y Lo
n=1 n=1 n=1
Noting that e~ (n=Dy* < 1, we have
o o
b" 2 b"
2 —(n=1)y o b
2 nl € = ; nl € L

n=1

As a result, with C := ||fi||7v (e’ — 1) we obtain
eo(iy)| < Ce™,

for all y € R.

Step 4: Logarithmic bound forces co = 0, then induction. Set g(z) := cy(iz), an entire function of
exponential type with |g(y)| < Ce™" on R. Then, log |g(y)| < log C — y?, leading to the following
estimation for the logarithmic integral

0 ] © oo O — 2 o} d 00 2
/ og!g(zg)!dyg/ 08C—y dy:bgc/ 92_/ gy — oo,
oo 1HY R o Lty o 1ty

the last integral diverging because y?/(1 4+ y?) — 1. By Lemma 1, an entire function of exponential
type whose logarithmic integral diverges to —oo must be identically equal to 0, hence cg = g = 0.
We now argue by induction. Suppose ¢, = 0 for all 0 < & < m. Then (25) reduces to

> n>m cn(iy)e—nzﬂ =0, so

e ¢}

culiy)e™™ == Y caliy)e ",

n=m-+1
and the same estimate as for ¢g gives
0 bm+k

m ] < (i _y2 T\ < Cm _y2
enli)l < Walley ™" D oy < Cime

for a constant C,,. As above, we have

/ " log em (i) /(1 + 4?) dy = —oo,

—0o0

so Lemma 1 forces ¢, = 0. By induction ¢, = 0 for every n > 0.
Step 5: Conclusion. We have proved that, for all n > 0 and y € R,

. 1 n . .
enliy) = /e 63" exp(iydy) fi(d8) = .
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Fix n and define the finite signed measure v, on [—a,a] by v,(E) = fEx[—b,b] 05" fi(df) for any
measurable E C [—a,a]. The display states that F[v,](y) = 0 for all y, so by uniqueness of the
Fourier transform, v,, = 0. Consequently, for every continuous ¢ on [—a,al, [o ¢(61) 605" fi(df) = 0,
and therefore [g 6163 fi(df) = 0 for all k,n > 0. Hence, [g P(0)ji(df) = 0 for every polynomial
P. Since polynomials are dense in C(©) by the Stone-Weierstrass theorem, [gw fi(df) = 0 for all
w € C(O), which forces fi = 0 and thus pu = 0.

B Auxiliary results and proofs
Below, we collect some auxiliary results used in the proofs.

Definition 7. An entire function g : C — C is of exponential type if there exist C >0 and 7 > 0
with |g(z)| < Ce™! for all z € C.

The following logarithmic-integral bound is the analytic device behind Proposition 6(b): an
entire function of exponential type that is bounded on the real axis cannot have its log-modulus
decay at a quadratic rate there unless it vanishes identically. This result is commonly referred to as
Cartwright’s version of Levinson’s theorem

Lemma 1 (after Koosis, 1988, Section III.G). If g is entire of exponential type, bounded on R, and
g Z 0, then

Proof. Step 1: Reduction to an even function with a controlled germ at 0. By Definition 7 there are
C >1, 7 >0 with |g(z)| < Ce™?l, and M > 1 with |g(x)| < M on R. Suppose that g has a zero of
order k at the origin, we can write g(z) = cz¥n(z) with 7 entire, n(0) = 1, and ¢ # 0. For |z| > 1,
we have

|g(z)‘ c 7|z
n(z)| < < el
USQUERFIREEE

As n is continuous, it is bounded on |z| < 1. Thus, n retains the exponential type 7. Similarly,
In(z)| < % for |z| > 1, and n(z) is bounded on [—1,1]. Thus, n(z) is bounded on R.

Now we construct G(z) := n(z)n(—=z), which is even, entire of exponential type 27, bounded on
R by some B2, with G(0) =1, G’(0) = 0, and log |G(2)| = O(|z|?) near 0. Then, as

log |g(2)| +log |g(—2)| = 2log(c) + 2klog |z| + log |G(z)],

we achieve the following equality

> log |g(y)| /°° log |c| + klog |y 1 /°° log |G(y)]
= ALAX.21 [y dy + — =LAt 21N
/_oo 142 YT 1+ 2 YT e 142 Y

Noting that function %’:g’g‘y'

is integrable in entire R for ¢ # 0, our problem reduces to

dy > —o0 (26)



Step 2: Local weighted logarithmic integrability. We prove that for any positive R, we have

/imm%m( 1>M<w (27)

Indeed, as G is a non-zero entire function in C, there are at most a finite number of zero of G at
[—R, R], let us say {x;}1<j<k. Let § > 0 be a sufficient small real number such that the intervals
(xj — 6,2; + 6) and (—0,9) are mutually disjoint. Then, the function |G(x)| are positive in the
compact set Q := [—-R, R] \ U;?:l(xj — d,xj + §), thus there exists a constant C' > 0 such that
|log |G(x)|| < C, thus

/|log|G |y< )dg:<C/ (52 >dx:2§20+2]§. (28)

Now we prove the integrability of | log |G (z)|| (:%2 — %) in the intervals (-9, ) and each (z; —
8,z + ). For interval (—4,4), as log |G(z)| = O(]z|*) and function 332(2%2 + —7) is integrable in

(=6,6), we have

)
1
R?

[ nogicwl (5 + ) dr <. (29

For each interval (z; — 6,z; + §), suppose that x; a zero of G' with finite multiplicity m; > 1.
We can express G(z) = (:U — ;)" k(x), where k # 0 in (z; — §,2; + J). Thus, we have

log |G ()|

< < m;| log |z — x| N ‘10g|/1(:v)|‘.

x2 2

Since (xzj — d,2; + 0) and (—6,0) are disjoint, we have |z| > § for each z € (x; — 0,2 + ). The
term | log |7] ‘ is bounded because k(z;) # 0. For the logarithm term, we have

:Cj+5 )
/ ‘log:c—xj]‘dx:/ |log [t||dt = 25(1 —logd) < oo
xz;—6 -0
Thus, we achieve the estimation
IjJr(S 1
/ llog |Gz )H( >d:c<oo (30)

By combining the estimation from (28), (29) and (30), we achieve the estimation

/Z\log|G( )|< };) dz < oo,

In particular, this estimation implies (27). When R = 1, we similarly achieve that

/1 Mdm<oo. (31)

-1 x2

Step 8: Carleman’s formula. In the rest of this section, we denote U(Z) = lOg ‘G<2)| and
vz m S11 or z re r S ).
R 1 R2 ’ - ’
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In this step we give a demonstration for the result known as Carleman formula, which is an important
part of our proof (for a systematic reference, see Levin (1980))

r 11 2 [T ,
/R og |G ()| <x2 R2> dzr + R/o og |G(Re")|sinf df = 2w E mrv(zk), (32)

- ZLEZ4

where Z, := {z; € C : Im(z;) > 0, |2 < R,G(z) = 0}. Let D}, be the open upper half-disk
{z=re? €C:r <R,0€(0,m)}. Let D}, be D} minus small disks of radius e around each zero
zx of G, and minus small half-disks of radius € around the origin and any real roots xj, namely,

D} ={z€C:|z| <R, Im(z) >0} \ | BLO)U |J Be(zr)U |J Belzr)

TR EZR 2LEZ

where Zr = {z; € R: |zi| < R, G(x) = 0} be the set of real zeros of G with absolute value less
than R. As 7 is a non-zero function, GG is a non-zero holomorphic function too, which implies that
the number of zero point of G in D}, is finite, in other words, |Zg|,|Z4| < co. Here, we denote
B(z)={2€C:|z—x|<¢} for any € C and ¢ > 0.

Step 3.1: Green identity. By construction, all points where G(z) = 0, namely, the zeros Zg and
Z, have been removed along with an open neighborhood of radius € surrounding them. Therefore,
G(z) # 0 for all z € DEE. Since G(z) is a holomorphic function, u(z) = log |G(z)| is a real harmonic

function on open set DEg. Thus, u € C? (Dgg) and whose Laplacian exactly 0 in DE .

u  0%u
Au= —+ — =0.
ox? = 0y?
Regarding the function v, since —% — 4z 1s a complex analytic function everywhere except at its

lone pole at the origin z = 0 and we remove the origin and its surrounding half-disk B.(0), the point

z =0 is not in DEG. It indicates that v € CQ(DEE) and satisfies the Laplace’s equation

v %

A= ar T gy =

0.

Using Green’s second identity, noting that Au = Av =0 in DE .» We have

0= / (uAv — vAu)dA = —7{ <u(% - U8u> ds.
D oD}, on on

Since Au = 0 and Av = 0 inside DE .» this equation becomes

+
R,e

Let Z(s) := u(s)g—fl(s) - v(s)g—Z(s), we now evaluate the integral of = over the D . boundary as
€ — 0. From the construction of DE .» we have for e sufficiently small,

GDE’E =I'Reat USRU S U U Yo, | U U Ve (33)

TREZR Zk€Z+
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where I'Rea1 consists of the remaining flat line segments left behind on [— R, R] after slicing out small
intervals of width 2e around the origin and any real roots zy; 7., are the tiny clockwise semicircles
of radius € looping over the real roots xj into the upper half-plane to keep them outside our domain;
S is the counter-clockwise circular arc running from (R, 0) to (—R,0) in the upper half-plane; S, is
a small clockwise semicircle of radius € centered at z = 0; +,, is a boundary of the closed disk of
radius € around zj.

Step 3.2: Integral of 2 over I'geq;. We first evaluate lim,_, g+ fFReal E(s)ds. From the definition
of I'Real, direct calculation leads to

ov ou R
— —v— | ds = d
/FRcal <u 8’”’ Uan) ’ —R (m)XIR’e ((L') !

where ¢(z) = log|G(z)| (& — gz) and xr, (z) is the characteristic indicator function of the set
IR e, defined as:

Ige=[-RRI\ (66U | (zx— ez +e)

xkEZR

It is clear that lim._,o+ X1, . (7) = 1 for almost all € [~R, R]. Therefore, we have

lim ¢(x)xrs, (2) = ¢(x)

e—0t
for almost surely « € [-R, R]. Using the fact that |¢(x)| is integrable in [—R, R] in Step 2 (see (27)),
and putting these results together, an application of the dominated convergence theorem leads to

lim <uav - Uau> ds = lim /R o(x) (x)dx = /R ( lim ¢(x) (3:)) dx
=07 JTReal on on o0t R Xr.c N _R \e—07T Xlr.e

:[;%mm(;—;)m (34)

Step 3.3: Integral of 2 over Sg.  We now move to evaluate lim,_,q+ fSR E(s)ds. Along the
semicircle Sg, we have v = 0. Therefore, '

lim <u8v — vau) ds = lim u@ds.
g 0

e—07t e—~0" Jspn on
The semicircle Sg is a 1-dimensional manifold parameterized smoothly by the map
Yr : [0,7] = C, vYr(0) = Re? = (Rcos®, Rsinf).

To convert the line integral | Sh ug—z ds into a standard Riemann integral over [0, 7|, we determine
the differential arc length element ds. The tangent vector is 7 (0) = (—Rsin 6, Rcos 6). Therefore,
we have ds = ||[v5(0)]| df = \/(—Rsinf)2 + (Rcos0)2 df = Rdf. Direct computation yields that

[, wGe@as = [Tuuo) - 5 u@) - k)l do

Plugging in u(Re) = log |G(Re™)|, g—}fb('yR(H)) = % sinf, and ds = Rdf, we obtain that

/SR ugv ds = / log |G/(Re™)| <1§2 sin 0) Rdf = ]2%/0 log |G(Re™)| sin 6 d6.

n 0
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Putting these results together, we arrive at

lim (ua”— a“) ds = % / log |G(Re™)| sin 6 df. (35)
0

e—0t on on

Step 3.4: Integral of Z over S.. We now move to evaluate lim, g+ |, s. Z(s) ds. The semicircle
S¢ can be parameterized by the map

Y : [0,7] = C, Y(0) = '™ = _ccosf + iesinb.

The tangent vector of this path is v((f) = esinf + iecosf, which leads to ds = ||y,(8)] dd =
V/(esinf)? + (ecos )2 df = edf. Direct calculation yields that

ov ou J
U— —v— | ds
on on
By construction, G(z) is an entire function with G(0) =1 and G’(0) = 0. Its Taylor series expansion
centered at the origin is:

[ (600000 52 000 o000 - o) ) e

G(z) = 1+ 22(2)

where 1(2) = Y°° , a,z" 2 is an entire function. Because v(z) is continuous on By (0), there exists
M; > 0 such that for all |z| = e <1 we have

|G(2) — 1] < €M;.

1
2M1

Invoking the inequality |log(1 + )| < 2|z| for all |z| < %, we choose ¢ < min <1, ) to ensure

|G(z) — 1| < 3. This allows us to bound u = log |G(z)] as
[u(10(0))] = |Re(log G(2))| < |log G(2)| < 2|G(2) — 1| < 2M; €.

Furthermore, we can express G'(z) = z¢(z) where ¢(z) is bounded by some My > 0 on B;1(0). Then,
we obtain that

ou G W\ IEE M yo 1
— = < < < <.
an(%(@))' ‘R6<G(z)e =G ST < 2Mse for e“M; < 5

Similarly, since |sind| < 1, for any € < R we have

1

€ 2 ov 1 2
_ i < o4 < =

< —

1
< =
[o(0(B)] < ¢ + 755 < =

As € is sufficiently small, putting these results together leads to

/ u@ - v@ ds
Se 6n 6n

Therefore, we obtain that

< /07r [(2M162)~ (i) + (i) '(2M2€):| edf < m(4My + 4My)e.

lim <u(% - U(‘?u) ds = 0. (36)
Se



Step 3.5: Integral of Z over 7,,. We now move to lim,_,q+ fv =(s)ds for any z € Z4. Indeed, the
2k
path 7., can be parameterized by

i(2m—6)

Yz (0) = 2 + €€ =z e 6 € [0,2n].

Therefore, the differential arc length element is ds = ||v,, (0)||df = edf. Assume that z;, € Z be a
zero of G(z) with multiplicity my > 1. Then, we can factor G(z) = (z — zx)"*1(z), where ¥(z) is
analytic and satisfies ¢ (2;) # 0. Now, we expand u(7;,(6)) near z; and obtain that

(Y2, (0)) = log ](ee*ie)mkw(zk—i-ee*w)] = my, log e+log \zp(z;ﬁ—ee*w)\ = my, log e+log |¢(zx )| +O(e).
Similarly, we have

O a8 = " +0(1), 3 (6)) = (1) + 00, oo (72,(6)) = O(1).

Therefore, we obtain that

/M <ugz _ vZZ) ds — /0% [(mitoge +0(1))0(1) ~ () + 0()) ("™ + 0(1))] et

2
= /0 [O(eloge) — myv(z) — O(e)] db.

As a consequence, we arrive at

ov ou 2m
im . (uan Uan> ds /0 myv(zg) df Tmgv(zy) (37)

Step 3.6: Integral of Z over v,,. We finally evaluate lim, o+ f,y =(s)ds for any z € Zg. Indeed,
Tk
we can parameterize 7, as

Y (0) =z + €™ for § € [r, 27].

Direct calculation yields that

Therefore, we arrive at

81] 8@6
li = _v=—)ds=0.
. IIOH+ /yxk <’LL " v n> dS 0 (38)

Step 3.7: Putting everything together. Putting the results from equations (33)-(38) together, we
obtain that

R ™
/Rlog |G(2)] <;2 - };) dx + Z/o log |G(Re™)| sinf df = 2 Z mgv(zk).

- 2LE€EZ4
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Step 4: Integrability of |log |G(x)||/x? at infinity. We now prove that

/ |log |G (z )H
|z[>1 N

Since v(z) > 0 for all z € D}, Carleman formula in equation (32) leads to

R 1 T 0 )
/_Rlog|G(:n)| <x2 R2>da:+ R/o log |G/(Re™®) | sin 0 df > 0. (39)

Furthermore, since |G(z)| < Ce?™® on Sk, we obtain that

4log C

% / log |G(Re™)| sin 6 d < ]2%/ (logC' + 27R) sin df = + 8. (40)
0 0

Collecting these bounds in (39) and (40) leads to

R 1 1 |log C|
1 = ) dr> -4 87
/R og|G()] <a:2 R2> v R

Since log |G (z)| = log™ |G(z)| — log™ |G(x)| where log™ t := min{0, logt} for any ¢ > 0, this bound
can be written as

R 11 R 11 |log C|
— . < + - .
/Rlog |G (2)| <:c2 R2) dx /Rlog |G (z)] (x2 R2> de +4 7 + 87 (41)

When 1 < |z| < R, from the hypothesis that |G| is bounded in R, there exists positive constant M’
not depending on R such that log™ |G(z)| < M’. As a result, we obtain

/ log* |G( )\(1 1>d </ M, 2M’<1 1)<2M' (42)
o z)| | = T —dx = - = .
Ill<r x?  R? 1<je|<R T2 R) ™

Combining these bounds in (41) and (42), we arrive at

1 1 1 1 1
log™ |G()] { 2 de <2M'+ [ log|G(z)| { = dz + 4|log O + 87. (43
[ o e (= ) e <o+ [ oail (2 - ) de+alonC 45 (39
Using the estimation in (31), we have

J LG PR

—1 562

Therefore, we obtain that when R > 1,

/1110g|a<x><;2‘32>d <2/1 R e 2w (44)

—1 562

Combining the results from equation (43) and (44) leads to
. 11 , _
log™ |G(2)| | 5 — 55 ) dz < 2M" + 2W + 4]log C| + 87.
1<|z|<R €z R
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By taking R — oo and using Monotone Convergence Theorem, this inequality eventually indicates
- +
that flzlzl logx2|G|da: < 00. As f‘ ngQ‘G'dx < 2M’, these two results together leads to

z|>1
log |G
[ leslsel, .,
|z|>1 T
Step 5: Conclusion. Since 1+m2 < xg and % is in L'([~1,1]), we obtain that

/ |log |G(=)]] , </ lloglg()l\d v < oo,
e>1 1+a? |z|>1 z

] ]
/ | OgIG(;U)de</ | Og\GQ(:r)de<oQ
i<t L+ |z|<1 T

Consequently, we arrive at

> |log |G
/ | Of’ (f)‘|dx<oo,
o +x
which indicates that (26) is correct. We obtain the conclusion of the lemma. ]

The next lemma supplies the continuity used in Appendix A.5.

Lemma 2. Suppose that, for A-almost every x, the map 0 — f(x | 0) is bounded and continuous on
0. If G, G € P(@) and Wl(Gk,G) — 0, then Hka —ngl — 0.

Proof. On the compact ©, Wi metrises weak convergence, so G — G weakly. For A-almost
everywhere z, f(z | -) is bounded and continuous, whence

PG, (z /fa:|t9alG/r€ —>/fx|9dG() a(z), a.e.

Since each pg, and pg is a probability density and pg, — pe almost everywhere with respect to
measure A, Scheffé’s lemma yields ||pg, — pe|li — 0. This completes the proof of Lemma 2. O
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