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We study posterior contraction rates for mixing measures in homoscedas-
tic location-scale mixture models with infinitely many components. While
posterior convergence at the level of densities is well understood, ensuring
convergence of the latent mixing measure is more challenging and has re-
mained an open problem in settings where both location and scale parame-
ters are unknown. We address this by deriving novel lower-bounds that con-
nect the L1 distance between mixture densities to discrepancies, based on the
Wasserstein distances and the operator norm, between the underlying mix-
ing measures and scale matrices. Our approach combines the dual formula-
tion of the W1 distance with functional-analytic approximation techniques.
This leads to general inequalities, whose strength is determined (i) by the
smoothness of the mixture kernel via the rate of decay of its characteristic
function, and (ii) by a key lower-bound on the L1 metric involving the op-
erator norm discrepancy between scale parameters. Moreover, a novel PDE
inversion condition yields a sharper inequality for important ordinary-smooth
cases. We specialize these bounds to popular mixtures based on multivariate
Gaussian, Cauchy, and Laplace kernels. As a consequence, we obtain first-of-
their-kind contraction rates in the context of Dirichlet process mixtures with
an unknown scale parameter shared across components. As a byproduct of
our inequalities, we can distinguish the convergence behavior of the location
mixing measure from that of the scale parameter across a range of kernel
choices, leading to nuanced insights into their respective rates.

1. Introduction. Mixture modeling is a central tool in modern statistical analysis, due
to its flexibility and the interpretability of the implied generative process. Concretely, one
models data X1, . . . ,Xn ∈Rd as arising from a density of the form

pG(x) :=

∫
Θ
f(x | θ)G(dθ),

where G, a probability measure on the parameter space Θ, is known as the mixing measure,
while {f(· | θ) : θ ∈Θ} is a family of probability density kernels indexed by Θ. The statistical
problem, then, consists in estimating G and the resulting density pG. A popular methodolog-
ical choice involves modeling G as discrete, i.e., G =

∑k
j=1wjδθj with k ∈ N ∪ {∞} and

(wj)
k
j=1 a sequence of positive weights summing to one. This formulation is appealing for

two reasons. First, it is highly expressive: for instance, any density can be approximated in
the L1 sense by discrete mixtures with suitable kernels. Second, from a generative perspec-
tive, it induces a latent partition of the data into at most k groups j = 1, . . . , k, according
to which component f(· | θj) generates each observation, which provides a natural basis for
clustering.
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Mixture models have received substantial attention in statistics and machine learning over
the last decades, especially within the Bayesian community [21, 47] following the introduc-
tion of Bayesian nonparametric models that place flexible priors, such as the Dirichlet process
[18], on discrete mixing measures with k =∞ [19, 44, 51]. The appeal of the nonparametric
approach is that it allows for flexible density estimation and clustering schemes, often making
both the data partition and the underlying mixing measure the two primary objects of interest
[52, 71]. This flexibility has also led to computational methods for handling the resulting
infinite-dimensional structure [17, 45, 73], as well as to extensive theoretical analysis. This
article offers several new contributions to such line of work, which we now briefly review.

1.1. Related literature. Much of the existing theory has focused on the asymptotic be-
havior of Bayesian mixtures for density estimation. To introduce the problem, define the L1

distance ∥p − p′∥1 :=
∫
Rd |p(x) − p′(x)|dx between densities p and p′ with respect to the

Lebesgue measure on Rd, and suppose that Xi
i.i.d.∼ pG0

for some unknown mixing measure
G0. A natural question is whether, given a prior Π supported on a suitable space of mixing
measures G with G0 ∈ G , the posterior distribution

Π(A |X1, . . . ,Xn) :=

∫
A

∏n
i=1 pG(Xi)Π(dG)∫

G

∏n
i=1 pG′(Xi)Π(dG′)

concentrates in L1 neighborhoods of pG0
as n→∞. This question has been studied exten-

sively, both for fixed but arbitrarily small neighborhoods [leading to L1 posterior consistency,
2, 4, 12, 25, 29, 43, 68, 72, 74, 77], and for shrinking neighborhoods, yielding L1 posterior
contraction rates ωn satisfying

(1) Π(G : ∥pG − pG0
∥1 ≥Kωn |X1, . . . ,Xn)→ 0

in PnG0
-probability for all large enoughK > 0 as n→∞; here, PnG denotes the n-fold product

measure induced by PG(dx) := pG(x)dx, while (ωn)n∈N is a positive vanishing sequence.
Investigating sufficient conditions for posterior behavior like in Equation (1), as done by
[7, 8, 24, 26–31, 62, 66, 69, 75], provides useful information on the asymptotic rate at which
the posterior concentrates around the ground truth pG0

, and yields guidance on model choices
that support efficient density estimation.

However, L1 contraction rates do not fully characterize posterior behavior in terms of clus-
tering and contraction to the true mixing measure, since the evolution of the mixture com-
ponents is a more refined phenomenon than L1 convergence of the density. Several works
have addressed this problem, focusing for instance on the recovery of k0, the true number of
components [1, 49, 50], and on the allocation of data to redundant components in overfitted
mixture models [60]. A prominent strand of literature, pioneered by [52], studies posterior
contraction towardsG0 using the Wasserstein distances to measure discrepancy between mix-
ing measures [see also 33, 35, 36, 61]. Concretely, if ρ is a metric on Θ, the corresponding
Wasserstein distance of order r ∈ [1,∞) is defined as

Wr(G,G
′) :=

(
inf

π∈P(G,G′)

∫
Θ×Θ

ρ(θ, θ′)rπ(dθ, dθ′)

)1/r

,

where P(G,G′) is the set of probability measures π on Θ × Θ with marginals G and G′.
Besides their solid grounding in the rich field of optimal transport [70], the appeal of the Wr

metrics in the study of mixture models lies in their ability to capture discrepancies between
mixing measures that may be discrete and have disjoint supports, a feature not shared by
many classical probability metrics. These features have motivated significant recent interest
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in optimal transport metrics within the Bayesian nonparametric community, for instance to
measure dependence between random measures [9–11].

Convergence analyses for mixing measures with infinitely many atoms, such as those aris-
ing from a Dirichlet process prior, have been presented only for a restricted class of mixtures,
namely location mixtures, where f(x | θ) = g(x− θ) for θ ∈Θ⊆ Rd and some density ker-
nel g. Location mixtures have important applications, for instance in deconvolution problems
with additive noise of known scale, as studied in a Bayesian nonparametric framework by
[23, 52, 61, 64]; see also [6, 14, 15] for non-Bayesian analyses using Wasserstein distances.
However, restricting variation to a location parameter severely limits flexibility in learning
the underlying density and mixing structure, often motivating the adoption of more complex
model designs.

1.2. Contributions of the article. A more flexible and popular alternative to location mix-
tures are location-scale mixtures associated to families of kernels of the form

f(x | θ,Σ) = |Σ|−1/2g
(
(x− θ)⊤Σ−1(x− θ)

)
,

where θ ∈ X ⊆ Rd is a location parameter, Σ ∈ Rd×d is a positive-definite symmetric scale
matrix (with |Σ| denoting its determinant), and g is a typically symmetric kernel. Despite
their prominence in applications, the posterior behavior of nonparametric mixing measures
with a prior on both the location and scale parameters has, to the best of our knowledge,
never been studied before. Our goal is to provide, for the first time, such an analysis for
priors supported on mixing measures of the form

G(dθ, dS) = P (dθ)× δΣ(dS),

that is, homoscedastic location-scale mixtures in which the matrix Σ is shared across com-
ponents and, unlike in previous work, estimated from data rather than fixed at the unknown
value Σ0. Concretely, we aim to establish posterior contraction rates of the form

(2) Π(G :D(G,G0)≥Kεn |X1, . . . ,Xn)→ 0

in PnG0
-probability for all large enough K > 0 as n→∞, where G0 = P0 × δΣ0

and D is a
meaningful discrepancy between mixing measures G and G0. To achieve this, after verifying
an L1 contraction rate ωn as in Equation (1), a key step is to derive a lower-bound of the form
∥pG−pG0

∥1 ≳D(G,G0).1 Following standard practice, we will design D to incorporate W1

as a discrepancy between P and P0 (using the Euclidean ground metric on x, y ∈ X ) and the
operator norm

∥S∥op := max
v∈Rd :∥v∥≤1

|v⊤Sv|

to measure the distance between Σ and Σ0.
As mentioned above, virtually all existing work is limited to location mixtures only. In

our notation, this is equivalent to fixing Σ=Σ0—hence assuming it known—and restricting
attention to the location mixing measure P , so that D(G,G0)≡W1(P,P0) and the inequality
one seeks is ∥pG−pG0

∥1 ≳ φ(W1(P,P0)) for some increasing function φ : [0,∞)→ [0,∞).
Existing approaches, pioneered by [52], establish this kind of inequality by first convolving
P and P0 with a suitable smoothing kernel Kδ , and then exploiting the triangle inequality

(3) W1(P,P0)≤W1(P,P ∗Kδ) +W1(P ∗Kδ, P0 ∗Kδ) +W1(P0 ∗Kδ, P0)

1Here and in the rest of the paper, a(x) ≲ b(x) and a(x) ≳ b(x) denote inequalities up to a multiplicative
constant, while a(x)≍ b(x) means a(x)≲ b(x)≲ a(x). The variables x that these constants are independent of
will be clear from the context or explicitly spelled out case by case.
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to bound W1(P,P0) by handling each term separately [23, 52, 61, 64].2 While this strat-
egy represents the state of the art in the location mixture setting, it fails in the more general
location-scale case, as the notion of convolution has no obvious extension to bound discrep-
ancies of the form W1(P × δΣ, P0 × δΣ0

) where different scales Σ and Σ0 are involved.
To fill this gap, our first contribution is to develop new proof techniques that approach the

problem from a functional analytic perspective. Our starting point is the observation that, for
many location-scale mixtures of interest, an inequality of the form

(4) ∥pG − pG0
∥1 ≳Ψ(∥Σ−Σ0∥op),

for some strictly increasing function Ψ : [0,∞)→ [0,∞), is available under mild parameter
boundedness conditions. Moreover, the well-known Kantorovich–Rubinstein duality theorem
[70] allows to rewrite

W1(P,P0) = inf
h∈Lip1(X )

∫
X
h(θ)

(
P (dθ)− P0(dθ)

)
,

where Lip1(X ) := {h ∈RX : ∀θ, θ′ ∈ X , |h(θ)− h(θ′)| ≤ ∥θ− θ′∥} and the infimum is at-
tained at some h∗ ∈ Lip1(X ). Our strategy, then, is to develop a functional approximation of
h∗ that enables the use of Fourier transforms and the inversion theorem to analyzeW1(P,P0).
In fact, since X will be assumed to be a compact subset of Rd, leveraging Fourier inversion
requires to first extend h∗ to a function h̃∗X defined on the whole Rd, and then to approxi-
mate h̃∗X with another function h̃∗X ,Λ, where Λ> 0 controls the approximation accuracy, that
guarantees sufficient regularity. This constitutes a key technical step in our analysis.

With these approximations in place, we rewrite

W1(P,P0) =

∫
Rd

h̃∗X ,Λ(θ)
(
P (dθ)− P0(dθ)

)
+

∫
Rd

(
h̃∗X (θ)− h̃∗X ,Λ(θ)

)(
P (dθ)− P0(dθ)

)
.

The rest of our argument then proceeds in two steps:

1. we show that the difference
∫
Rd

(
h̃∗X (θ)− h̃∗X ,Λ(θ)

)(
P (dθ)− P0(dθ)

)
represents a con-

trolled approximation error of order Λ−1, then
2. we bound the integral

∫
Rd h̃

∗
X ,Λ(θ)

(
P (dθ) − P0(dθ)

)
, which is amenable to a Fourier-

analytic treatment owing to the regularity of h̃∗X ,Λ. In particular, a careful application of
the Fourier inversion theorem, together with Equation (4), yields a general inequality of
the form

(5) ∥pG − pG0
∥1 ≳ φ(W1(P,P0)) +Ψ(∥Σ−Σ0∥op),

for a certain increasing function φ.

While the specific form of the function Ψ is a direct consequence of the requirement in
Equation (4), φ can be characterized in terms of the properties of the density kernel f . In
particular, φ is related to the smoothness of f measured by the rate of decay of its charac-
teristic function. Our findings on this point, which we present in Section 3 and summarize in
Table 1, are as follows:

2Here ∗ denotes the convolution operator, that is P ∗K :=
∫
X K(x− y)P (dy).
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TABLE 1
Lower-bounds on the L1 distance under different kernel smoothness settings. See Assumption 2 for a definition

of Ξ and p.

Kernel smoothness
∥∥pG − pG0

∥∥
1 ≳

Super-smooth (α> 0)

(Theorem 3.2)

min
{
exp(−C/W1(P,P0)

α), (Ψ ◦Ξ−1)(exp(−C/W1(P,P0)
α))

}
+Ψ(∥Σ−Σ0∥op)

Ordinary-smooth (β > 0)

(Theorem 3.4)

min
{
W1(P,P0)

d+β+1, (Ψ ◦Ξ−1)(CW1(P,P0)
d+p+1)

}
+Ψ(∥Σ−Σ0∥op)

PDE inversion (β ∈N)

(Theorem 3.7)

min
{
W1(P,P0)

β ,Ψ(CW1(P,P0)
β)

}
+Ψ(∥Σ−Σ0∥op)

(i) In the super-smooth case of order α > 0, that is, when the characteristic function ΦΣ(ξ)
of f(· | 0,Σ) satisfies logΦΣ(ξ)≍−∥ξ∥α, we obtain

φ(t) =min{exp(−C/tα), (Ψ ◦Ξ−1)(exp(−C/tα))}

for some constant C > 0, where Ξ : [0,∞)→ [0,∞) is another function (introduced later)
determined by f . This result is dimension-free and applies to important kernel families
such as the Gaussian and Cauchy ones.

(ii) In the ordinary-smooth case of order β > 0, where logΦΣ(ξ)≍− log(1+ ∥ξ∥β), we get
that

φ(t) =min{td+β+1, (Ψ ◦Ξ−1)(Ctd+p+1)},

for some constant C > 0, where p ≥ 1 is determined by f and introduced later. In this
case, the dependence on d and p reflects the mild regularity imposed by the ordinary-
smoothness assumption and may be suboptimal for certain kernels such as the Laplace
one, motivating the next result.

(iii) In the presence of a partial differential equation (PDE) inversion condition of order β ∈
N (involving the existence of an appropriate differential operator TΣ such that TΣpG = P
for all G= P × δΣ ∈ G ), we obtain that

φ(t) =min{tβ,Ψ(Ctβ)},

for some constant C > 0. This novel PDE-based condition is notable because (a) it implies
that the kernel f is ordinary-smooth of order β provided that β is even (Proposition 3.6),
and (b) it yields a dimension-free inequality, replacing the β + d+ 1 and β + p+ 1 ex-
ponents of scenario (ii) with the more favorable exponent β. We exploit this condition
explicitly in the analysis of Laplace mixtures, while noting that it also applies to other
important mixture classes, such as those arising from shifted exponential and fixed-shape
Gamma kernels.

The different forms of smoothness indicated above are verified in important and popular
choices of the kernel; in Section 4, we verify these conditions for the Gaussian, Cauchy, and
Laplace cases, with the resulting bounds summarized in Table 2. We also show that, in the
Gaussian mixture setting, a sharper inequality is obtained with an isotropic scale Σ = σ2Id
(where Id denotes the d×d identity matrix), deriving from the unique semi-group structure of
Gaussian kernel families. In turn, when combined with L1 contraction results of the form in
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TABLE 2
Lower-bounds on the L1 distance for different kernel types.

Kernel type
∥∥pG − pG0

∥∥
1 ≳

Gaussian (general scale, Theorem 4.1) exp

(
−C exp

(
C̃/W1(P,P0)2

)
W1(P,P0)2

)
+ exp

(
−M

log(1/∥Σ−Σ0∥op)
∥Σ−Σ0∥op

)
Gaussian (isotropic scale, Theorem 4.2) exp

(
− C
W1(P,P0)2

)
+ exp

(
−M

log(1/∥Σ−Σ0∥op)
∥Σ−Σ0∥op

)
Cauchy (Theorem 4.3) exp

(
− C
W1(P,P0)

)
+ ∥Σ−Σ0∥2op

Laplace (Theorem 4.4) W1(P,P0)
2 + ∥Σ−Σ0∥op

Equation (1), these bounds lead to posterior contraction rates for mixing measures and scale
parameters in the corresponding infinite mixture models. A key feature of our approach is
that, once an L1 rate is available, the structure of the inequality in Equation (5) allows one to
derive a W1 rate for the mixing measure P and a separate ∥ · ∥op rate for the scale parameter
Σ. This is made explicit in Propositions 5.1 and 5.2 in Section 5, which treat multivariate
Gaussian and univariate Laplace mixtures under suitable Dirichlet process priors. For the
Cauchy and multivariate Laplace kernels, instead, no explicit L1 rate ωn is currently available
to the best of our knowledge, so that our inequalities yield rates for recovering P0 and Σ0

that are defined implicitly in terms of the unknown sequence ωn (assuming the latter exists).
We refer the reader to Section 5 for a detailed discussion of this issue for infinite Cauchy
mixtures.

Our posterior contraction results, summarized in Table 3, shed new light on two impor-
tant points. First, across all of the kernel types we consider, there is significant heterogeneity
in posterior contraction behavior between the location mixing measure P and the scale pa-
rameter Σ, with the latter converging at substantially faster rates. Second, focusing on the
kernel classes for which explicit L1 rates are available, the comparison between Gaussian
and Laplace mixtures shows that faster density estimation does not necessarily translate into
faster recovery of the underlying parameters, as smoother kernels tend to blur more strongly
the signal carried by P0 and the variation in the scale parameter. This points to a practically
relevant tradeoff: the choice of kernel should reflect whether the main objective is accurate
density estimation or more structured tasks, such as clustering or parameter estimation, which
depend directly on P and Σ.

To summarize, the main contributions of the article are as follows.

• Using the dual formulation of the W1 metric, together with functional-analytic approx-
imation techniques, we develop new tools to lower-bound the L1 distance between ho-
moscedastic location-scale mixture densities in terms of the W1 distance between the un-
derlying location mixing measures and the operator norm distance between the underlying
scales. The resulting inequalities depend on the smoothness of the mixture kernel and, in
the ordinary-smooth case, can be significantly sharpened by verifying a novel and widely
applicable PDE inversion condition;

• We specialize these abstract inequalities to common kernel choices, obtaining explicit
bounds for multivariate Gaussian, Cauchy, and Laplace mixtures;

• Combining these results with existing L1 contraction theory, for the first time in the liter-
ature we derive posterior convergence rates for mixing measures and scale parameters in
infinite homoscedastic location-scale mixture models with Dirichlet process priors, focus-
ing on the Gaussian and Laplace cases.
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TABLE 3
L1, W1 and operator norm posterior contraction rates for Dirichlet process mixtures with different kernel types.

For the Cauchy and multivariate Laplace cases, we express rates relative to an implicit L1 rate ωn.

Kernel type ∥pG − pG0
∥1 W1(P,P0) ∥Σ−Σ0∥op

Gaussian (general scale)

(Proposition 5.1)
n−1/2(logn)(d+1)/2 (log logn)−1/2 (logn)−1 log logn

Gaussian (isotropic scale)

(Proposition 5.1)
n−1/2(logn)(d+1)/2 (logn)−1/2 (logn)−1 log logn

Cauchy

(implicit in Theorem 4.3)
ωn (log(1/ωn))

−1 ω
1/2
n

Laplace (d= 1)

(Proposition 5.2)
n−1/4(logn)5/4 n−1/8(logn)5/8 n−1/4(logn)5/4

Laplace (d≥ 2)

(implicit in Theorem 4.4)
ωn ω

1/2
n ωn

The rest of the article is organized as follows. Section 2 introduces notation and collects a
few preliminary results. Section 3 develops abstract inequalities of the form in Equation (5)
under different smoothness assumptions on the mixture kernel. Section 4 specializes these in-
equalities to commonly used kernels. Section 5 builds on the previous sections to derive pos-
terior contraction rates for homoscedastic location-scale infinite mixture models with Dirich-
let process priors. Section 6 concludes. Complete proofs are provided in the supplementary
material [3].

2. Notation and preliminaries. Throughout the article, we assume that a sample of Rd-
valued observations X1, . . . ,Xn is available and drawn i.i.d. from an underlying mixture
distribution PG0

(for G0 = P0 × δΣ0
) with density

pG0
(x) =

∫
X
f(x | θ,Σ0)P0(dθ), x ∈Rd,

with respect to the Lebesgue measure on Rd (endowed with its natural Borel σ-algebra
B(Rd)). The specific form of the kernel f will vary throughout, with

ΦΣ(ξ) :=

∫
Rd

eiξ
⊤xf(x | 0,Σ)dx, ξ ∈Rd,

representing the associated characteristic function; with a slight abuse of notation, we also
write Φµ(ξ) :=

∫
Rd e

iξ⊤xµ(dx) for any probability measure µ on Rd. Relatedly, for any inte-
grable function h :Rd →R, we denote its Fourier transform by

F [h](ξ) :=

∫
Rd

e−iξ
⊤xh(x)dx, ξ ∈Rd.

Prior and posterior distributions, which we have already defined and denoted respectively
by Π(·) and Π(· |X1, . . . ,Xn), are formally understood as probability measures on the space
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of absolutely continuous probabilities on Rd, endowed with the topology of weak conver-
gence and the corresponding Borel σ-algebra. However, since the priors we consider are
supported on specific subclasses of mixture distributions, it is more convenient to view both
the prior and the posterior as measures on the space of mixing measures generating such
mixtures.

In particular, the priors Π we consider concentrate on homoscedastic location-scale mix-
ture densities arising from mixing measures of the form G = P × δΣ. For all such G in
the support of the prior (including the unknown G0), we work under the standing assump-
tion that there exist constants R,λmin, λmax > 0, with λmin < λmax, and a measurable set
X ⊆ B̄(0,R) := {x ∈Rd : ∥x∥ ≤R},3 such that

supp(P )⊆X , Σ ∈ S+d (λmin, λmax),

where supp(P ) denotes the support of P , and S+d (λmin, λmax) is the set of symmetric
positive-definite matrices with eigenvalues bounded below by λmin and above by λmax.
Therefore, the parameter space of interest is

G := {G= P × δΣ : supp(P )⊆X , Σ ∈ S+d (λmin, λmax)},

and we write P := {pG :G ∈ G }. Throughout the text, we assume that the prior on G is of
product form across its coordinates P and Σ.

Our main interest is in the popular modeling strategy in which P is assigned a Dirichlet
process prior [18], written P ∼DP(a,H), where a > 0 is a concentration parameter and H
is a diffuse base probability measure on Rd; the scale Σ, instead, is modeled independently of
P with a prior having full support on S+d (λmin, λmax). In particular, for any finite measurable
partition A1, . . . ,Ak of Rd, this prior structure implies that the vector (P (A1), . . . , P (Ak))
has a Dirichlet distribution with parameters (aH(A1), . . . , aH(Ak)), and if supp(H) = X ,
then the support of Π coincides with the set of mixing measures G = P × δΣ with Σ ∈
S+d (λmin, λmax) and supp(P )⊆X [46].

A key feature of the Dirichlet process is the implied stick-breaking representation [65] for
P ∼DP(a,H):

P =
∑
j∈N

wjδθj , w1 =B1, wj =Bj

j−1∏
ℓ=1

(1−Bℓ), j ≥ 2,

where Bj
i.i.d.∼ Beta(1, a) and θj

i.i.d.∼ H . This yields the generative mechanism

X1, . . . ,Xn |G
i.i.d.∼ pG, pG =

∑
j∈N

wjf(· | θj ,Σ),

which can be interpreted as a two-stage procedure (onceG is fixed): first, latent mixture com-
ponent assignments ci ∈ N are drawn according to the discrete measure

∑
j∈Nwjδj derived

from P , and then Xi is drawn from f(· | θci ,Σ). This induces a natural partition of the data,
where Xi and Xj are assigned to the same cluster whenever ci = cj . Clearly, this rich gen-
erative structure is governed by the mixing measure G, which is the main motivation driving
the study of posterior contraction towards the unknown G0.

As already discussed, a natural strategy is to deduce contraction around G0 from L1 con-
traction around pG0

, leveraging the extensive literature on Bayesian nonparametric density

3Denote by B(0,R) the corresponding open ball.
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estimation. To make this precise, we recall a general result (an immediate adaptation of The-
orem 2.1 in [26]) giving sufficient conditions for L1 contraction. Define

V1(pG0
, pG) :=

∫
Rd

log

(
pG0

(x)

pG(x)

)
pG0

(x)dx,

V2(pG0
, pG) :=

∫
Rd

(
log

pG0
(x)

pG(x)

)2

pG0
(x)dx,

and, for any ω > 0 and A ⊆ P , let D(ω,A ,∥ · ∥1) denote the L1 ω-packing number of
A , i.e., the largest number of densities in A that are at least ω apart from each other in L1

distance.

THEOREM 2.1. Assume that, for a positive sequence (ωn)n∈N with limn→∞ωn = 0 and
limn→∞ nω2

n =∞, there exist sets Gn ⊆ G and a constant C > 0 such that

logD(ωn,{pG :G ∈ Gn},∥ · ∥1)≤ nω2
n,

Π(G \ Gn)≤ exp(−(C + 4)nω2
n),

Π
(
G : V1(pG0

, pG)≤ ω2
n, V2(pG0

, pG)≤ ω2
n

)
≥ exp(−Cnω2

n)

for all large enough n ∈N. Then

Π(G : ∥pG − pG0
∥1 ≥Kωn |X1, . . . ,Xn)→ 0

in PnG0
-probability for all large enough K > 0 as n→∞.

The conditions of the theorem are standard: they ensure an L1 rate by requiring that (i)
complex densities receive negligible prior mass, and (ii) enough mass is placed near the true
density in the Kullback–Leibler sense. On the other hand, as implied by Lemma 1 in [52],
under mild continuity assumptions on (θ,Σ) 7→ f(· | θ,Σ) one has

∥pG − pG′∥1 ≲W1(G,G
′)

for discrete mixing measures G,G′ ∈ G .4 Thus, convergence of mixing measures implies
convergence of densities, but the converse is not necessarily true. Establishing a reverse in-
equality

∥pG − pG′∥1 ≳D(G,G′),

of the form in Equation (5) is however essential to deduce posterior contraction around
G0 from L1 results such as Theorem 2.1, and identifying conditions under which such in-
verse bounds hold has been a central question since [52]. The main goal of this article is
to address this problem in the homoscedastic location-scale setting where G = P × δΣ and
G′ = P ′ × δΣ′ . We do so by first deriving general inverse bounds under different smooth-
ness assumptions on f (in Section 3), while in Sections 4 and 5 we specialize these results
to Gaussian, Cauchy, and Laplace kernels, and combine them with existing L1 contraction
results (typically obtained via arguments related to Theorem 2.1) to derive corresponding W1

posterior contraction rates.

4Using ρ((x,Σ), (x′,Σ′)) = ∥x − x′∥ + ∥Σ − Σ′∥op as a ground metric on the product space Θ = X ×
S+d (λmin, λmax).
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3. Inverse Bounds for Mixing Measure Discrepancies. In this section, we derive
lower-bounds for the L1 distance between mixture densities pG and pG′ , where G= P × δΣ
and G′ = P ′ × δΣ′ , in terms of suitable functions of the W1 distance between the mixing
measures P and P ′, and the operator norm distance between the scale matrices Σ and Σ′.

We begin by stating two assumptions that will be used throughout.

ASSUMPTION 1. There exists a strictly increasing function Ψ : [0,∞) → [0,∞) such
that, for any G= P × δΣ and G′ = P ′ × δΣ′ in G ,

∥pG − pG′∥1 ≥CΨ(∥Σ−Σ′∥op),
for a positive quantity C that may depend on R, λmin, λmax, and d.

The specific form of Ψ depends on the choice of kernel, but the requirement itself is mild:
since the location space X is compact, a small L1 distance between densities is expected
to imply closeness of the corresponding scale parameters. This will be verified for several
important kernel families in Section 4.

ASSUMPTION 2. There exist an exponent p ≥ 1 and a strictly increasing function Ξ :
[0,∞)→ [0,∞) such that, for all ξ ∈Rd and Σ,Σ′ ∈ S+d (λmin, λmax),

|ΦΣ′(ξ)−ΦΣ(ξ)| ≤CΞ(∥Σ−Σ′∥op)∥ξ∥pmax{|ΦΣ′(ξ)|, |ΦΣ(ξ)|},
for a positive quantity C that may depend on R, λmin, λmax, and d.

Assumption 2 requires the characteristic function associated with the kernel f(· | 0,Σ) to
vary in a controlled manner with respect to Σ. In particular, the dependence is governed by
Ξ, with a degree-p polynomial modulation in ∥ξ∥ and a linear one in the magnitude of the
characteristic function itself.

We are now in a position to state our main results. Towards that goal, we will consider
three settings separately: when the kernel f is super-smooth, when it is ordinary smooth, and
when the mixture satisfies a certain PDE inversion condition.

3.1. Super-smooth kernel. We first consider the case in which the mixture kernel f is
super-smooth. For the next definition, recall that ΦΣ(ξ) denotes the characteristic function,
evaluated at ξ, associated with the density f(· | 0,Σ).

DEFINITION 3.1. The density kernel f is super-smooth of order α> 0 if

exp(−c1∥ξ∥α)≤ |ΦΣ(ξ)| ≤ exp(−c2∥ξ∥α)
for all ξ ∈ Rd and Σ ∈ S+d (λmin, λmax), where c1 and c2 are constants depending only on
λmin, λmax, and d.

That is, super-smoothness requires an exponential decay of ΦΣ(ξ) as a function of ∥ξ∥.
This condition is satisfied by several commonly used kernels, including the Gaussian and
Cauchy kernels considered in Section 4. Combined with Assumptions 1 and 2, super-
smoothness yields the following inverse bound.

THEOREM 3.2. Under Assumptions 1 and 2, if the kernel f is super-smooth of order α,
there exist positive quantities C, C̃,C ′, depending on R, λmin, λmax, p, and d, such that

∥pG − pG′∥1 ≥C ′
[
Ψ(∥Σ−Σ′∥op)

+min

{
exp

(
− C

W1(P,P ′)α

)
, (Ψ ◦Ξ−1)

(
C̃ exp

(
− C

W1(P,P ′)α

))}]
(6)

for any G= P × δΣ and G′ = P ′ × δΣ′ in G .
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The bound in Theorem 3.2 depends on ∥Σ− Σ′∥op only through the function Ψ, which
naturally aligns with Assumption 1. In contrast, the dependence on W1(P,P

′)≡ w is more
complex, entering through terms of the form exp(−C/wα) that are possibly mediated by the
composition Ψ ◦ Ξ−1. Furthermore, the lower-bound deteriorates as the smoothness level α
increases. From a deconvolution perspective, this is intuitive: a smoother kernel makes the
recovery of the underlying mixing measure statistically more challenging, as reflected by a
looser bound.

Beyond the lower-bound results and their implications for statistical estimation of mixture
models, a central contribution of this article is the development of new techniques to derive
such bounds, based on functional approximations in the dual formulation of W1 and tools
from Fourier analysis and PDEs. Therefore, we now outline the main steps of the argument,
deferring the full proof to the supplementary material.

PROOF SKETCH OF THEOREM 3.2. The proof consists of five steps. We first use the
Kantorovich–Rubinstein duality theorem to represent W1(P,P

′) as an integral of an optimal
1-Lipschitz function h∗, which we extend to all of Rd via a McShane–Whitney argument. We
then construct a spectrally truncated approximation of h∗ using a Jackson kernel, controlling
the resulting approximation error. Fourier inversion and Fubini’s theorem allow us to express
the integral in terms of characteristic functions, which we split into two contributions via the
triangle inequality. Each contribution is then bounded using the super-smoothness assump-
tion and Assumptions 1 and 2. Optimizing over the truncation parameter and rearranging
finally yields the claimed inequality. Below is a more detailed discussion of each step.

Step 1: McShane–Whitney extension. By the Kantorovich–Rubinstein duality theorem
[70], for every P and P ′ there exists h∗ ∈ Lip1(X ) attaining

W1(P,P
′) =

∫
X
h∗(θ) (P (dθ)− P ′(dθ)).

Replacing h∗ with h∗(·)−h∗(0) leaves the integral unchanged and ensures |h∗(x)| ≤ ∥x∥ for
all x ∈ X . Our goal is to analyze W1(P,P

′) via Fourier inversion, which requires extending
h∗ to all of Rd and working with a sufficiently regular approximation thereof. We first extend
h∗ to a globally 1-Lipschitz continuous function on Rd via the McShane–Whitney infimal
convolution [34, 48, 76]

h̄∗X (x) := inf
y∈X

{
h∗(y) + ∥x− y∥

}
,

and then multiply it by a compactly supported and infinitely differentiable cutoff η ∈C∞
c (Rd)

satisfying η(x) = 1 for x ∈ B̄(0,R) and η(x) = 0 for x ̸∈ B(0,2R) [39]. The result-
ing function h̃∗X belongs to L1(Rd), is globally (1 + 2RMη)-Lipschitz (where Mη :=
supx∈Rd ∥∇η(x)∥<∞), and preserves the property

W1(P,P
′) =

∫
Rd

h̃∗X (θ) (P (dθ)− P ′(dθ)).

Step 2: Spectral truncation. To apply Fourier inversion, we convolve h̃∗X with a rescaled
Jackson kernel KΛ(x) := ΛdK(Λx), whose Fourier transform is supported on B̄(0,Λ), to
obtain h̃∗X ,Λ := h̃∗X ∗KΛ [5, 16]. The Lipschitz continuity of h̃∗X implies the approximation
bound

∥h̃∗X ,Λ − h̃∗X ∥∞ := sup
x∈Rd

∣∣h̃∗X ,Λ(x)− h̃∗X (x)
∣∣≤ (1 + 2RMη)MK/Λ,
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where MK :=
∫
Rd ∥x∥K(x)dx <∞. Combined with supA∈B(Rd) |P (A)− P ′(A)| ≤ 2, this

gives

(7) W1(P,P
′) ≤ C0

Λ
+

∫
Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ))

for a constant C0 > 0 depending only on R and f .
Step 3: Fourier inversion. Since h̃∗X ,Λ ∈ L1(Rd) and F [h̃∗X ,Λ] is supported in B̄(0,Λ)

and bounded, the Fourier inversion and Fubini’s theorems yield∫
Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ)) =
1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ.

Writing ΦP (ξ)− ΦP ′(ξ) = ΦpG(ξ)/ΦΣ(ξ)− ΦpG′ (ξ)/ΦΣ′(ξ) and applying the triangle in-
equality, the right-hand side is bounded above by CR times

(8)
∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ +

∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ,

where CR > 0 depends only on R and d.
Step 4: Bounding via super-smoothness. For the first term in Equation (8), we use

|ΦpG(ξ)−ΦpG′ (ξ)| ≤ ∥pG − pG′∥1 and the lower-bound |ΦΣ(ξ)| ≥ exp(−c1∥ξ∥α) from the
super-smoothness assumption to get∫

B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ ≲ ∥pG − pG′∥1 ·Λd exp(c1Λα).

For the second term, Assumption 2 and the super-smoothness bounds together yield∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ ≲ Ξ(∥Σ−Σ′∥op) ·Λd+p exp((c1 − c2)Λ
α).

Step 5: Conclusion. Substituting these bounds into Equation (7) and using Assumption 1
to replace Ξ(∥Σ−Σ′∥op) with (Ξ ◦Ψ−1)(∥pG − pG′∥1), we obtain

W1(P,P
′) ≲

C0

Λ
+ ∥pG − pG′∥1 ·Λdec1Λ

α

+ (Ξ ◦Ψ−1)(∥pG − pG′∥1) ·Λd+pe(c1−c2)Λ
α

.

Setting Λ≍W1(P,P
′)−1 and applying the elementary bound t−k ≲ exp(t−α) for any k,α >

0 and t ∈ (0,1], we rearrange to obtain that either

∥pG − pG′∥1 ≳ exp

(
− C

W1(P,P ′)α

)
,

or

∥pG − pG′∥1 ≳ (Ψ ◦Ξ−1)

(
exp

(
− C

W1(P,P ′)α

))
,

which together with Assumption 1 give Equation (6).

3.2. Ordinary-smooth kernel. The second setting we consider involves an ordinary-
smooth kernel f , which is formalized as follows.

DEFINITION 3.3. The density kernel f is ordinary-smooth of order β > 0 if

c1(1 + ∥ξ∥β)−1 ≤ |ΦΣ(ξ)| ≤ c2(1 + ∥ξ∥β)−1

for all ξ ∈ Rd and Σ ∈ S+d (λmin, λmax), where c1 and c2 are constants depending on
λmin, λmax, and d.
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Unlike in the super-smooth case, ordinary-smooth kernels are characterized by a polyno-
mial decay of the characteristic function, corresponding to a substantially lower degree of
smoothness. This leads to the following inverse bound.

THEOREM 3.4. Under Assumptions 1 and 2, if the kernel f is ordinary-smooth of order
β, there exist positive constants C and C ′, depending on R, λmin, λmax, p, and d, such that

∥pG − pG′∥1 ≥C ′
[
Ψ(∥Σ−Σ′∥op)

+min
(
W1(P,P

′)d+β+1, (Ψ ◦Ξ−1)
(
CW1(P,P

′)d+p+1
))]

(9)

for any G= P × δΣ and G′ = P ′ × δΣ′ in G .

The structure of the bound in Theorem 3.4 is similar to its super-smooth counterpart in
Theorem 3.2, in terms of the role played by the functions Ψ and Ξ in mediating the depen-
dence on ∥Σ− Σ′∥op and W1(P,P

′). However, the W1 component of the bound is signifi-
cantly improved under the ordinary-smooth assumption: the inverse-exponential dependence
in the super-smooth case is replaced by a polynomial one, with β worsening the rate as it
increases. A drawback of Theorem 3.4, however, is the explicit dependence on the dimen-
sion d, which may inflate the polynomial degree. Intuitively, this reflects the fact that the
ordinary-smooth assumption imposes only mild conditions on the tail behavior of the char-
acteristic function of f , whereas in many cases of interest (e.g., Laplace mixtures, as shown
in Section 4) the mixture possesses useful additional structure. This motivates, in the next
subsection, turning to a more refined condition to obtain dimension-free bounds.

PROOF SKETCH OF THEOREM 3.4. The proof follows the same structure as that of Theo-
rem 3.2, with Steps 1–3 carrying over verbatim. The key differences arise in Step 4, where the
polynomial decay of the characteristic function under ordinary smoothness leads to polyno-
mial rather than exponential bounds, and in Step 5, where the choice of truncation parameter
and the subsequent rearrangement differ accordingly. We therefore focus on these two steps.

Step 4’: Bounding via ordinary smoothness. For the first term in Equation (8), we use
|ΦpG(ξ)−ΦpG′ (ξ)| ≤ ∥pG− pG′∥1 and the lower-bound |ΦΣ(ξ)| ≥ (1+ c1∥ξ∥β)−1 from the
ordinary-smoothness assumption to get∫

B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ ≲ ∥pG − pG′∥1 ·Λd+β.

For the second term, Assumption 2 gives

|ΦΣ′(ξ)−ΦΣ(ξ)|≲ Ξ(∥Σ−Σ′∥op)∥ξ∥pmax(|ΦΣ(ξ)|, |ΦΣ′(ξ)|).

Under ordinary smoothness, the ratio max(|ΦΣ(ξ)|, |ΦΣ′(ξ)|)/|ΦΣ(ξ)| is bounded above by
c1/c2, uniformly in ξ, so that∫

B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ ≲ Ξ(∥Σ−Σ′∥op) ·Λd+p.

Note that, in contrast to the super-smooth case, both bounds are now purely polynomial in Λ.
Step 5’: Conclusion. Substituting these bounds into Equation (7) and using Assump-

tion 1 to replace Ξ(∥Σ−Σ′∥op) with (Ξ ◦Ψ−1)(∥pG − pG′∥1), we obtain

W1(P,P
′) ≲

C0

Λ
+ ∥pG − pG′∥1 ·Λd+β + (Ξ ◦Ψ−1)(∥pG − pG′∥1) ·Λd+p.
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Setting Λ≍W1(P,P
′)−1 and rearranging, we obtain that either

∥pG − pG′∥1 ≳ W1(P,P
′)d+β+1,

or

∥pG − pG′∥1 ≳ (Ψ ◦Ξ−1)
(
CW1(P,P

′)d+p+1
)
.

These two cases, combined with Assumption 1, give Equation (9).

3.3. Kernel with PDE inversion. To remedy the dependence on d in the inverse bound
based on ordinary-smooth kernels, we now introduce the following PDE inversion assump-
tion. Before proceeding, as we are about to work with differential operators defined in the
weak functional-analytic sense of distributions, we refer the reader to, e.g., Chapter 9 of [20]
for a concise introduction to the topic.

DEFINITION 3.5. For any ν = (ν1, . . . , νd) ∈ Nd, set |ν| :=
∑d

j=1 νj and define the dis-

tributional derivative operator ∂ν := ∂|ν|

∂x
ν1
1 ...∂x

νd
d

. Then the family P satisfies a PDE inversion
condition of order β ∈N if there exists a linear differential operator

TΣ =
∑

ν∈Nd : 0≤|ν|≤β

cν(Σ)∂
ν

such that

1. there exists ν ∈Nd with |ν|= β such that cν(Σ) ̸= 0,
2. there exists a constant L > 0, independent of ν, such that the coefficients Σ 7→ cν(Σ) are
L-Lipschitz continuous from S+d (λmin, λmax) to R, and

3. the equation TΣpG = P holds in the sense of distributions on Rd. That is, for every test
function ϕ ∈C∞

c (Rd), we have

⟨pG,T ∗
Σϕ⟩=

∫
Rd

ϕ(x)P (dx),

where T ∗
Σ :=

∑
ν∈Nd : 0≤|ν|≤β(−1)|ν|cν(Σ)∂

ν is the formal adjoint of TΣ, and ⟨·, ·⟩ denotes
the natural pairing between distributions and test functions.

To the best of our knowledge, the formulation of PDE inversion conditions of the above
kind in the context of mixture model theory is new. As it turns out, conditions of this form are
especially well-suited to our problem, as they provide a convenient way to invert the convolu-
tion pG(x) = P ∗ f(x | ·,Σ) by means of a differential operator of finite order β ∈N, whose
coefficients depend smoothly on the scale matrix Σ. Exploiting this relationship—which, as
shown below, holds for Laplace mixtures5—allows one to relate differences between the mix-
ture densities pG and pG′ directly to differences between the corresponding mixing measures
P and P ′ and the scale parameters Σ and Σ′. Finally, we emphasize that the use of distribu-
tion theory is necessary here, since the mixing measure P may be purely atomic, as is the
case almost surely under a Dirichlet process prior, and differentiation must be interpreted in
a weak sense via test functions ϕ ∈C∞

c (Rd).
Before presenting an inverse bound based on the PDE inversion condition, we relate it to

the ordinary smoothness of the kernel, thereby justifying its use as a substitute for obtaining
sharper inequalities.

5Though we do not pursue this here, the PDE inversion condition of Definition 3.5 is applicable to other kinds
of mixtures, such as those driven by shifted exponential and fixed-shape Gamma kernels.
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PROPOSITION 3.6. Suppose that f(x | 0,Σ) = |Σ|−1/2g(x⊤Σ−1x) for some g : [0,∞)→
[0,∞). If P satisfies the PDE inversion condition of even order β ∈ N, then f is ordinary-
smooth of order β.

That is, when the index β is even (as it is the case for Laplace mixtures, cf. Theorem 4.4
below), the PDE condition is a proper strengthening of ordinary-smoothness of the kernel
f . This, as we show next, plays a crucial role in sharpening the inverse bound obtained in
Theorem 3.4.

THEOREM 3.7. Under Assumption 1, if P satisfies a PDE inversion condition of order
β, there exist positive quantities C and C ′, depending only on R, λmin, λmax, and d, such
that

∥pG − pG′∥1 ≥C ′
[
Ψ(∥Σ−Σ′∥op) + min

{
W1(P,P

′)β, Ψ
(
CW1(P,P

′)β
)}]

,(10)

for any G= P × δΣ and G′ = P ′ × δΣ′ in G .

Theorem 3.7 improves upon Theorem 3.4 by removing the explicit dependence on the
dimension d in the exponent. That is, while the bound in Theorem 3.4 describes a dimension-
dependent relationship under simple ordinary-smoothness, the PDE inversion condition
yields, remarkably, a dimension-free rate governed solely by the smoothness order β. This
shows that, for mixtures satisfying this condition, the efficiency in recovering the mixing
measure is determined by the smoothness properties of the kernel (with higher smoothness
leading to weaker bounds) rather than by the ambient dimension.

PROOF SKETCH OF THEOREM 3.7. The proof shares Step 1 with Theorems 3.2 and 3.4,
producing a compactly supported, globally Lipschitz continuous function h̃∗X ∈ L1(Rd) satis-
fying W1(P,P

′) =
∫
Rd h̃

∗
X (θ) (P (dθ)−P ′(dθ)). The key departure begins in Step 2”, where

we use a smooth mollifier rather than a Jackson kernel to construct the approximation h̃∗X ,Λ,
which grants additional regularities needed to invoke the PDE inversion condition. Steps 3”–
5” then exploit this condition directly in the spatial domain, bypassing Fourier inversion
entirely and leading to dimension-free bounds.

Step 2”: Mollifier approximation. Rather than convolving with a Jackson kernel as in the
previous proofs, we convolve h̃∗X with a scaled mollifier ψΛ(x) := Λdψ(Λx), where ψ(x) =
C−1
ψ ϱ(x) is a normalized bump function with Cψ :=

∫
Rd ϱ(x)dx and

ϱ(x) =

exp

(
− 1

1− ∥x∥2

)
if ∥x∥< 1,

0 if ∥x∥ ≥ 1,

so that ψ ∈C∞
c (Rd) and

∫
Rd ψ(x)dx= 1. We then define

h̃∗X ,Λ(x) := (h̃∗X ∗ψΛ)(x) =

∫
Rd

h̃∗X (x− y)ψΛ(y)dy.

The resulting function h̃∗X ,Λ belongs to C∞
c (Rd), which makes it an admissible test function

for the distributional PDE inversion condition. The Lipschitz continuity of h̃∗X again implies
∥h̃∗X ,Λ − h̃∗X ∥∞ ≤ (1 + 2RMη)Mψ/Λ, where Mψ :=

∫
Rd ∥x∥ψ(x)dx <∞, and combined

with supA∈B(Rd) |P (A)− P ′(A)| ≤ 2 this yields

(11) W1(P,P
′) ≤ C0

Λ
+

∫
Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ))
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for a constant C0 > 0 depending only on R and f .
Step 3”: PDE inversion. Since TΣpG = P and TΣ′pG′ = P ′ hold in the sense of distri-

butions, and h̃∗X ,Λ ∈C∞
c (Rd) is an admissible test function, we may write∫

Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ)) = ⟨h̃∗X ,Λ, TΣpG −TΣ′pG′⟩

= ⟨T ∗
Σ h̃

∗
X ,Λ, pG − pG′⟩+ ⟨(T ∗

Σ −T ∗
Σ′)h̃∗X ,Λ, pG′⟩,

where T ∗
Σ :=

∑
0≤|ν|≤β(−1)|ν|cν(Σ)∂

ν is the formal adjoint of TΣ, and we added and sub-
tracted TΣpG′ to isolate the two sources of discrepancy. We label the two resulting terms I1
(observation penalty) and I2 (scale mismatch).

Step 4”: Bounding I1 and I2. For I1, Hölder’s inequality gives |I1| ≤ ∥pG −
pG′∥1∥T ∗

Σ h̃
∗
X ,Λ∥∞. To bound ∥T ∗

Σ h̃
∗
X ,Λ∥∞, we use the fact that h̃∗X ,Λ = h̃∗X ∗ ψΛ to transfer

one derivative onto h̃∗X and the remaining ones onto ψΛ. Young’s inequality and the scal-
ing identity ∥∂νψΛ∥1 = Λ|ν|−1∥∂νψ∥1 then yield ∥∂ν h̃∗X ,Λ∥∞ ≲ Λ|ν|−1 for all ν ∈ Nd with
1≤ |ν| ≤ β. Since the coefficients cν(Σ) are uniformly bounded over Σ ∈ S+d (λmin, λmax),
we conclude

|I1| ≲ (1 +Λβ−1)∥pG − pG′∥1.

For I2, we use ∥pG′∥1 = 1 together with the L-Lipschitz continuity of Σ 7→ cν(Σ) from the
PDE inversion condition, which gives |cν(Σ)− cν(Σ

′)| ≤ L∥Σ−Σ′∥op. Applying the same
derivative bounds as for I1, we obtain

|I2| ≲ (1 +Λβ−1)∥Σ−Σ′∥op.

Note that both bounds are now dimension-free, in contrast to those obtained in the proof of
Theorem 3.4.

Step 5”: Conclusion. Substituting the bounds on I1 and I2 into Equation (11) and using
Assumption 1 to replace ∥Σ−Σ′∥op with Ψ−1(∥pG − pG′∥1), we obtain

W1(P,P
′) ≲

C0

Λ
+ (1+Λβ−1)∥pG − pG′∥1 + (1+Λβ−1)Ψ−1(∥pG − pG′∥1).

Two cases arise depending on the size of W1(P,P
′). If W1(P,P

′) is bounded away from
zero, setting Λ= 1 and rearranging yields ∥pG−pG′∥1 ≳min{W1(P,P

′)β, Ψ(CW1(P,P
′)β)}

directly. If instead W1(P,P
′) is small, setting Λ≍W1(P,P

′)−1 and rearranging leads to the
same bound. In both cases, combining with Assumption 1 gives Equation (10).

4. Examples. We now specialize the general inequalities from Section 3 to specific
choices of the mixture kernel f . In particular, we focus on three canonical cases, namely
Gaussian, Cauchy, and Laplace kernels, which exemplify the different assumptions consid-
ered in our theory.

4.1. Gaussian kernel. The multivariate Gaussian kernel, which is arguably the most
widely adopted choice in applied mixture modeling, is given by

f(x | θ,Σ) =
exp

(
−1

2(x− θ)⊤Σ−1(x− θ)
)

(2π)
d

2 |Σ|
1

2

, x ∈Rd,

for some (θ,Σ) ∈ X × S+d (λmin, λmax). The following theorem shows that it belongs to the
class of super-smooth kernels and provides the corresponding explicit inverse bound.
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THEOREM 4.1. The multivariate Gaussian kernel is super-smooth of order 2. Moreover,
if f is Gaussian, there exists a constant M > 0, depending only on R, λmin, and λmax, such
that Assumptions 1 and 2 hold with

Ψ(t) = exp

(
−M log(1/t)

t

)
, Ξ(t) = t, and p= 2.

Consequently,

∥pG − pG′∥1 ≥ C ′

[
exp

(
−
C exp

(
C̃/W1(P,P

′)2
)

W1(P,P ′)2

)
+ exp

(
−M log(1/∥Σ−Σ′∥op)

∥Σ−Σ′∥op

)]
,

for any G= P × δΣ and G′ = P ′ × δΣ′ in G , where C,C ′, C̃ > 0 depend on R, λmin, λmax,
and d.

As a preview of the posterior contraction results in Section 5, Theorem 4.1 shows how an
L1 estimation rate ωn for pG0

propagates to P0 and Σ0. In particular, one obtains

W1(P,P0)≲ (log log(1/ωn))
−1/2 , ∥Σ−Σ0∥op ≲

log log(1/ωn)

log(1/ωn)
.

These rates are quite slow, reflecting the strong smoothing effect induced by the Gaussian
kernel. This will serve as a benchmark when comparing with other kernel choices.

Before moving on to other kernel types, we briefly focus on the Gaussian setting where
the scale matrices under consideration are of the form Σ= σ2Id, so that G consists of mix-
ing measures G = P × δσ2Id with σ2 ∈ [λmin, λmax]. We refer to this as an isotropic Gaus-
sian mixture. In this case, the next result improves the W1 rate dependence from double-
logarithmic to logarithmic. From a technical point of view, the proof is not significantly
different from the general super-smooth case and only exploits the additional semi-group
structure of the Gaussian kernel family.

THEOREM 4.2. For an isotropic Gaussian mixture, there exist positive constants M,C ,
and C ′, depending only on R, λmin, and λmax, and d, such that

∥pG − pG′∥1 ≥ C ′
[
exp

(
− C

W1(P,P ′)2

)
+ exp

(
−M log(1/|σ2 − σ′2|)

|σ2 − σ′2|

)]
,

for any G= P × δσ2Id and G′ = P ′ × δσ′2Id in G .

While Theorem 4.2 leaves the estimation rate for Σ0 = σ20Id unchanged relative to the
fully general counterpart in Theorem 4.1, it significantly improves the implied W1 bound,

W1(P,P0)≲ (log(1/ωn))
−1/2 ,

which will be reflected in our analysis of posterior contraction rates in Section 5. We also
trivially note that, for d = 1, Theorem 4.2 fully replaces Theorem 4.1 as a strictly tighter
result.

4.2. Cauchy kernel. We next consider the multivariate Cauchy kernel,

f(x | θ,Σ) =
Γ
(
1+d
2

)
π

d+1

2 |Σ|
1

2 [1 + (x− θ)⊤Σ−1(x− θ)]
d+1

2

,

which leads to the following inverse bound.
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THEOREM 4.3. The multivariate Cauchy kernel is super-smooth of order 1. Moreover, if
f is Cauchy, Assumptions 1 and 2 hold with

Ψ(t) = t2, Ξ(t) =
√
t, and p= 1.

Consequently,

∥pG − pG′∥1 ≥ C ′
[
exp

(
− C

W1(P,P ′)

)
+ ∥Σ−Σ′∥2op

]
,

for any G= P × δΣ and G′ = P ′× δΣ′ in G , where C,C ′ > 0 may depend on R, λmin, λmax,
and d.

In this case, an L1 rate ωn for pG0
translates into

W1(P,P0)≲ (log(1/ωn))
−1 , ∥Σ−Σ0∥op ≲ ω1/2

n .

Compared to the Gaussian setting, both rates are faster. This is consistent with the lower
degree of smoothness of the Cauchy kernel (α = 1), which reduces the loss of information
induced by convolving G with f and makes the inversion problem statistically easier.

4.3. Laplace kernel. Finally, we consider the multivariate Laplace kernel

f(x | θ,Σ) =
2
(
(x−θ)⊤Σ−1(x−θ)

2

) 2−d

2

B d−2

2

(√
2(x− θ)⊤Σ−1(x− θ)

)
(2π)

d

2 |Σ|
1

2

,

where Bκ denotes the modified Bessel function of the second kind. As previewed in Sec-
tion 3, Laplace mixtures are ordinary-smooth and satisfy the PDE inversion condition intro-
duced in Definition 3.5, which allows one to obtain the following inverse bound.

THEOREM 4.4. The multivariate Laplace kernel is ordinary-smooth of order 2. More-
over, if f is Laplace, Assumptions 1 and 2 hold with

Ψ(t) = Ξ(t) = t and p= 2,

and P satisfies a PDE inversion condition of order 2 for the operator

TΣ = Id− 1

2

d∑
j=1

d∑
k=1

Σjk
∂2

∂xj∂xk
,

where Id denotes the identity operator. Consequently,

∥pG − pG′∥1 ≥ C ′ [W1(P,P
′)2 + ∥Σ−Σ′∥op

]
,

for any G= P × δΣ and G′ = P ′ × δΣ′ in G , where C ′ > 0 may depend on R, λmin, λmax,
and d.

In this setting, an L1 rate ωn for pG0
yields

W1(P,P0)≲ ω1/2
n , ∥Σ−Σ0∥op ≲ ωn.

These rates improve upon both the Gaussian and Cauchy cases. This reflects the weaker
smoothness of the Laplace kernel (which is only ordinary-smooth) together with the addi-
tional structure provided by the PDE inversion property allowing for a more direct recovery
of the underlying mixing measure.
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5. Posterior asymptotics for Dirichlet process mixtures. Equipped with the general
inequalities obtained in Section 3 and their specializations in Section 4, we now derive
posterior contraction results for mixing measures in Bayesian nonparametric homoscedas-
tic location-scale mixture models. As discussed earlier, our approach proceeds in two steps:

1. We verify an L1 posterior contraction rate ωn for density estimation, namely such that

Π(G : ∥pG − pG0
∥1 ≥Kωn |X1, . . . ,Xn)→ 0

in PnG0
-probability for all large K > 0 as n→∞, for a given kernel f defining the density

pG(x) = P ∗ f(x | ·,Σ) (as usual, with G= P × δΣ). Such results are well studied in the
literature on Bayesian asymptotics and will be borrowed accordingly;

2. We use the inverse inequalities developed in the previous sections to translate the L1 rate
ωn into contraction rates for W1(P,P0) and ∥Σ−Σ0∥op.

We provide explicit results for multivariate Gaussian mixtures and univariate Laplace mix-
tures under Dirichlet process priors, as these are settings where suitable L1 contraction rates
are available. In contrast, we do not include any explicit result for Cauchy mixtures, despite
the bounds obtained in Theorem 4.3. This is because, to the best of our knowledge, no L1

posterior contraction results are currently available for infinite Cauchy mixtures. This gap
appears to stem from limitations in the existing techniques used to estimate the entropy num-
bers of such model classes, which are in turn essential to establish posterior contraction rates
(cf. the discussion in Section 2). In particular, standard approaches, originating from [30], rely
on approximating infinite mixtures by finitely supported ones via moment-matching strate-
gies, which fail in their current form with heavy-tailed kernels. As a consequence, entropy
bounds and posterior contraction rates for infinite Cauchy mixtures constitute an open prob-
lem which is beyond the scope of this article.

In the Gaussian case, combining our inequalities with Theorem 9.9 in [29] [see also 69],
which establishes the L1 contraction rate ωn = n−1/2(logn)(d+1)/2, yields the following
result.

PROPOSITION 5.1. Assume that X1,X2, . . .
i.i.d.∼ pG0

=
∫
R f(· | θ,Σ0)P0(dθ), where f

is the d-variate Gaussian kernel, P0(B̄(0,R0)) = 1 for some R0 ∈ (0,∞), and Σ0 ∈
S+d (λmin, λmax) for some 0 < λmin < λmax < ∞. Consider a homoscedastic Gaussian
location-scale mixture prior Π on G= P × δΣ, where P ∼DP(a,H) (for some a > 0) with
base measure H having a strictly positive and continuous density supported on [−R,R]d
for some R ∈ [R0,∞), and Σ has a prior with positive continuous density supported on
S+d (λmin, λmax). Then the following statements hold true.

(a) For K > 0 sufficiently large,

Π

(
G : exp

(
−
C exp

(
C̃/W1(P,P0)

2
)

W1(P,P0)2

)

+ exp

(
−M

log(1/∥Σ−Σ0∥op)
∥Σ−Σ0∥op

)
≥ Kn−1/2(logn)

d+1

2

∣∣∣X1, . . . ,Xn

)
→ 0

in PnG0
-probability as n→∞, where the positive constants M , C , and C̃ may depend on

R, λmin, λmax, and d. Consequently,

Π

(
G : W1(P,P0)≥K

1√
log logn

∣∣∣X1, . . . ,Xn

)
→ 0,

Π

(
G : ∥Σ−Σ0∥op ≥K

log logn

logn

∣∣∣X1, . . . ,Xn

)
→ 0
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in PnG0
-probability for all large K > 0 as n→∞.

(b) In the isotropic Gaussian mixture setting, the above convergence statements may be re-
placed by

Π

(
G : exp

(
− C

W1(P,P0)2

)

+ exp

(
−M

log(1/|σ2 − σ20|)
|σ2 − σ20|

)
≥ Kn−1/2(logn)

d+1

2

∣∣∣X1, . . . ,Xn

)
→ 0

and

Π

(
G : W1(P,P0)≥K

1√
logn

∣∣∣X1, . . . ,Xn

)
→ 0,

Π

(
G : |σ2 − σ20| ≥K

log logn

logn

∣∣∣X1, . . . ,Xn

)
→ 0.

in PnG0
-probability as n→∞.

Proposition 5.1 highlights a key feature of the Gaussian setting. Despite the essentially
parametric L1 rate for density estimation, the super-smooth nature of the Gaussian kernel
in general leads to slow, double logarithmic rates for recovering the mixing measure P0 and
logarithmic rates for the scale matrix Σ0. The double logarithmic rate is however turned into
a milder (but nonetheless slow) logarithmic one in the isotropic case. On the other hand, the
dependence on the dimension d, which appears at the exponent of the logarithmic factor in the
L1 rate, only affects lower-order terms and does not influence the leading behavior of the W1

and ∥ · ∥op rates (in the fixed-d regime considered here). Finally, Proposition 5.1 highlights
that the rate of recovery for Σ0 is much faster than the rates for P0, both in the general and
isotropic cases, uncovering significant heterogeneity in parameter estimation efficiency with
this kind of infinite mixture model.

We now turn to the Laplace case. Using the L1 contraction rate ωn = n−1/4(logn)5/4

available for univariate Dirichlet process mixtures of Laplace kernels,6 and combining it with
Theorem 4.4, we obtain the following result.

PROPOSITION 5.2. Assume that X1,X2, . . .
i.i.d.∼ pG0

=
∫
R f(· | θ,σ0)P0(dθ), where f

is the univariate Laplace kernel and P0([−R0,R0]) = 1 for some R0 ∈ (0,∞). Consider a
homoscedastic Laplace location-scale mixture prior Π onG= P ×δσ , where P ∼DP(a,H)
(for some a > 0) with base measureH having a strictly positive continuous density supported
on [−R,R] ⊂ R for some R ∈ [R0,∞), and σ has a prior with positive continuous density
supported on [σ,σ] ⊂ (0,∞) for some 0 < σ < σ0 < σ <∞. Then, for K > 0 sufficiently
large,

Π

(
G : W1(P,P0)

2 + |σ− σ0| ≥ K
(logn)5/4

n1/4

∣∣∣X1, . . . ,Xn

)
→ 0

in PnG0
-probability as n→∞. Consequently,

Π

(
G : W1(P,P0)≥K

(logn)5/8

n1/8

∣∣∣X1, . . . ,Xn

)
→ 0,

6Adapted from Theorem 4.4 in [62] and setting, in the author’s notation, p= 1.
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Π

(
G : |σ− σ0| ≥K

(logn)5/4

n1/4

∣∣∣X1, . . . ,Xn

)
→ 0

in PnG0
-probability for all large K > 0 as n→∞.

Laplace mixtures display a very different behavior compared to the Gaussian case. Al-
though their L1 rate is slower (of order n−1/4, up to poly-logarithmic factors, compared to
the Gaussian n−1/2), the resulting rates of recovery of P0 and Σ0 are polynomial rather than
logarithmic. This reflects the substantially weaker smoothing induced by the Laplace kernel
combined with the PDE inversion structure, which yield a much sharper inverse bound (com-
pare Theorems 4.4 and 4.2) and compensate for the slower density estimation rate. However,
Laplace mixtures exhibit the same qualitative separation in contraction rates as Gaussian mix-
tures: the location mixing measure P0 is recovered at rate n1/8(logn)5/8, whereas the scale
parameter Σ0 is recovered at the faster rate n1/4(logn)5/4. Ignoring poly-logarithmic factors,
this reflects significant heterogeneity in the form of a polynomial gap in the estimation rates
for these two parameters of interest.

5.1. Mixing measure priors beyond the Dirichlet process. We conclude this section by
noting that, although the results above are stated for Dirichlet process mixtures, the under-
lying methodology is not restricted to this specific prior choice. The arguments rely on two
ingredients: (i) the inverse inequalities developed in Sections 3 and 4, and (ii) available L1

posterior contraction rates for the corresponding mixture models. Since the inequalities are
general, they can be combined with contraction results for a wide range of alternative priors
on the mixing measure.

Examples include Pitman–Yor processes [54, 57], normalized inverse-Gaussian processes
[40], more general normalized random measures with independent increments [38, 42, 53,
58], Gibbs-type priors [13, 32], and species sampling models [37, 56]. For instance, the in-
equalities developed here could be combined with the contraction rates established in [63] for
Pitman–Yor and normalized inverse-Gaussian mixtures. We do not pursue these extensions
further, as they do not introduce additional conceptual difficulties given the generality of our
framework.

6. Discussion. We studied posterior contraction for mixing measures in homoscedas-
tic location-scale mixture models with infinitely many components. We developed a general
approach to derive lower-bounds for the L1 distance between mixture densities in terms of
discrepancies between the corresponding mixing measures. Our method relies on the dual
formulation of the W1 distance in terms of 1-Lipschitz functions, combined with functional
approximation and Fourier inversion techniques, and yields inequalities whose strength re-
flects the smoothness of the mixture kernel and, in the ordinary-smooth case, the applicability
of a novel PDE inversion condition. These results provide a unified route from L1 conver-
gence to contraction at the level of both the mixing measure and the shared scale parameter,
and apply to a range of commonly used kernels in the context of Dirichlet process mixtures.

In particular, we point out a connection with deconvolution problems, which have moti-
vated much of the previous work on mixing measure convergence, as they can be framed, in
the mixture setting, as the recovery of a signal distributed according to the unknown mixing
measure when observations are contaminated by additive noise drawn from the mixture ker-
nel [23, 61, 64]. As noted earlier, existing contributions focus on the location-only mixture
case, which in deconvolution terminology corresponds to the setting where the noise scale is
known. Our results can be interpreted as characterizing recovery of the mixing measure in the
more challenging scenario where the noise scale is also unknown. Moreover, in contrast to
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other multivariate deconvolution analyses [61], our approach does not rely on independence
assumptions across noise coordinates and instead accommodates general covariance struc-
tures. New results on L1 density estimation for infinite Cauchy mixtures would also make
it possible, when combined with our inequality in Theorem 4.3, to fully characterize the
currently unexplored problem of deconvolution with heavy-tailed Cauchy error distribution.

The functional-analytic techniques we developed to handle the dual formulation of the
W1 metric are quite general and open several directions for future work. A natural extension
is to heteroscedastic location-scale mixtures, where the scale parameter varies across com-
ponents. In addition, our results for different kernel choices reveal significant heterogeneity,
with Laplace mixtures achieving substantially faster rates than Gaussian mixtures. This raises
the question of whether, when the primary objects of interest are the mixing measure and the
scale (as in the deconvolution problems discussed above), it may be advantageous to use a
misspecified kernel with lower smoothness, potentially improving recovery rates—perhaps
up to an approximation error—when the true kernel is very smooth. A natural setting to inves-
tigate this question is the class of exponential power kernels considered for density estimation
by [62], where the smoothness can be tuned continuously and misspecification can be studied
in a systematic way. Finally, it would be of interest to extend our results to models with more
complex prior structures on the mixing measure, such as those inducing dependence across
multiple mixing measures [22, 41, 59, 67, among many others] or repulsion across atoms to
achieve well-separated components [55, 78].

SUPPLEMENTARY MATERIAL

Supplement to “Convergence Rates for Latent Mixing Measures in Infinite Ho-
moscedastic Location-Scale Mixture Models”
This document collects the detailed proofs of all the results presented in the article.
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This document collects the detailed proofs of all the results presented in
the article “Convergence Rates for Latent Mixing Measures in Infinite Ho-
moscedastic Location-Scale Mixture Models,” together with auxiliary lem-
mas and their proofs.

1. Proofs of theorems and propositions presented in the main text.

Proof of Theorem 3.2. Recall that the probability measures P and P ′ are supported on
X = B̄(0,R). By the fundamental Kantorovich-Rubinstein Duality Theorem [12] for optimal
transport on the compact metric space X , the W1 distance can be expressed as

W1(P,P
′) = sup

h∈Lip1(X )

∫
X
h(θ)(P (dθ)− P ′(dθ)) =

∫
X
h∗(θ)(P (dθ)− P ′(dθ)),

for a function h∗ :X →R with h∗ ∈ Lip1(X ).
We define h∗X (x) = h∗(x)−h∗(0) for all x ∈ X to guarantee that h∗X (0) = 0. Furthermore,

|h∗X (x)− h∗X (y)|= |h∗(x)− h∗(y)| ≤ ∥x− y∥. Thus, h∗X ∈ Lip1(X ). The shift also leaves
the optimal transport integral unchanged, which implies that∫

X
h∗X (θ)(P (dθ)− P ′(dθ)) =

∫
X
h∗(θ)(P (dθ)− P ′(dθ)) =W1(P,P

′).

Extension from compact domain X to Rd. We now extend the domain of the function
h∗X from X to Rd, while preserving its exact 1-Lipschitz property. This can be done via
the McShane-Whitney extension, which is recalled in Lemma 2.1 (see [5], [13], or [8] for
reference). Given the extension of the function h∗X to h̄∗X , we can rewrite the integral from
the compact subset X to the full Euclidean space Rd as follows:∫
Rd

h̄∗X (θ)(P (dθ)− P ′(dθ)) =

∫
X
h̄∗X (θ)(P (dθ)− P ′(dθ)) +

∫
Rd\X

h̄∗X (θ)(P (dθ)− P ′(dθ))

=

∫
X
h∗X (θ)(P (dθ)− P ′(dθ))

=W1(P,P
′).

Spatial truncation via smooth cutoff. Since h̄∗X ∈ Lip1(Rd), we have the global geomet-
ric growth bound:

∀x ∈Rd, |h̄∗X (x)|= |h̄∗X (x)− h̄∗X (0)| ≤ ∥x∥.

Our next goal is to further modify h̄∗X (x) to obtain an absolutely integrable function that is
amenable to Fourier inversion, and we do so via spatial truncation as follows.

Concretely, we aim to construct a spatial cutoff function η :Rd →R in C∞
c (Rd) that takes

values exactly in [0,1], evaluates identically to 1 on the closed ball B̄(0,R) (where P and P ′
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are supported), and vanishes completely outside the open ballB(0,2R). Lemma 2.2 provides
the detailed construction of such a cutoff function (see also [6]). Hence, given η , we denote

h̃∗X (x) := h̄∗X (x)η(x)

for all x ∈Rd. As we show in Lemma 2.3, h̃∗X ∈ L1(Rd) := {h ∈R(Rd) :
∫
Rd |h(x)|dx <∞}

and it is globally Lipschitz on Rd. By the properties of η, we also clearly have that∫
Rd

h̃∗X (θ)(P (dθ)− P ′(dθ)) =

∫
X
h̃∗X (θ)(P (dθ)− P ′(dθ)) +

∫
Rd\X

h̃∗X (θ)(P (dθ)− P ′(dθ))

=

∫
X
h∗X (θ)(P (dθ)− P ′(dθ))

=W1(P,P
′).(1)

Spectral bandlimiting via the Jackson kernel. Since h̃∗X ∈ L1(Rd), its Fourier trans-
form F [h̃∗X ](ξ) is well-defined. Our goal is to analyze

∫
X h̃

∗
X (θ)(P (dθ) − P ′(dθ)), which

by the Fourier inversion theorem can be rewritten as
∫
Rd F [h∗X ](ξ)(ΦP (ξ) − ΦP ′(ξ))dξ.

However, the integrand F [h∗X ](ξ)(ΦP (ξ) − ΦP ′(ξ)) may decay slowly and fail to be ab-
solutely integrable. To prevent this, we truncate the frequency domain within a neighborhood
{ξ ∈ Rd : ∥ξ∥ ≤ Λ} for some Λ> 0. This can be done via convolving the function h̃∗X with
the Jackson kernel.

To that end, consider the multivariate Jackson kernel (see [2], [1])

K(x) :=

(
3

8π
√
d

)d d∏
i=1

sinc4
(

xi

4
√
d

)
, x ∈Rd,

where sinc(u) := sinu/u, which by construction satisfies
∫
Rd K(x)dx = 1. Lemma 2.4 es-

tablishes several properties of the Fourier transform of K and its moments, which we use
in what follows. For any Λ > 0, define the function KΛ(x) := ΛdK(Λx). By Lemma 2.4,
supp(F [K])⊆ B̄(0,1), which implies that supp(F [KΛ])⊆ B̄(0,Λ).1 Consider the function

h̃∗X ,Λ(x) := (h̃∗X ∗KΛ)(x) =

∫
Rd

h̃∗X (x− y)KΛ(y)dy.

Direct computation yields that

h̃∗X ,Λ(x)− h̃∗X (x) =

∫
Rd

h̃∗X (x− y)KΛ(y)dy−
∫
Rd

h̃∗X (x)KΛ(y)dy

=

∫
Rd

[h̃∗X (x− y)− h̃∗X (x)]KΛ(y)dy.

Since the function h̃∗X is a globally (1 + 2RMη)-Lipschitz function (which follows from
Lemma 2.3), we further obtain that, for any x ∈Rd,

|h̃∗X ,Λ(x)− h̃∗X (x)| ≤
∫
Rd

|h̃∗X (x− y)− h̃∗X (x)|ΛdK(Λy)dy

≤ (1 + 2RMη)

∫
Rd

∥y∥ΛdK(Λy)dy

=
(1+ 2RMη)MK

Λ
,

1For any function h :Rd→R, supp(h) denotes the closure of the set {x ∈Rd : h(x) ̸= 0}.
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where the last inequality follows from Lemma 2.4. As a consequence, we arrive at

∥h̃∗X ,Λ − h̃∗X ∥∞ ≤ (1 + 2RMη)MK

Λ
.(2)

From the dual formulation of W1(P,P
′) in Equation (1), we have

W1(P,P
′) =

∫
Rd

h̃∗X (θ)(P (dθ)− P ′(dθ))

=

∫
Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P (dθ)− P ′(dθ)) +

∫
Rd

h̃∗X ,Λ(θ)d(P (dθ)− P ′(dθ)).

A direct application of Hölder’s inequality leads to∫
Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P (dθ)−P ′(dθ))≤ ∥h̃∗X ,Λ− h̃∗X ∥∞∥P −P ′∥1 ≤
2(1 + 2RMη)MK

Λ
,

where the final inequality is due to ∥P − P ′∥1 ≤ 2 and the bound of ∥h̃∗X ,Λ − h̃∗X ∥∞ in
Equation (2).2 Hence, we obtain the following bound

W1(P,P
′)≤ 2(1 + 2RMη)MK

Λ
+

∫
Rd

h̃∗X ,Λ(θ)(P (dθ)− P ′(dθ)).(3)

To apply the Fourier inversion theorem to
∫
Rd h̃

∗
X ,Λ(θ)(P (dθ)− P ′(dθ)), we first need to

demonstrate that h̃∗X ,Λ ∈ L1(Rd) and F [h̃∗X ,Λ] ∈ L1(Rd). Because h̃∗X ,Λ(x) = (h̃∗X ∗KΛ)(x),

an application of Young’s inequality leads to ∥h̃∗X ,Λ∥1 ≤ ∥h̃∗X ∥1∥KΛ∥1 = ∥h̃∗X ∥1 < ∞
(thanks to Lemma 2.3). As for F [h̃∗X ,Λ], by the properties of convolutions we obtain that

F [h̃∗X ,Λ](ξ) =F [h̃∗X ](ξ)F [KΛ](ξ). As supp(F [KΛ])⊆ B̄(0,Λ), we have supp(F [h̃∗X ,Λ])⊆
B̄(0,Λ). Furthermore, ∥F [KΛ]∥∞ ≤ 1 and ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1 (see Lemma 2.3).

Therefore, ∥F [h̃∗X ,Λ]∥∞ ≤ ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1. Putting these results together, we

obtain that F [h̃∗X ,Λ] ∈ L1(Rd).
Now, from the Fourier inversion theorem, as h̃∗X ,Λ ∈ L1(Rd) and F [h̃∗X ,Λ] ∈ L1(Rd), we

can write

h̃∗X ,Λ(x) =
1

(2π)d

∫
Rd

F [h̃∗X ,Λ](ξ)e
iξ⊤xdξ,

leading to∫
Rd

h̃∗X ,Λ(θ)(P (dθ)− P ′(dθ)) =
1

(2π)d

∫
Rd

(∫
Rd

F [h̃∗X ,Λ](ξ)e
iξ⊤θdξ

)
(P (dθ)− P ′(dθ)).

Since |F [h̃∗X ,Λ]| and P − P ′ have compact support, and |F [h̃∗X ,Λ]| is bounded, we have∫
Rd

∫
Rd

|F [h̃∗X ,Λ](ξ)e
iξ⊤θ|dξd|P − P ′|=

∫
Rd

∫
Rd

|F [h̃∗X ,Λ](ξ)|dξd|P − P ′|<∞.

Thus, by Fubini’s theorem, we have that∫
Rd

h̃∗X ,Λ(θ)(P (dθ)− P ′(dθ)) =
1

(2π)d

∫
Rd

(∫
Rd

eiξ
⊤θ(P (dθ)− P ′(dθ))

)
F [h̃∗X ,Λ](ξ)dξ

2With a slight abuse of notation, ∥P − P ′∥1 := supA∈B(Rd) |P (A) − P ′(A)| denotes the total variation

distance between probability measures P and P ′.
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=
1

(2π)d

∫
Rd

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ

=
1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ,

where the final identity is due to the fact that supp(F [h̃∗X ,Λ])⊆ B̄(0,Λ).
Putting all of these results together, we arrive at

W1(P,P
′)≤ 2(1 + 2RMη)MK

Λ
+

1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ.(4)

Next, since pG = P ∗ f(· | 0,Σ) and, therefore, ΦpG(ξ) = ΦP (ξ)ΦΣ(ξ) for all ξ ∈ Rd, we
obtain that

ΦP (ξ)−ΦP ′(ξ) =
ΦpG(ξ)

ΦΣ(ξ)
− ΦpG′ (ξ)

ΦΣ′(ξ)

=
ΦpG(ξ)−ΦpG′ (ξ)

ΦΣ(ξ)
+ΦP ′(ξ)

(
ΦΣ′(ξ)−ΦΣ(ξ)

ΦΣ(ξ)ΦΣ′(ξ)

)
ΦΣ′(ξ),

where we used the fact that both ΦΣ′(ξ) and ΦΣ(ξ) are non-zero for all ξ ∈Rd by assumption.
Given that |ΦP ′(ξ)| ≤ 1 for all ξ ∈ Rd and ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1 =: C(R,d), an

application of the triangle inequality leads to∣∣∣∣∣
∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ

∣∣∣∣∣
≤ C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ +
C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ.(5)

By construction, |ΦpG(ξ)−ΦpG′ (ξ)| ≤ ∥pG − pG′∥1 for any ξ ∈ Rd. Furthermore, applying
the super-smooth assumption, we have exp(−c1∥ξ∥α)≤ |ΦΣ(ξ)|. Therefore, we obtain that

C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ ≤ C(R,d)

(2π)d
∥pG − pG′∥1

∫
B̄(0,Λ)

exp(c1∥ξ∥α)dξ

≤C1∥pG − pG′∥1Λd exp(c1Λα),(6)

where C1 =
C(R,d)

(4π)d/2Γ(d/2+1) is a constant depending on R and d.
By Assumption 2, we get

(7) |ΦΣ′(ξ)−ΦΣ(ξ)|≲ Ξ(∥Σ−Σ′∥op)∥ξ∥pmax
(
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

)
and thus, by super-smoothness,∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ ≲ Ξ(∥Σ−Σ′∥op)
∫
B̄(0,Λ)

∥ξ∥p
[
max

(
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

)
|ΦΣ(ξ)|

]
dξ

≤ Ξ(∥Σ−Σ′∥op)
∫
B̄(0,Λ)

∥ξ∥p exp((c1 − c2)∥ξ∥α)dξ

≤ Ξ(∥Σ−Σ′∥op) exp((c1 − c2)Λ
α)

∫
B̄(0,Λ)

∥ξ∥pdξ

=C ′Ξ(∥Σ−Σ′∥op)Λd+p exp((c1 − c2)Λ
α)(8)
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for some C ′ depending on d. Plugging the bounds in Equations (6) and (8) into the bound in
Equation (5) yields that∣∣∣∣∣
∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ

∣∣∣∣∣≤C2∥pG − pG′∥1Λd exp(c1Λα)

+C3Ξ(∥Σ−Σ′∥op)Λd+p exp((c1 − c2)Λ
α),(9)

where C2 and C3 are constants depending on R, λmin, λmax, and d. Since ∥pG − pG′∥1 ≳
Ψ(∥Σ − Σ′∥op) and Ψ is strictly increasing, we have that Ψ−1(∥pG − pG′∥1/C0) ≥ ∥Σ −
Σ′∥op for some C0 > 0.

Combining Equations (3) and (9) and noting that Ξ is also a strictly increasing function,
we obtain that

W1(P,P
′)≤ C1

Λ
+C2∥pG − pG′∥1Λd exp(c1Λα)

+C3(Ξ ◦Ψ−1)(∥pG − pG′∥1/C0)Λ
d+p exp((c1 − c2)Λ

α),

where C1 := 2(1+2RMη)MK . Choosing now Λ= 2C1/W1(P,P
′) we arrive at the inequal-

ity

1≤
[
C ′
2VW1(P,P

′)−(d+1) +C ′
3(Ξ ◦Ψ−1)(V/C0)W1(P,P

′)−(d+p+1)
]

× exp
(
C ′
4W1(P,P

′)−α
)
,(10)

where we set V = ∥pG − pG′∥1, C ′
2 = 2C2(2C1)

d, C ′
3 = 2C3(2C1)

d+p, and C ′
4 = c1(2C1)

α.
Using Lemma 2.9 for p1 = (d+ 1)/α and p2 = (d+ p+ 1)/α, there exist Mp1,1 and Mp2,1

depending only on p1 and p2 such that

W1(P,P
′)−(d+1) ≤Mp1,1 exp(W1(P,P

′)−α),

W1(P,P
′)−(d+p+1) ≤Mp2,1 exp(W1(P,P

′)−α).

Combining these results with (10), we have

1≤C ′
2Mp1,1V exp((1 +C ′

4)W1(P,P
′)−α)

+C ′
3Mp2,1(Ξ ◦Ψ−1)(V/C0) exp((1 +C ′

4)W1(P,P
′)−α)

≤C ′′
2V exp(CnewW1(P,P

′)−α) +C ′′
3 (Ξ ◦Ψ−1)(V/C0) exp(CnewW1(P,P

′)−α),

where C ′′
2 = C ′

2Mp1,1, C ′′
3 = C ′

3Mp2,1, and Cnew = 1 + C ′
4. This inequality implies either

1/2≤C ′′
2V exp(CnewW1(P,P

′)−α) or 1/2≤C ′′
3 (Ξ ◦Ψ−1)(V/C0) exp(CnewW1(P,P

′)−α).
The first case implies

V ≥ 1

2C ′′
2

exp

(
−Cnew

1

W1(P,P ′)α

)
,

while the second case implies

V ≥C0(Ψ ◦Ξ−1)

(
1

2C ′′
3

exp

(
−Cnew

1

W1(P,P ′)α

))
.

As a result, we have

V ≥C1min

(
exp

(
− C

W1(P,P ′)α

)
, (Ψ ◦Ξ−1)

(
C̃ exp

(
− C

W1(P,P ′)α

)))
,

where C = Cnew, C1 =min{1,1/2C ′′
2 ,C0}, and C̃ = 1/2C ′′

3 . Combining with Assumption
1, this completes the proof.
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Proof of Theorem 3.4. Following the same duality, extension, cutoff, and spectral ban-
dlimiting arguments as in the proof of Theorem 3.2, we arrive at

W1(P,P
′)≤ C1

Λ
+

1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ,(11)

where Λ > 0 is to be chosen later, h̃∗X ,Λ is defined in the proof of Theorem 3.2, and C1 :=

2(1+2RMη)MK . Using the same decomposition as in Equation (5), recalling that ΦpG(ξ) =
ΦP (ξ)ΦΣ(ξ) and setting C(R,d) := πd/2

Γ(d/2+1)(2R)
d+1, we have∣∣∣∣∣

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ

∣∣∣∣∣
≤ C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ +
C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ.

(12)

We now bound each term separately.
As for the first term, since |ΦpG(ξ) − ΦpG′ (ξ)| ≤ ∥pG − pG′∥1 for all ξ ∈ Rd, and

the ordinary-smoothness assumption gives |ΦΣ(ξ)| ≥ c1(1 + ∥ξ∥β)−1, an application of
Lemma 2.5 yields

C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|ΦΣ(ξ)|

dξ ≤ C(R,d)

c1(2π)d
∥pG − pG′∥1

∫
B̄(0,Λ)

(1 + ∥ξ∥β)dξ

≤C ′
2∥pG − pG′∥1max{Λd+β,Λd},(13)

where C ′
2 is a constant depending on R, d, and c1.

As for the second term, from Assumption 2,

|ΦΣ′(ξ)−ΦΣ(ξ)|≲ Ξ(∥Σ−Σ′∥op)∥ξ∥pmax
(
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

)
.

Moreover, by ordinary-smoothness, max
(
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

)
≤ c2(1 + ∥ξ∥β)−1, so that

max
(
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

)
|ΦΣ(ξ)|

≤ c2(1 + ∥ξ∥β)−1

c1(1 + ∥ξ∥β)−1
=
c2
c1
.

Thus, another application of Lemma 2.5 yields∫
B̄(0,Λ)

|ΦΣ′(ξ)−ΦΣ(ξ)|
|ΦΣ(ξ)|

dξ ≲
c2
c1
Ξ(∥Σ−Σ′∥op)

∫
B̄(0,Λ)

∥ξ∥p dξ

=C ′
3Ξ(∥Σ−Σ′∥op)Λd+p,(14)

where C ′
3 is a constant depending on R, d, λmin, λmax, and p. Substituting Equations (13)

and (14) into Equation (12), and in turn into (11), we arrive at the bound

W1(P,P
′)≤ C1

Λ
+C ′

2∥pG − pG′∥1max{Λd+β,Λd}

+C ′
3 (Ξ ◦Ψ−1)(∥pG − pG′∥1/C0)Λ

d+p,(15)

where we used Ξ(∥Σ−Σ′∥op)≤ (Ξ ◦Ψ−1)(∥pG − pG′∥1/C0), which follows from ∥pG −
pG′∥1 ≥ C0Ψ(∥Σ−Σ′∥op) for some C0 (by Assumption 1) and the fact that both Ψ and Ξ
are strictly increasing. We now distinguish two cases, based on the size of W1(P,P

′).
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Case 1: W1(P,P
′) ≥ 2C1. Setting Λ = 1 in Equation (15) and using W1(P,P

′) − C1 ≥
W1(P,P

′)/2, we get

W1(P,P
′)≤ 2C ′

2∥pG − pG′∥1 + 2C ′
3 (Ξ ◦Ψ−1)(∥pG − pG′∥1/C0).

Hence eitherW1(P,P
′)≤ 4C ′

2∥pG−pG′∥1 orW1(P,P
′)≤ 4C ′

3 (Ξ◦Ψ−1)(∥pG−pG′∥1/C0).
Since supp(P ), supp(P ′) ⊆ B̄(0,R) implies W1(P,P

′) ≤ 2R, we have W1(P,P
′) ≥

(2R)−(d+β)W1(P,P
′)d+β+1 and similarly with d + p in place of d + β. Combining these

observations, there exist constants C ′
I and c′I depending on R, d, λmin, λmax, and p such that

∥pG − pG′∥1 ≥C ′
Imin

{
W1(P,P

′)d+β+1, (Ψ ◦Ξ−1)
(
c′IW1(P,P

′)d+p+1
)}
.(16)

Case 2: W1(P,P
′)< 2C1. Setting Λ= 2C1/W1(P,P

′) in Equation (15) gives

1≤C ′
2,II ∥pG − pG′∥1W1(P,P

′)−(d+β+1)

+C ′
3,II (Ξ ◦Ψ−1)(∥pG − pG′∥1/C0)W1(P,P

′)−(d+p+1),

where C ′
2,II = 2C ′

2(2C1)
d+β and C ′

3,II = 2C ′
3(2C1)

d+p. Hence either the first or second
summand is at least 1/2, yielding respectively ∥pG − pG′∥1 ≥W1(P,P

′)d+β+1/2C ′
2,II or

∥pG − pG′∥1 ≥ C0 (Ψ ◦ Ξ−1)(W1(P,P
′)d+p+1/2C ′

3,II). Combining, there exists a constant
C > 0 such that

∥pG − pG′∥1 ≳min
{
W1(P,P

′)d+β+1, (Ψ ◦Ξ−1)
(
CW1(P,P

′)d+p+1
)}
.(17)

Combining (16) and (17) with Assumption 1, we conclude that

∥pG− pG′∥1 ≳min
{
W1(P,P

′)d+β+1, (Ψ ◦Ξ−1)
(
CW1(P,P

′)d+p+1
)}

+Ψ(∥Σ−Σ′∥op),

where the implicit constant and C depend onR, λmin, λmax, and d. This completes the proof.

Proof of Proposition 3.6. Let P = δ0, so that G= δ0 × δΣ ∈ G , and the mixture density
pG corresponds to

pG(x) =

∫
Rd

f(x | θ,Σ) δ0(dθ) = f(x | 0,Σ), x ∈Rd.

By the PDE inversion condition, we have TΣf(· | 0,Σ) = δ0. Applying the Fourier transform
to both sides yields F [TΣf(· | 0,Σ)](ξ) = 1, for all ξ ∈ Rd. Consequently, we have, for all
ξ ∈Rd, that

1 =F [TΣf(· | 0,Σ)](ξ)

=

 ∑
ν∈Nd : 0≤|ν|≤β

cν(Σ)(−iξ)ν
F [f(· | 0,Σ)](ξ)

=

 ∑
ν∈Nd : 0≤|ν|≤β

cν(Σ)(−iξ)ν
ΦΣ(−ξ).

Let QΣ denote the characteristic polynomial of the differential operator TΣ, namely,

(18) QΣ(ξ) :=
∑

ν∈Nd : 0≤|ν|≤β

cν(Σ)(−iξ)ν , ξ ∈Rd.
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Noting that ΦΣ(·) is an even function because, by assumption, f(· | 0,Σ) is even, we conclude
that QΣ(ξ)ΦΣ(ξ) = 1 for all ξ ∈ Rd, which in turn implies that |ΦΣ(ξ)|= |QΣ(ξ)|−1 for all
ξ ∈Rd.

We first prove the lower bound |ΦΣ(ξ)| ≥ c1(1 + ∥ξ∥β)−1 for some c1 > 0, which is
equivalent to showing |QΣ(ξ)| ≤Cupper(1+∥ξ∥β) for some Cupper > 0. An application of the
triangle inequality to the polynomial QΣ(ξ) leads to

|QΣ(ξ)| ≤
∑

ν∈Nd : 0≤|ν|≤β

|cν(Σ)| · ∥ξ∥|ν|.

Given the PDE inversion condition, the coefficients cν(Σ) are continuous mappings from
the set of positive-definite matrices S+d (λmin, λmax) to R. Because S+d (λmin, λmax) is a
closed and bounded compact metric space, any continuous function defined on it is glob-
ally bounded. Thus, there exists a constant M > 0, depending only on λmin and λmax, such
that supΣ |cν(Σ)| ≤M for all ν ∈Nd.

Furthermore, for any integer degree 0≤ |ν| ≤ β, we have

∥ξ∥|ν| ≤ 1 + ∥ξ∥β for all ξ ∈Rd.

Therefore, we obtain that

|QΣ(ξ)| ≤M
∑

ν∈Nd : 0≤|ν|≤β

(1 + ∥ξ∥β) =M

(
β + d

d

)
(1 + ∥ξ∥β) =:Cupper(1 + ∥ξ∥β).

Next, we prove the upper bound |ΦΣ(ξ)| ≤ c2(1 + ∥ξ∥β)−1 for some c2 > 0, which is
equivalent to proving |QΣ(ξ)| ≥ Clower(1 + ∥ξ∥β) for some Clower > 0. As |ΦΣ(ξ)| ≤ 1 for
all ξ ∈Rd, it follows that

|QΣ(ξ)|= |ΦΣ(ξ)|−1 ≥ 1.

Recall that f(x | 0,Σ) = |Σ|−1/2g(x⊤Σ−1x). Using the change of variables y =Σ−1/2x, we
have that

ΦΣ(ξ) =

∫
Rd

eiξ
⊤(Σ1/2y)g(y⊤y)dy =

∫
Rd

ei(Σ
1/2ξ)⊤yg(∥y∥2)dy.

Define I(v) :=
∫
Rd e

iv⊤yg(∥y∥2)dy, where v =Σ1/2ξ. For any orthogonal matrixO, we have

I(Ov) =

∫
Rd

ei(Ov)
⊤yg(∥y∥2)dy =

∫
Rd

eiv
⊤(O⊤y)g(∥y∥2)dy = I(v).

This rotational invariance means there exists a function ψ such that I(v) = ψ(∥v∥2). Equiv-
alently,

ΦΣ(ξ) = ψ
(
∥Σ1/2ξ∥2

)
= ψ(ξ⊤Σξ).

Therefore, we obtain QΣ(ξ) = 1/ψ(ξ⊤Σξ). By setting y =Σ1/2ξ, it is clear that the function
Q̃(y) :=QΣ(Σ

−1/2y) = 1/ψ(∥y∥2) is a multivariate polynomial in y that is invariant under
any orthogonal rotation matrix O, since ∥Oy∥2 = ∥y∥2. Hence, it is a polynomial strictly in
∥y∥2. Denoting β = 2m, we can represent the polynomial QΣ(ξ) as follows:

QΣ(ξ) =

m∑
k=0

ak(Σ)(ξ
⊤Σξ)k,

where all odd-degree coefficients disappear. From the formulation of QΣ in Equation (18),
we have ak(Σ) ∈ R for 0≤ k ≤m. By the first assumption in the PDE inversion condition,
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am(Σ) ̸= 0. Furthermore, the fact that |QΣ(ξ)| ≥ 1 for all ξ implies that the leading coeffi-
cient must be strictly positive, am(Σ)> 0.

Since the original coefficients cν(Σ) are continuous on the compact metric space
S+d (λmin, λmax), the derived polynomial coefficients ak(Σ) are also continuous on this
compact set. Thus, the leading coefficient attains a strictly positive minimum a∗m :=
minΣ am(Σ) > 0, and the remaining coefficients attain finite maximum magnitudes A∗

k :=
maxΣ |ak(Σ)| <∞. We now establish a uniform lower bound for |QΣ|. An application of
the reverse triangle inequality leads to

|QΣ(ξ)| ≥ am(Σ)
∣∣∣ξ⊤Σξ∣∣∣m −

m−1∑
k=0

|ak(Σ)||ξ⊤Σξ|k.

Since λmin∥ξ∥2 ≤ ξ⊤Σξ ≤ λmax∥ξ∥2, it holds that

|QΣ(ξ)| ≥ a∗mλ
m
min∥ξ∥2m −

m−1∑
k=0

A∗
kλ

k
max∥ξ∥2k.

Hence, for ∥ξ∥ ≥ 1, we have

|QΣ(ξ)| ≥M1∥ξ∥β −M2∥ξ∥β−2 = ∥ξ∥β
(
M1 −

M2

∥ξ∥2

)
,

where M1 := a∗mλ
m
min and M2 :=

∑m−1
k=0 A

∗
kλ

k
max are strictly positive constants independent

of Σ. By choosing ∥ξ∥ ≥max
{√

2M2/M1,1
}

, we obtain that

|QΣ(ξ)| ≥
M1

2
∥ξ∥β.

Combining this bound with the fact that |QΣ(ξ)| ≥ 1 for all ξ, we arrive at

|QΣ(ξ)| ≥Clower(1 + ∥ξ∥β),

for a sufficiently small constant Clower > 0 depending only on λmin, λmax, and the operator
TΣ. Putting these results together leads to the conclusion that the kernel f is an ordinary-
smooth function of order β.

Proof of Theorem 3.7. Let h̄∗X be the 1-Lipschitz continuous function achieving the
Kantorovich–Rubinstein infimum, constructed as in the proof of Theorem 3.2, and set
h̃∗X (x) := h̄∗X (x)η(x), with η denoting the cutoff function constructed in Lemma 2.2. Rather
than convolving with the Jackson kernel, we convolve h̃∗X with a scaled normalized mollifier
in order to obtain a smooth proxy amenable to differentiation under the integral. Concretely,
let ψ be the mollifier defined in Lemma 2.2, and set ψΛ(x) := Λdψ(Λx) for Λ> 0.3 Define

h̃∗X ,Λ(x) := (h̃∗X ∗ψΛ)(x) =

∫
Rd

h̃∗X (x− y)ψΛ(y)dy.

Since h̃∗X has support in B̄(0,2R) and ψΛ has support in B̄(0,1/Λ), we have supp(h̃∗X ,Λ)⊆
B̄(0,2R+ 1/Λ). We split the rest of the proof into several steps.

3Compared to Lemma 2.2, this is a slight abuse of notation, as in the Lemma ψϵ(x) is defined as ϵ−dψ(x/ϵ).
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Approximation bound. Direct computation gives

h̃∗X ,Λ(x)− h̃∗X (x) =

∫
Rd

[
h̃∗X (x− y)− h̃∗X (x)

]
ψΛ(y)dy, x ∈Rd.

Since h̃∗X is globally (1 + 2RMη)-Lipschitz continuous (Lemma 2.3), for any x ∈ Rd we
have

|h̃∗X ,Λ(x)− h̃∗X (x)| ≤ (1 + 2RMη)

∫
Rd

∥y∥Λdψ(Λy)dy =
(1+ 2RMη)M

′
ψ

Λ
,

where M ′
ψ :=

∫
Rd ∥y∥ψ(y)dy <∞. Hence,

∥h̃∗X ,Λ − h̃∗X ∥∞ ≤
(1 + 2RMη)M

′
ψ

Λ
.(19)

Applying the same Hölder argument as in the proof of Theorem 3.2 and setting C ′
1 := 2(1 +

2RMη)M
′
ψ , we obtain

W1(P,P
′)≤ C ′

1

Λ
+

∫
Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ)).(20)

PDE inversion. Since f satisfies the PDE inversion condition of order β, we have
TΣpG = P and TΣ′pG′ = P ′ in the sense of distributions.4 Therefore,∫

Rd

h̃∗X ,Λ(θ) (P (dθ)− P ′(dθ)) = ⟨h̃∗X ,Λ, TΣpG −TΣ′pG′⟩

= ⟨h̃∗X ,Λ, TΣ(pG − pG′)⟩+ ⟨h̃∗X ,Λ, (TΣ −TΣ′)pG′⟩

= ⟨T ∗
Σ h̃

∗
X ,Λ, pG − pG′⟩+ ⟨(T ∗

Σ −T ∗
Σ′)h̃∗X ,Λ, pG′⟩

=: I1 + I2,

where the use of the adjoint operators is justified by the fact that h̃∗X ,Λ ∈C∞
c (Rd).

Bound on I1. By Hölder’s inequality,

(21) |I1| ≤ ∥pG − pG′∥1 ∥T ∗
Σ h̃

∗
X ,Λ∥∞.

We bound ∥T ∗
Σ h̃

∗
X ,Λ∥∞ by the triangle inequality:

∥T ∗
Σ h̃

∗
X ,Λ∥∞ ≤ |c0(Σ)| ∥h̃∗X ,Λ∥∞ +

∑
ν∈Nd : 1≤|ν|≤β

|cν(Σ)| ∥∂ν h̃∗X ,Λ∥∞.

Applying the Fourier transform to both sides of TΣpG = P and evaluating at ξ = 0 (where
ΦpG(0) = ΦP (0) = 1) gives c0(Σ) ≡ 1. By Young’s inequality and ∥h̃∗X ∥∞ ≤ 2R (see the
proof of Lemma 2.3), we have ∥h̃∗X ,Λ∥∞ ≤ 2R. For the higher-order terms, we claim that

∥∂ν h̃∗X ,Λ∥∞ ≤CderΛ
|ν|−1 for all ν ∈Nd such that 1≤ |ν| ≤ β and some Cder <∞. Indeed,

fixing any canonical direction em with νm ≥ 1 and writing ν ′ = ν − em, the convolution
structure gives

∂ν h̃∗X ,Λ = (∂xm
h̃∗X ) ∗ (∂ν

′
ψΛ).

4For standard references on distribution theory, see [3, 9, 10].
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By Young’s inequality and ∥∇h̃∗X ∥∞ ≤ 1 + 2RMη (Lemma 2.3),

∥∂ν h̃∗X ,Λ∥∞ ≤ (1 + 2RMη)∥∂ν
′
ψΛ∥1.

A change of variables and the chain rule give ∥∂ν′
ψΛ∥1 =Λ|ν′|∥∂ν′

ψ∥1 ≤Cψ,βΛ
|ν|−1, where

Cψ,β := maxν∈Nd:1≤|ν′|≤β ∥∂ν
′
ψ∥1 <∞. Hence Cder :=Cψ,β(1 + 2RMη).

Since the eigenvalues of Σ lie in [λmin, λmax] and the coefficients cν(Σ) depend smoothly
on Σ, we have maxν∈Nd:1≤|ν|≤β |cν(Σ)| ≤Mβ <∞ (whereMβ is independent of Σ). Setting
C ′′
1 :=CderMβ

(
d+β
d

)
+ 2R, for Λ≥ 1 we obtain

∥T ∗
Σ h̃

∗
X ,Λ∥∞ ≤C ′′

1 (1 +Λβ−1),

and therefore

(22) |I1| ≤C ′′
1 (1 +Λβ−1)∥pG − pG′∥1.

Bound on I2. By Hölder’s inequality,

(23) |I2| ≤ ∥(T ∗
Σ −T ∗

Σ′)h̃∗X ,Λ∥∞.

The Lipschitz continuity of the coefficients Σ 7→ cν(Σ) gives |cν(Σ)− cνσ
′| ≤ L∥Σ−Σ′∥op

uniformly in ν. Combining with the derivative bound obtained before and setting C ′′
2 :=

CL
(
d+β
d

)
, we get

∥(T ∗
Σ −T ∗

Σ′)h̃∗X ,Λ∥∞ ≤
∑

ν∈Rd : 1≤|ν|≤β

|cν(Σ)− cνσ
′| ∥∂ν h̃∗X ,Λ∥∞

≤C ′′
2 ∥Σ−Σ′∥op(1 +Λβ−1),(24)

and therefore |I2| ≤C ′′
2 ∥Σ−Σ′∥op(1 +Λβ−1).

Conclusion. Combining Equations (20), (22), and (24), and using ∥Σ − Σ′∥op ≤
Ψ−1(∥pG − pG′∥1/C0) for some C0 > 0 (by Assumption 1), we obtain, for Λ≥ 1,

W1(P,P
′)≤ C ′

1

Λ
+C ′′

1 (1 +Λβ−1)∥pG − pG′∥1 +C ′′
2Ψ

−1(∥pG − pG′∥1/C0)(1 +Λβ−1).

(25)

We now distinguish two cases based on the size of W1(P,P
′).

Case 1: W1(P,P
′) ≥ 2C ′

1. Setting Λ = 1 in Equation (25) and using W1(P,P
′) − C ′

1 ≥
W1(P,P

′)/2, we get

W1(P,P
′)≤ 4C ′′

1 ∥pG − pG′∥1 + 4C ′′
2Ψ

−1(∥pG − pG′∥1/C0).

Hence either W1(P,P
′) ≤ 8C ′′

1 ∥pG − pG′∥1 or W1(P,P
′) ≤ 8C ′′

2Ψ
−1(∥pG − pG′∥1/C0).

Since supp(P ), supp(P ′) ⊆ B̄(0,R) implies W1(P,P
′) ≤ 2R, we have W1(P,P

′) ≤
(2R)1−βW1(P,P

′)β . Combining, there exist constants C ′′
I and c′′I such that

∥pG − pG′∥1 ≥C ′′
I min

{
W1(P,P

′)β, Ψ
(
c′′I W1(P,P

′)β
)}
.(26)
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Case 2: W1(P,P
′) < 2C ′

1. Setting Λ = 2C ′
1/W1(P,P

′) > 1 in Equation (25) and letting
C ′′
1,II := 4C ′′

1 (2C
′
1)
β−1 and C ′′

2,II := 4C ′′
2 (2C

′
1)
β−1, we obtain

1≤C ′′
1,IIW1(P,P

′)−β∥pG − pG′∥1 +C ′′
2,IIW1(P,P

′)−βΨ−1(∥pG − pG′∥1/C0).

Hence either the first or the second summand is at least 1/2, yielding respectively ∥pG −
pG′∥1 ≥W1(P,P

′)β/(2C ′′
1,II) or ∥pG − pG′∥1 ≥ C0Ψ(W1(P,P

′)β/(2C ′′
2,II)). Combining,

there exist constants C ′′
II and c′′II such that

∥pG − pG′∥1 ≥C ′′
IImin

{
W1(P,P

′)β, Ψ
(
c′′IIW1(P,P

′)β
)}
.(27)

Combining Equations (26) and (27) with Assumption 1, we conclude that

∥pG − pG′∥1 ≳min
{
W1(P,P

′)β, Ψ
(
CW1(P,P

′)β
)}

+Ψ(∥Σ−Σ′∥op),

where the implicit constant and C depend onR, λmin, λmax, and d. This completes the proof.

Proof of Theorem 4.1. We split the proof in four parts, as follows.

Verification of Assumption 2. The characteristic function of the Gaussian kernel is ΦΣ(ξ) =
exp(−ξ⊤Σξ/2). Setting ψ(t) := e−t/2, so that ψ′(t) = −ψ(t)/2, the mean value theorem
gives a τ ∈ (0,1) such that

ΦΣ′(ξ)−ΦΣ(ξ) = ψ(ξ⊤Σ′ξ)−ψ(ξ⊤Σξ) = ψ′(ξ⊤Σ(τ)ξ) · ξ⊤(Σ′ −Σ)ξ,

where Σ(τ) = (1− τ)Σ′ + τΣ. Hence,

|ΦΣ′(ξ)−ΦΣ(ξ)| ≤ 1
2 ψ(ξ

⊤Σ(τ)ξ)∥Σ′ −Σ∥op∥ξ∥2

≤ 1
2 max

{
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

}
∥Σ′ −Σ∥op∥ξ∥2,

so Assumption 2 holds with p= 2 and Ξ(t) = t.

Verification of Assumption 1: univariate case. Consider two univariate mixture densities

pG(x) =

∫
f(x | θ,σ2)P (dθ) and pG′(x) =

∫
f(x | θ,σ′2)P ′(dθ),

where f(· | θ,σ2) denotes the univariate Gaussian kernel with mean θ and variance σ2. With-
out loss of generality, suppose σ2 ≥ σ′2 and set γ2 := σ2 − σ′2. By the semigroup property
of Gaussian convolutions, f(· | 0, σ2) = f(· | 0, γ2) ∗ f(· | 0, σ′2), so that

pG = P ∗ f(· | 0, σ2) =
(
P ∗ f(· | 0, γ2)

)
∗ f(· | 0, σ′2) =: P̃ ∗ f(· | 0, σ′2),

where P̃ is the distribution of X + γZ with X ∼ P and Z ∼ f(· | 0,1), independent of each
other.

For a positive integer k to be specified later, consider the Hermite polynomial

H2k(x;σ
′2) := EZ∼f(·|0,1)

[
(x+ iσ′Z)2k

]
.

By Lemma 2.6,
∫
RH2k(x;σ

′2)f(x | θ,σ′2)dx= θ2k, so that

∆M2k :=

∫
θ2k P̃ (dθ)−

∫
θ2k P ′(dθ) =

∫
R
H2k(x;σ

′2)
(
pG(x)− pG′(x)

)
dx.

We now lower-bound ∆M2k. Since P̃ is the law of X + γZ ,∫
θ2k P̃ (dθ) =

k∑
j=0

(
2k

2j

)
EP
[
X2k−2j

]
γ2jE

[
Z2j
]
≥ γ2k(2k− 1)!!.
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Using (2k)! ≥ (2k/e)2k and k! ≤ kk, we get (2k − 1)!! = (2k)!
2kk! ≥ (2k/e2)k. Since P ′ is

supported on [−R,R], we have
∫
θ2k P ′(dθ)≤R2k, and therefore

(28) ∆M2k ≥
(
2k

e2

)k
γ2k −R2k.

To obtain an upper-bound on ∆M2k, set V := ∥pG − pG′∥1 and Λ :=R+ L, for a L > 0 to
be specified. From the definition of H2k,

|H2k(x;σ
′2)| ≤ 2k−1

(
x2k + σ′2k(2k− 1)!!

)
≤ 2k−1

(
x2k + λkmax2

kkk
)
.

For any choice of |x| > Λ, θ ∈ [−R,R] and σ ∈ [λmin, λmax], the Gaussian kernel
satisfies f(x | θ,σ2) ≤ C0 exp(−(|x| − R)2/2λ2max) with C0 = (2πλ2min)

−1/2, so that
|pG(x)|, |pG′(x)| ≤ C0 exp(−(|x| − R)2/2λ2max). Splitting the integral at |x| = Λ and ap-
plying Lemma 2.7 to bound the tail, we obtain

∆M2k ≤Ck2
(
V + e−L

2/2λ2
max

)(
R2k +L2k + kk

)
,(29)

where C2 > 0 depends only on λmin, λmax, and R. Combining Equations (28) and (29) gives

(30) kkγ2k ≤Rk1 +Ck3
(
V + e−L

2/2λ2
max

)(
L2k + kk +R2k

)
,

where R1 := (Re)2/2 and C3 :=C2e
2/2.

We now tune L and k. Set L := λmax(2 log(1/V ))1/2, so that e−L
2/2λ2

max = V and

(31) kkγ2k ≤Rk1 + 2Ck3V
(
R2k + (2λ2max)

k(log(1/V ))k + kk
)
.

Set k := ⌊log(1/V )/ log log(1/V )⌋. If V < e−e, one has k ≤ log(1/V ), so that V (log(1/V ))k ≤
1 and V kk ≤ 1. Substituting into (31) and absorbing all terms into a geometric bound yields

γ2 ≤C4
log log(1/V )

log(1/V )
,

where C4 := R1 + 4C3R
2 + 2C3 + 4C3λ

2
max. If V ≤ e−e

8C4 (so that log log(1/V ) ≥ 8C4)
then, using et ≥ t2/2, we have that C4 log log(1/V ) ≤ (log(1/V ))1/2, and thus γ2 ≤
(log(1/V ))−1/2. Hence and

(32) V ≥ exp

(
−2C4

log(1/γ2)

γ2

)
,

whenever V ≤C5 := min
{
e−e, e−e

8C4

}
.

On the other hand, if V ≥C5, then, noting that the function t 7→ t log t attains its minimum
−e−1 at t= e−1, we have that

(33) V ≥C5 ≥C6 exp

(
−2C4

log(1/γ2)

γ2

)
,

where C6 :=C5e
2C4/e. Combining Equations (32) and (33) yields, withM := 2C4 and C ′ :=

min{1,C6},

(34) ∥pG − pG′∥1 ≥C ′ exp

(
−M log(1/γ2)

γ2

)
.

Thus, Assumption 1 is verified in the univariate case with Ψ(t) = exp(−M log(1/t)/t).
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Verification of Assumption 1: multivariate case. Let u ∈ Rd with ∥u∥= 1 be the principal
unit eigenvector of Σ−Σ′, so that u⊤(Σ−Σ′)u= ∥Σ−Σ′∥op. Define the projected mixture
densities

pG,u(y) :=

∫
f
(
y | u⊤θ, u⊤Σu

)
P (dθ), pG′,u(y) :=

∫
f
(
y | u⊤θ, u⊤Σ′u

)
P ′(dθ),

which represent the marginal densities of u⊤X under pG and pG′ respectively. By
Lemma 2.8,

∥pG − pG′∥1 ≥ ∥pG,u − pG′,u∥1.

Setting σ2 := u⊤Σu, σ′2 := u⊤Σ′u, and γ2 := |σ2−σ′2|= ∥Σ−Σ′∥op, the univariate bound
(34) gives

∥pG,u − pG′,u∥1 ≥C ′ exp

(
−M log(1/γ2)

γ2

)
=C ′ exp

(
−M log(1/∥Σ−Σ′∥op)

∥Σ−Σ′∥op

)
,

which establishes Assumption 1 with Ψ(t) = exp(−M log(1/t)/t).

Conclusion. With Assumptions 1 and 2 verified for Ψ(t) = exp(−M log(1/t)/t), Ξ(t) = t,
p = 2, and super-smoothness of order α = 2 being obvious given the form of the Gaussian
characteristic function, an application of Theorem 3.2 completes the proof.

Proof of Theorem 4.2. Before delving into the details of the proof, we remark that the key
challenge in generalizing the argument below to the case of general Σ and Σ′ matrices is due
to the fact that, if we were to move from Σ to Σ′ using the semi-group property, we would
need to guarantee that Σ−Σ′ is a positive definite matrix, which is not always true unless we
have further knowledge on the structure of Σ. For instance, as we do below, Σ= σ2Id works
to this end, as positive-definiteness of Σ− Σ′ can be guaranteed by assuming, without loss
of generality, that σ > σ′.

Therefore, without loss of generality, assume that σ > σ′. Define the variance gap ∆ :=

σ2 − σ′2 > 0 and P̃ = P ∗ f(· | 0,∆ · Id), so that P̃ is a continuous probability measure with
a smooth density given by

P̃ (dy) =

(∫
Rd

1

(2π∆)d/2
exp

(
−∥y− θ∥2

2∆

)
P (dθ)

)
dy.

Due to the Gaussian semigroup property, we have pG(x) ≡
∫
f(x | θ,σ′2Id)P̃ (dθ). To es-

timate W1(P, P̃ ), we consider the coupling (X,Y ) such that X ∼ P , Y = X + Z where
Z ∼N (0,∆ · Id) and independent from X , which means that

W1(P, P̃ )≤ E[∥Y −X∥2]≤ E[∥Z∥2]≤
√

E[∥Z∥22] =
√

Tr(∆Id) =
√
d∆.

Therefore, an application of the triangle inequality leads to

W1(P,P
′)≤W1(P, P̃ ) +W1(P̃ ,P

′)≤
√
d∆+W1(P̃ ,P

′).(35)

For X ∼ P ′, as P ′ has compact support, we have E[∥X∥]<∞. For X ∼ P , Z ∼N (0,∆ ·
Id) independent, we have Y = X + Z ∼ P̃ , thus E[∥Y ∥] ≤ E[∥X∥] + E[∥Z∥] <∞ as P
has compact support. Thus, both two measures P and P̃ has finite first moment. Using
Lemma 2.10, there exists a function h∗X ∈ Lip1(Rd), with h∗X (0) = 0, which is a solution of
Kantorovich-Rubinstein dual problem:

W1(P̃ ,P
′) =

∫
Rd

h∗X (θ)(P̃ (dθ)− P ′(dθ)).
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Lemma 2.2 guarantees the existence of a cutoff function η : Rd → R in C∞
c (Rd) which

takes values in [0,1], evaluates identically to 1 on the closed ball B̄(0,R) (where P ′ is sup-
ported), and vanishes outside the open ball B(0,2R). Hence, given η, we denote

h̃∗X (x) := h∗X (x)η(x)

for all x ∈ Rd. As we show in Lemma 2.3, h̃∗X ∈ L1(Rd) and it is globally (1 + 2RMη)-
Lipschitz continuous on Rd, where Mη = ∥∇η∥∞. By the properties of η and noting that the
support of P and P ′ are in B(0,R), we also clearly have that∫

Rd

h∗X (θ)(P̃ (dθ)− P ′(dθ))

=

∫
Rd

(h∗X (θ)− h̃∗X (θ))(P̃ (dθ)− P ′(dθ)) +

∫
Rd

h̃∗X (θ)(P̃ (dθ)− P ′(dθ))

=

∫
Rd\B(0,R)

(h∗X (θ)− h̃∗X (θ))(P̃ (dθ)− P ′(dθ)) +

∫
Rd

h̃∗X (θ)(P̃ (dθ)− P ′(dθ))

=

∫
Rd\B(0,R)

(h∗X (θ)− h̃∗X (θ))P̃ (dθ) +

∫
Rd

h̃∗X (θ)(P̃ (dθ)− P ′(dθ))

=

∫
Rd\B(0,R)

(h∗X (θ)− h̃∗X (θ))(P̃ (dθ)− P (dθ)) +

∫
Rd

h̃∗X (θ)(P̃ (dθ)− P ′(dθ)).

It is clear that h∗X (θ) − h̃∗X (θ) = h∗X (θ)(1 − η(θ)). Therefore, ∇(h∗X (θ) − h̃∗X (θ)) = (1 −
η(θ))∇h∗X (θ)− h∗X (θ)∇η(θ), so that

∥∇(h∗X − h̃∗X )∥∞ ≤ ∥(1− η)∇h∗X ∥∞ + ∥h∗X∇η∥∞.

Since h∗X ∈ Lip1(Rd), we have |h∗X (θ)| ≤ ∥θ∥2. Furthermore, as η is stricly supported on
B(0,2R), we have

∥h∗X∇η∥∞ ≤ 2RMη.

Furthermore, as ∥∇h∗X ∥∞ ≤ 1 and η ∈ [0,1], we have

∥(1− η)∇h∗X ∥∞ ≤ 1.

Putting these bounds together, we arrive at

∥∇(h∗X − h̃∗X )∥∞ ≤ 1 + 2RMη.

Therefore,∫
Rd\B(0,R)

(h∗X (θ)− h̃∗X (θ))(P̃ (dθ)− P (dθ)) =

∫
Rd

(h∗X (θ)− h̃∗X (θ))(P̃ (dθ)− P (dθ))

≤ (1 + 2RMη)W1(P̃ ,P ),(36)

where the final inequality is due to the Kantorovich-Rubinstein duality theorem while the
equality is due to h∗X (θ) = h̃∗X (θ) when θ ∈B(0,R).

Moving to
∫
Rd h̃

∗(θ)(P̃ (dθ) − P ′(dθ)), we can bound this term using the spectral ban-
dlimiting via the Jackson kernel as in the proof of Theorem 3.2. In particular, we consider
the multivariate Jackson kernel [1, 2].

K(x) :=

(
3

8π
√
d

)d d∏
i=1

sinc4
(

xi

4
√
d

)
, x ∈Rd,
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where sinc(u) := sinu/u, which by construction satisfies
∫
Rd K(x)dx = 1. For any Λ >

0, define the function KΛ(x) := ΛdK(Λx). By Lemma 2.4, supp(F [K]) ⊆ B̄(0,1), which
implies that supp(F [KΛ])⊆ B̄(0,Λ). Consider the function

h̃∗X ,Λ(x) := (h̃∗X ∗KΛ)(x) =

∫
Rd

h̃∗X (x− y)KΛ(y)dy.

Direct computation yields that

h̃∗X ,Λ(x)− h̃∗X (x) =

∫
Rd

h̃∗X (x− y)KΛ(y)dy−
∫
Rd

h̃∗X (x)KΛ(y)dy

=

∫
Rd

[h̃∗X (x− y)− h̃∗X (x)]KΛ(y)dy.

Since h̃∗X is a globally (1+ 2RMη)-Lipschitz continuous function, we further obtain for any
x ∈Rd that

|h̃∗X ,Λ(x)− h̃∗X (x)| ≤
∫
Rd

|h̃∗X (x− y)− h̃∗X (x)|ΛdK(Λy)dy

≤ (1 + 2RMη)

∫
Rd

∥y∥ΛdK(Λy)dy

=
(1+ 2RMη)MK

Λ
,

where the last inequality follows from Lemma 2.4. As a consequence, we arrive at

∥h̃∗X ,Λ − h̃∗X ∥∞ ≤ (1 + 2RMη)MK

Λ
.(37)

Now, we have∫
Rd

h̃∗X (θ)(P̃ (dθ)− P ′(dθ))

=

∫
Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P̃ (dθ)− P ′(dθ)) +

∫
Rd

h̃∗X ,Λ(θ)d(P̃ (dθ)− P ′(dθ)).

A direct application of Hölder’s inequality leads to∫
Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P̃ (dθ)−P ′(dθ))≤ ∥h̃∗X ,Λ− h̃∗X ∥∞∥P̃ −P ′∥1 ≤
2(1 + 2RMη)MK

Λ
,

where the final inequality is due to ∥P̃ − P ′∥1 ≤ 2 and the bound of ∥h̃∗Λ − h̃∗∥∞ in Equa-
tion (37). Hence, we obtain the following bound∫

Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P̃ (dθ)− P ′(dθ))

≤ 2(1 + 2RMη)MK

Λ
+

∫
Rd

h̃∗X ,Λ(θ)d(P̃ (dθ)− P ′(dθ)).

To apply the Fourier inversion theorem to
∫
Rd h̃

∗
X ,Λ(θ)(P (dθ)− P ′(dθ)), we first need to

demonstrate that h̃∗X ,Λ ∈ L1(Rd) and F [h̃∗X ,Λ] ∈ L1(Rd). Because h̃∗X ,Λ(x) = (h̃∗X ∗KΛ)(x),

an application of Young’s inequality leads to ∥h̃∗X ,Λ∥1 ≤ ∥h̃∗X ∥1∥KΛ∥1 = ∥h̃∗X ∥1 < ∞
(thanks to Lemma 2.3). As for F [h̃∗X ,Λ], by the properties of convolutions we obtain that

F [h̃∗X ,Λ](ξ) =F [h̃∗X ](ξ)F [KΛ](ξ). As supp(F [KΛ])⊆ B̄(0,Λ), we have supp(F [h̃∗X ,Λ])⊆
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B̄(0,Λ). Furthermore, ∥F [KΛ]∥∞ ≤ 1 and ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1 (see Lemma 2.3).

Therefore, ∥F [h̃∗X ,Λ]∥∞ ≤ ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1. Putting these results together, we

obtain that F [h̃∗X ,Λ] ∈ L1(Rd). Now, from the Fourier inversion theorem, as h̃∗X ,Λ ∈ L1(Rd)
and F [h̃∗X ,Λ] ∈ L1(Rd), we can write

h̃∗X ,Λ(x) =
1

(2π)d

∫
Rd

F [h̃∗X ,Λ](ξ)e
iξ⊤xdξ,

leading to∫
Rd

h̃∗X ,Λ(θ)(P̃ (dθ)− P ′(dθ)) =
1

(2π)d

∫
Rd

(∫
Rd

F [h̃∗X ,Λ](ξ)e
iξ⊤θdξ

)
(P̃ (dθ)− P ′(dθ)).

By Fubini’s theorem, we have that∫
Rd

h̃∗X ,Λ(θ)(P̃ (dθ)− P ′(dθ)) =
1

(2π)d

∫
Rd

(∫
Rd

eiξ
⊤θ(P̃ (dθ)− P ′(dθ))

)
F [h̃∗X ,Λ](ξ)dξ

=
1

(2π)d

∫
Rd

F [h̃∗X ,Λ](ξ)
(
ΦP̃ (ξ)−ΦP ′(ξ)

)
dξ

=
1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP̃ (ξ)−ΦP ′(ξ)

)
dξ,

where the final identity is due to the fact that supp(F [h̃∗X ,Λ])⊆ B̄(0,Λ).
Putting all of these results together, we arrive at∫

Rd

(h̃∗X (θ)− h̃∗X ,Λ(θ))(P̃ (dθ)− P ′(dθ))

≤ 2(1 + 2RMη)MK

Λ
+

1

(2π)d

∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP̃ (ξ)−ΦP ′(ξ)

)
dξ.(38)

Next, since pG = P ∗ f(· | 0, σ2Id), it is clear that pG = P̃ ∗ f(· | 0, σ′2Id). Therefore, for all
ξ ∈Rd we obtain that

ΦP̃ (ξ)−ΦP ′(ξ) =
ΦpG(ξ)

Φσ′2Id(ξ)
− ΦpG′ (ξ)

Φσ′2Id(ξ)

=
ΦpG(ξ)−ΦpG′ (ξ)

Φσ′2Id(ξ)
.

Since ∥F [h̃∗X ,Λ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1 =:C(R,d), we obtain that

∣∣∣∣∣
∫
B̄(0,Λ)

F [h̃∗X ,Λ](ξ)
(
ΦP (ξ)−ΦP ′(ξ)

)
dξ

∣∣∣∣∣≤ C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|Φσ′2Id(ξ)|

dξ.

(39)

By construction, |ΦpG(ξ)−ΦpG′ (ξ)| ≤ ∥pG−pG′∥1 for any ξ ∈Rd. Furthermore, Φσ′2Id(ξ) =

exp
(
−σ′2

2 ∥ξ∥2
)

. Therefore, we obtain that

C(R,d)

(2π)d

∫
B̄(0,Λ)

|ΦpG(ξ)−ΦpG′ (ξ)|
|Φσ′2Id(ξ)|

dξ ≤ C(R,d)

(2π)d
∥pG − pG′∥1

∫
B̄(0,Λ)

exp

(
σ′2

2
∥ξ∥2

)
dξ

≤C1∥pG − pG′∥1Λd exp
(
σ′2

2
Λ2

)
,(40)
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where C1 =
C(R,d)

(4π)d/2Γ(d/2+1) is a constant depending on R and d.
Collecting the results from equations (35), (36), (38), (39), and (40), we arrive at

W1(P,P
′)≤ (2 + 2RMη)

√
d
√
∆+

2(1 + 2RMη)MK

Λ

+C1∥pG − pG′∥1Λd exp
(
σ′2

2
Λ2

)
.(41)

Let V := ∥pG − pG′∥1, C̄2 = (2 + 2RMη)
√
d, C3 = 2(1 + 2RMη)MK . Here we consider

two situations.

Case 1: small V . Recall the following inequality for ∆= σ2 − σ′2 from Theorem 4.1:

∥pG − pG′∥1 ≥ exp

(
−M log(1/∆)

∆

)
,

which implies

log(1/V )≤M
log(1/∆)

∆
.

For V ≤ exp(−e1/M ), using Lemma 2.11, we have

1

∆
≥ 1

M

log(1/V )

log log(1/V )
.

Replacing this inequality into the inequality (41), we obtain that

W1(P,P
′)≤C2

√
log log(1/V )

log(1/V )
+
C3

Λ
+C4V Λd exp

(
σ′2

2
Λ2

)
,

where C2 =
√
M · C̄2. Let N = log(1/V ). When V ≤ e−(d+1)2 , then we have N > (d +

1) logN , we can choose

Λ=

√
2

σ′

√
N − d+ 1

2
logN.

This choice of Λ gives us

1

σ′

√
N ≤ Λ≤

√
2

σ′

√
N.

Under this scenario,

C3

Λ
≤ C3σ

′
√
N

=
C3σ

′√
log(1/V )

.

Furthermore, we have

exp

(
σ′2

2
Λ2

)
= exp

(
N − d+ 1

2
logN

)
=

eN

N (d+1)/2
.

Therefore,

C4V Λd exp

(
σ′2

2
Λ2

)
=C4e

−N
(
Nd/2

)( eN

N (d+1)/2

)
=C4N

−1/2 =
C4√

log(1/V )
.

As a result, we have

W1(P,P
′)≤C2

√
log log(1/V )

log(1/V )
+

C6√
log(1/V )

≤C7

√
log log(1/V )

log(1/V )
,
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where C6 =C4 +C3σ
′, C7 =C2 +C6, or

W 2
1 (P,P

′)≤C2
7

log log(1/V )

log(1/V )
.

If V ≤ e−e
8C2

7 (so that log log(1/V ) ≥ 8C2
7 ) then, using et ≥ t2/2, we have that

C2
7 log log(1/V ) ≤ (log(1/V ))1/2, and thus W 2

1 (P,P
′) ≤ (log(1/V ))−1/2, which implies

2 log(1/W 2
1 (P,P

′))≥ log log(1/V ). Thus, for

V ≤C5 := min{exp(−e1/M ), e−(d+1)2 , e−e
8C2

7 }

we achieve

(42) V ≥ exp

(
−2C2

7

log(1/W 2
1 (P,P

′))

W 2
1 (P,P

′)

)
= exp

(
−4C2

7

log(1/W1(P,P
′))

W 2
1 (P,P

′)

)
Case 2: V ≥ C5. then noting that the function t 7→ t log t attains its minimum −e−1 at
t= e−1, we have that

(43) V ≥C5 ≥C8 exp

(
−4C2

7

log(1/W1(P,P
′))

W 2
1 (P,P

′)

)
,

where C8 := C5e
−2C2

7/e. Combining Equations (42) and (43) yields, with M := 4C2
7 and

C ′ := min{1,C8},

(44) ∥pG − pG′∥1 ≥C ′ exp

(
−M log(1/W1(P,P

′))

W 2
1 (P,P

′)

)
.

uniformly for all P and P ′. This concludes the proof.

Proof of Theorem 4.3. We split the proof in four parts, as follows.

Verification of Assumption 2. The characteristic function of the Cauchy kernel is ΦΣ(ξ) =

exp(−
√
ξ⊤Σξ). Setting ψ(t) := e−t, so that ψ′(t) =−ψ(t), the mean value theorem gives a

τ ∈ (0,1) such that

ΦΣ′(ξ)−ΦΣ(ξ) = ψ′
(
(ξ⊤Σ(τ)ξ)1/2

)(
(ξ⊤Σ′ξ)1/2 − (ξ⊤Σξ)1/2

)
,

where Σ(τ) := (1− τ)Σ′ + τΣ. Using the inequality |
√
a−

√
b| ≤

√
|a− b|, we get

|ΦΣ′(ξ)−ΦΣ(ξ)| ≤ ψ
(
(ξ⊤Σ(τ)ξ)1/2

)
|ξ⊤(Σ′ −Σ)ξ|1/2

≤max
{
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

}
∥Σ′ −Σ∥1/2op ∥ξ∥,

so Assumption 2 holds with C = 1, p= 1, and Ξ(t) =
√
t.

Verification of Assumption 1: univariate case. Consider two univariate mixture densities

pG(x) =

∫
f(x | θ,σ)P (dθ) and pG′(x) =

∫
f(x | θ,σ′)P ′(dθ),

where f(· | θ,σ) is the univariate Cauchy kernel with location θ and scale σ. Without loss of
generality, suppose σ′ > σ. Setting V := ∥pG− pG′∥1, since F [pG](ξ) = ΦP (ξ) exp(−σ|ξ|),

V ≥Re
(
F [pG](ξ)

)
−Re

(
F [pG′ ](ξ)

)
= exp(−σ|ξ|)

∫
cos(ξθ)P (dθ)− exp(−σ′|ξ|)

∫
cos(ξθ)P ′(dθ).
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Using 1− ξ2θ2/2≤ cos(ξθ)≤ 1 and |θ| ≤R for θ ∈ supp(P )∪ supp(P ′),

(45) 1− 1
2R

2ξ2 ≤
∫

cos(ξθ)P (dθ)≤ 1.

Hence, for all ξ ∈R,

V ≥ exp(−σ|ξ|)
(
1− 1

2R
2ξ2
)
− exp(−σ′|ξ|)

= exp(−σ|ξ|)
(
1− exp(−(σ′ − σ)|ξ|)

)
− 1

2R
2ξ2 exp(−σ|ξ|).(46)

Applying 1−e−x ≥ x−x2/2 for x≥ 0 and e−σ|ξ| ≥ 1−σ|ξ| to the first term, and e−σ|ξ| ≤ 1
to the second, we obtain for |ξ| ≤ 2/(σ′ − σ),

V ≥ |ξ|(σ′ − σ)− ξ2
(
σ(σ′ − σ) + 1

2(σ
′ − σ)2 +R2

)
.

The right-hand side is maximized at

|ξ|= ξ0 :=
σ′ − σ

2σ(σ′ − σ) + (σ′ − σ)2 + 2R2
,

which satisfies ξ0 ≤ 2/(σ′ − σ). Substituting and simplifying,

V ≥ (σ′ − σ)2

4σ(σ′ − σ) + 2(σ′ − σ)2 + 4R2
≥ (σ′ − σ)2

6λ2max + 4R2
=:C0(σ

′ − σ)2.

This confirms Assumption 1 in the univariate case with Ψ(t) = t2.

Verification of Assumption 1: multivariate case. Let u ∈ Rd be the principal eigenvector
(thus, of unit norm) of Σ − Σ′, so that u⊤(Σ − Σ′)u = ∥Σ − Σ′∥op. Define the projected
mixture densities

pG,u(y) :=

∫
f
(
y | u⊤θ, (u⊤Σu)1/2

)
P (dθ),

pG′,u(y) :=

∫
f
(
y | u⊤θ, (u⊤Σ′u)1/2

)
P ′(dθ),

which correspond to the marginal densities of u⊤X under pG and pG′ respectively. By
Lemma 2.8,

∥pG − pG′∥1 ≥ ∥pG,u − pG′,u∥1.

Setting σ := (u⊤Σu)1/2 and σ′ := (u⊤Σ′u)1/2, the univariate bound gives ∥pG,u−pG′,u∥1 ≥
C0(σ

′ − σ)2. Then,

|σ′ − σ|= |σ′ − σ|(σ′ + σ)

σ′ + σ
=

|u⊤(Σ′ −Σ)u|
σ′ + σ

≥ ∥Σ′ −Σ∥op
2λ

1/2
max

,

from which it follows that

∥pG − pG′∥1 ≥
C0

4λmax
∥Σ−Σ′∥2op,

thus establishing Assumption 1 with Ψ(t) = t2.

Conclusion. With Assumptions 1 and 2 verified for Ψ(t) = t2, Ξ(t) =
√
t and p = 1, and

since the super-smoothness condition of order α= 1 is automatically verified given the form
of the Cauchy characteristic function, an application of Theorem 3.2 completes the proof.

Proof of Theorem 4.4. We split the proof into five parts, as follows.
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PDE inversion condition. The characteristic function of the multivariate Laplace kernel is
ξ ∈Rd 7→ΦΣ(ξ) = (1+ 1

2ξ
⊤Σξ)−1, so ΦΣ(ξ)

−1 = 1+ 1
2ξ

⊤Σξ. By the linearity of the Fourier
transform and the identity F [∂νpG](ξ) = (−i)|ν|ξνF [pG](ξ),

F [TΣpG](ξ) =F [pG](ξ)−
1

2

d∑
j=1

d∑
k=1

Σjk(−ξjξk)F [pG](ξ) =

(
1 +

1

2
ξ⊤Σξ

)
F [pG](ξ)

= ΦΣ(ξ)
−1F [pG](ξ) =F [P ](ξ),

where the last equality uses F [pG](ξ) = ΦP (ξ)ΦΣ(ξ). By uniqueness of the Fourier trans-
form, TΣpG = P in the sense of distributions, and similarly TΣ′pG′ = P ′. The Lipschitz con-
tinuity condition on the coefficients is immediate, since the only non-constant coefficients
are cν(Σ) =−Σjk/2 for ν ∈Nd with |ν|= 2, which depend linearly on Σ.

Verification of Assumption 2. Setting ψ(t) := (1 + t/2)−1, so that |ψ′(t)|= (1/2)|ψ(t)|2 ≤
(1/2)|ψ(t)|, the mean value theorem implies that

|ΦΣ′(ξ)−ΦΣ(ξ)|= |ψ′(ξ⊤Σ(τ)ξ)| · |ξ⊤(Σ′ −Σ)ξ| ≤ 1
2 ψ(ξ

⊤Σ(τ)ξ)∥Σ′ −Σ∥op∥ξ∥2

≤ 1
2 max

{
|ΦΣ(ξ)|, |ΦΣ′(ξ)|

}
∥Σ′ −Σ∥op∥ξ∥2,

for some τ ∈ (0,1), where we set Σ(τ) := (1− τ)Σ′ + τΣ. Hence Assumption 2 holds with
p= 2 and Ξ(t) = t.

Verification of Assumption 1: univariate case. Consider two univariate mixtures

pG(x) =

∫
f(x | θ,σ)P (dθ) and pG′(x) =

∫
f(x | θ,σ′)P ′(dθ),

where f(· | θ,σ) is the univariate Laplace kernel with location θ and scale σ. The PDE inver-
sion condition gives TσpG = P and Tσ′pG′ = P ′, where Tσ := Id− σ

2
d2

dx2 .
Let h ∈C∞

c (R) be a non-negative bump function supported on (R+1,R+2) with ∥h∥1 =
1; the key property here is that supp(h) is disjoint from [−R,R] ⊇ supp(P ) ∪ supp(P ′).
Therefore ⟨P,h⟩= ⟨P ′, h⟩= 0, and the PDE inversion gives∫

R
pG(x)

(
Tσh(x)

)
dx= ⟨TσpG, h⟩= ⟨P,h⟩= 0.

On the other hand, decomposing Tσ = Tσ′ + (Tσ −Tσ′) and using ⟨pG′ ,Tσ′h⟩= ⟨P ′, h⟩= 0,∫
R
pG′(x)

(
Tσh(x)

)
dx= ⟨pG′ , (Tσ −Tσ′)h⟩=−1

2(σ− σ′)

∫
R
pG′(x)h′′(x)dx,

since Tσ −Tσ′ =−σ−σ′

2
d2

dx2 . Subtracting and applying Hölder’s inequality,

(47) V ∥Tσh∥∞ ≥ 1
2 |σ− σ′|

∣∣∣∣∫
R
h(x)p′′G′(x)dx

∣∣∣∣ .
For x ∈ (R + 1,R + 2) and θ′ ∈ [−R,R], we have x − θ′ ≥ 1 > 0, so the Laplace kernel
simplifies to f(x | θ′, σ′) = (2σ′)−1/2 exp(−(x− θ′)/

√
σ′/2), giving

f ′′(x | θ′, σ′) = 2

σ′
f(x | θ′, σ′).

Hence p′′G′(x) = 2
σ′ pG′(x) for x ∈ (R+ 1,R+ 2), and since supp(h)⊆ (R+ 1,R+ 2),∣∣∣∣∫

R
h(x)p′′G′(x)dx

∣∣∣∣= 2

σ′

∫
R
h(x)pG′(x)dx.
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For x ∈ [R+ 1,R+ 2] and θ′ ∈ [−R,R], the Laplace kernel is bounded below by

f(x | θ′, σ′)≥ 1√
2λmax

exp

(
− 2R+ 2√

λmin/2

)
=: cmin > 0,

so
∫
R h(x)pG′(x)dx≥ cmin∥h∥1 = cmin. For the upper bound,

∥Tσh∥∞ ≤ ∥h∥∞ + λmax

2 ∥h′′∥∞ =:Ch <∞.

Substituting into Equation (47),

V ≥ cmin

Chλmax
|σ− σ′|,

which confirms Assumption 1 in the univariate case with Ψ(t) = t.

Verification of Assumption 1: multivariate case. Let u ∈ Rd with ∥u∥= 1 be the principal
unit eigenvector of Σ−Σ′. The characteristic function of u⊤X for X ∼ pG at t ∈R is

E
[
eitu

⊤X
]
=ΦpG(tu) = ΦP (tu)ΦΣ(tu) = ΦPu

(t) · 1

1 + 1
2 t

2 u⊤Σu
,

where Pu is the pushforward of P under θ 7→ u⊤θ. By uniqueness of characteristic functions,
this identifies the projection u⊤X as a univariate Laplace mixture with scale σ := u⊤Σu and
location mixing measure Pu, and similarly for u⊤X ′ with scale σ′ := u⊤Σ′u. By Lemma 2.8,

∥pG − pG′∥1 ≥ ∥pG,u − pG′,u∥1 ≥
cmin

Chλmax
|σ− σ′|= cmin

Chλmax
∥Σ−Σ′∥op,

where the last equality uses |σ−σ′|= |u⊤(Σ−Σ′)u|= ∥Σ−Σ′∥op by the choice of u. This
establishes Assumption 1 with Ψ(t) = t.

Conclusion. With the PDE inversion condition verified, Assumptions 1 and 2 established
for Ψ(t) = Ξ(t) = t, p = 2, and ordinary smoothness of order β = 2 being obvious given
the form of the Laplace characteristic function, an application of Theorem 3.7 completes the
proof.

Proof of Proposition 5.1. The validity of both parts of the statement is a consequence
of the inequalities established in our Theorems 4.1 and 4.2, applied in conjunction with
Theorem 9.9 of [4] (specifically, their results for the super-smooth setting, which yield a
n−1/2(logn)(d+1)/2 Hellinger5 contraction rate). In particular, we rely on the fact if the base
measure H is supported on [−R,R]d, then the posterior is supported on mixing measures
G= P × δΣ with P having support included in [−R,R]d [7]. Moreover, assumptions (9.5),
(9.6), and (9.7) adopted in Theorem 9.9 of [4] are trivially satisfied by our model due to the
assumed compact support conditions. Furthermore, their assumption (9.8) is irrelevant in our
context, as it is not required in their proof for the super-smooth case.

5The Hellinger distance h between densities f and f ′ is defined as h2(f, f ′) :=
∫
(
√
f −√pf )

2dx. Because

∥f−f ′∥1 ≲ h(f, f ′), any Hellinger contraction rate is also an L1 contraction rate. In particular, a general reverse
inequality also exists, so the two metrics are topologically equivalent.
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Proof of Proposition 5.2. The validity of the statement follows directly from Theorem
4.4 in [11], which under our assumptions establishes a n−1/4(logn)5/4 Hellinger contraction
rate, together with the inequality established in our Theorem 4.4. In particular, we remark
that the lower-bound

dH

dx
(θ)≳ e−b|θ|

δ

for some c, δ > 0,

as required in the statement of Theorem 4.4 of [11],6 is irrelevant in our case where P0 is
compactly supported, as it is only employed in the portion of the proof of the result dealing
with the more general case where only a weaker exponential-power upper-bound on the tails
of P0 is assumed.

2. Auxiliary lemmas with proofs.

LEMMA 2.1. Define the extended function h̄∗X : Rd → R via the infimal convolution op-
erator over the domain X :

h̄∗X (x) := inf
y∈X

{
h∗X (y) + ∥x− y∥

}
, x ∈Rd.

The following properties hold:

(a) h̄∗X (x) = h∗X (x) for all x ∈ X ;
(b) h̄∗X is a globally 1-Lipschitz continuous function on Rd, meaning h̄∗X ∈ Lip1(Rd).

PROOF. Since h∗X ∈ Lip1(X ) and h∗X (0) = 0, we have |h∗X (y)| ≤ ∥y∥ ≤R for all y ∈ X ,
so h∗X (y) + ∥x− y∥ ≥ −R uniformly in y. Hence the infimum defining h̄∗X (x) is finite for
every x ∈Rd.

Part (a). For any x ∈ X , taking y = x in the infimum gives h̄∗X (x) ≤ h∗X (x). Conversely,
the 1-Lipschitz property of h∗X on X gives h∗X (x) − h∗X (y) ≤ ∥x − y∥ for all y ∈ X , so
h∗X (x) ≤ h∗X (y) + ∥x − y∥ for all y ∈ X , and taking the infimum over y yields h∗X (x) ≤
h̄∗X (x). Combining both inequalities, h̄∗X (x) = h∗X (x) for all x ∈ X .

Part (b). For any u, v ∈Rd and any y ∈ X , the triangle inequality gives ∥u− y∥ ≤ ∥u− v∥+
∥v− y∥. Adding h∗X (y) to both sides and taking the infimum over y ∈ X ,

h̄∗X (u)≤ ∥u− v∥+ h̄∗X (v).

Swapping the roles of u and v and combining yields |h̄∗X (u) − h̄∗X (v)| ≤ ∥u − v∥ for all
u, v ∈Rd, so h̄∗X ∈ Lip1(Rd).

LEMMA 2.2. Define the isotropic bump function ϱ :Rd →R as

ϱ(x) :=

{
exp

(
− 1

1−∥x∥2

)
if ∥x∥< 1

0 if ∥x∥ ≥ 1.

Then define the normalized mollifier ψ(x) = 1
Cϱ
ϱ(x), where Cϱ :=

∫
Rd ϱ(x)dx ∈ (0,∞), and

its ϵ= R
2 -scaled mollifier as

ψϵ(x) =
1

ϵd
ψ
(x
ϵ

)
.

6The bound itself is stated in Equation (4.12) of that same paper.
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Then define the cutoff function η :Rd →R as

η(x) := (1A ∗ψϵ)(x) =
∫
Rd

1A(x− y)ψϵ(y)dy,

where A=B(0,R+ ϵ) =B
(
0, 3R2

)
. Then the following properties hold:

(a) η ∈C∞
c (Rd);

(b) η(x) = 1 for all x ∈ B(0,R), η(x) = 0 for all x /∈ B(0,2R), and 0 ≤ η(x) ≤ 1 for all
x ∈Rd;

(c) Mη := ∥∇η∥∞ <∞.

PROOF. The function g :R→R defined by g(t) = e−1/t for t > 0 and g(t) = 0 for t≤ 0
belongs to C∞(R) by Lemma 2.20 in [6]. Since ϱ(x) = g(1− ∥x∥2) is a composition of g
with a smooth polynomial, ϱ ∈ C∞(Rd). It is strictly positive on B(0,1) and vanishes on
∥x∥ ≥ 1, so supp(ϱ) = B̄(0,1) is compact and ϱ ∈ C∞

c (Rd). Hence Cϱ ∈ (0,∞) and ψ is
well-defined with

∫
Rd ψ(x)dx= 1. The scaled mollifier satisfies ψϵ ∈C∞

c (Rd), supp(ψϵ) =
B̄(0, ϵ), and

∫
Rd ψϵ(x)dx= 1 by the substitution y = x/ϵ.

Part (a). For any multi-index ν, ∂νη(x) =
∫
Rd 1A(y) (∂

νψϵ)(x− y)dy, which is continuous
since ∂νψϵ is smooth, bounded, and compactly supported. Hence η ∈ C∞(Rd). The support
satisfies

supp(η)⊆ supp(1A) + supp(ψϵ) = B̄
(
0, 3R2

)
+ B̄

(
0, R2

)
= B̄(0,2R),

so η ∈C∞
c (Rd).

Part (b). Since 1A ≥ 0 and ψϵ ≥ 0, we have η(x) ≥ 0. Since 1A ≤ 1, we have η(x) ≤∫
Rd ψϵ(y)dy = 1.

For x ∈ B̄(0,R) and any y ∈ supp(ψϵ), the triangle inequality gives ∥x − y∥ ≤ ∥x∥ +
∥y∥ ≤R+R/2 = 3R/2, so x− y ∈A and 1A(x− y) = 1. Hence η(x) =

∫
Rd ψϵ(y)dy = 1.

For x /∈B(0,2R) and any y ∈ supp(ψϵ), ∥x− y∥ ≥ ∥x∥ − ∥y∥ ≥ 2R−R/2 = 3R/2, so
x − y /∈ A and 1A(x − y) = 0. Hence η(x) = 0. By continuity, η(x) = 0 on ∥x∥ = 2R as
well.

Part (c). Since η(x) = 1 for ∥x∥<R and η(x) = 0 for ∥x∥> 2R, we have ∇η(x) = 0 out-
side the compact annulus B̄(0,2R) \B(0,R). As η ∈ C∞(Rd), the function x 7→ ∥∇η(x)∥
is continuous and attains its maximum on this compact set, giving Mη := ∥∇η∥∞ =
supx∈Rd ∥∇η(x)∥<∞.

LEMMA 2.3. For h̃∗X (x) := h̄∗X (x)η(x), the following properties hold:

(a) h̃∗X ∈ L1(Rd);
(b) h̃∗X is globally (1 + 2RMη)-Lipschitz continuous, namely

∀x, y ∈Rd, |h̃∗X (x)− h̃∗X (y)| ≤ (1 + 2RMη)∥x− y∥;

(c) ∥F [h̃∗X ]∥∞ ≤ πd/2

Γ(d/2+1)(2R)
d+1.

PROOF. Part (a). Since supp(h̃∗X ) ⊆ supp(η) ⊆ B̄(0,2R), and h̄∗X is 1-Lipschitz with
h̄∗X (0) = 0, we have |h̃∗X (x)| ≤ |h̄∗X (x)| · η(x)≤ ∥x∥ ≤ 2R for all x ∈Rd. Therefore,∫

Rd

|h̃∗X (x)|dx≤
∫
B̄(0,2R)

2Rdx=
πd/2

Γ(d/2 + 1)
(2R)d+1 <∞,
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so h̃∗X ∈ L1(Rd).

Part (b). Since h̄∗X ∈ Lip1(Rd), Rademacher’s theorem gives ∥∇h̄∗X (x)∥ ≤ 1 for almost every
x ∈Rd. Since η ∈C∞

c (Rd), the product rule gives ∇h̃∗X (x) = η(x)∇h̄∗X (x) + h̄∗X (x)∇η(x)
almost everywhere. By the triangle inequality,

∥∇h̃∗X (x)∥ ≤ |η(x)|∥∇h̄∗X (x)∥+ |h̄∗X (x)|∥∇η(x)∥ ≤ 1 + 2RMη,

where we used η(x) ≤ 1, ∥∇h̄∗X (x)∥ ≤ 1, |h̄∗X (x)| ≤ ∥x∥ ≤ 2R on supp(∇η) ⊆ B̄(0,2R),
and ∥∇η∥∞ =Mη . Taking the essential supremum, h̃∗X is globally (1 + 2RMη)-Lipschitz.

Part (c). By the triangle inequality and part (a),

|F [h̃∗X ](ξ)| ≤
∫
Rd

|h̃∗X (x)|dx≤
πd/2

Γ(d/2 + 1)
(2R)d+1.

LEMMA 2.4. Let MK :=
∫
Rd ∥x∥K(x)dx. Then the following properties hold:

(a) F [K](0) = 1 and supp(F [K])⊆ B̄(0,1);
(b) MK ≤ 3

√
d(1 + 256d2)/(8π).

PROOF. Part (a). Since
∫
Rd K(x)dx= 1, we have F [K](0) = 1. For the support bound,

the one-dimensional Fourier transform satisfies F [sinc](ξ) = π1[−1,1](ξ), so

F [sinc4](ξ) =
1

(2π)3
(
F [sinc] ∗ F [sinc] ∗ F [sinc] ∗ F [sinc]

)
(ξ),

and supp(F [sinc4])⊆ [−4,4] by the Minkowski sum property of convolution supports. Set-
ting k(x) := 3

8π
√
d
sinc4

(
x

4
√
d

)
, we have F [k](ξ) = 4

√
dF [sinc4](4

√
dξ), giving supp(F [k])⊆

[−1/
√
d, 1/

√
d]. Since K(x) =

∏d
i=1 k(xi), the Fourier transform factorizes as F [K](ξ) =∏d

i=1F [k](ξi), so

supp(F [K])⊆
d∏
i=1

[
− 1√

d
, 1√

d

]
.

For any ξ in this box, ∥ξ∥ ≤
√
d · 1√

d
= 1, hence supp(F [K])⊆ B̄(0,1).

Part (b). Using ∥x∥ ≤
∑d

j=1 |x| and the product structure of K ,

MK =

∫
Rd

∥x∥K(x)dx≤
d∑
i=1

3

8π
√
d

∫ ∞

−∞
|xi| sinc4

(
xi

4
√
d

)
dxi.

Splitting each integral at |xi|= 1 and using |sinc(xi/4
√
d)| ≤ 1 on [0,1] and | sin(xi/4

√
d)| ≤

1 on [1,∞),∫ ∞

−∞
|xi| sinc4

(
xi

4
√
d

)
dxi ≤ 2

∫ 1

0
xi dxi + 2(4

√
d)4
∫ ∞

1
x−3
i dxi = 1+ 256d2.

Therefore MK ≤ 3
√
d(1+256d2)

8π <∞.
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LEMMA 2.5. In Rd, the following identities and inequalities hold:

(a)
∫
B̄(0,R)(1 + ∥ξ∥β)dξ ≤ 2(2π)d/2

dΓ(d/2) max{Rd,Rd+β};

(b)
∫
B̄(0,R) ∥ξ∥

p dξ = (2π)d/2

(d+p)Γ(d/2)R
d+p.

PROOF. Moving to polar coordinates gives

∫
B̄(0,R)

(a+ b∥ξ∥β)dξ = (2π)d/2

Γ(d/2)

∫ R

0
rd−1(a+ brβ)dr =

(2π)d/2

Γ(d/2)

(
aRd

d
+
bRd+β

d+ β

)
.

(48)

Setting a= b= 1 yields part (a):∫
B̄(0,R)

(1 + ∥ξ∥β)dξ = (2π)d/2

Γ(d/2)

(
Rd

d
+
Rd+β

d+ β

)
≤ 2(2π)d/2

dΓ(d/2)
max{Rd,Rd+β}.

Part (b) follows from Equation (48) by setting a= 0, b= 1, and β = p.

LEMMA 2.6. Let X,Y ∼ f(· | 0,1) be independent standard Gaussian random vari-
ables. Then E[(X + iY )n] = 0 for all n≥ 1.

PROOF. From the moment generating function and characteristic function of the standard
Gaussian,

E
[
et(X+iY )

]
= E

[
etX
]
E
[
eitY

]
= et

2/2 · e−t2/2 = 1, t ∈R.
Expanding the left-hand side as a power series and matching coefficients of tn/n! for each
n≥ 1 yields the result.

LEMMA 2.7. For σ,R,L > 0 and k a positive integer, the following bounds hold:

(a)
∫
x≥R+L

e−(x−R)2/2σ2

dx≤ (π/2)1/2 σ e−L
2/2σ2

;

(b)
∫
x≥R+L

x2ke−(x−R)2/2σ2

dx≤ 32k−1 e−L
2/2σ2

(π/2)1/2 σ ·
(
R2k+L2k+σ2k(2k−1)!!

)
.

PROOF. For part (a), observe that for x≥R+Lwe have (x−R)2 = ((x−R−L)+L)2 ≥
(x−R−L)2 +L2, so∫

x≥R+L
e−(x−R)2/2σ2

dx≤ e−L
2/2σ2

∫ ∞

0
e−t

2/2σ2

dt= (π/2)1/2 σ e−L
2/2σ2

.

For part (b), use x2k ≤ 32k−1
(
(x − R − L)2k + R2k + L2k

)
for x ≥ R + L. Setting t =

x−R−L and applying the same exponential bound as in part (a),∫
x≥R+L

x2ke−(x−R)2/2σ2

dx≤ 32k−1 e−L
2/2σ2

∫ ∞

0
(t2k +R2k +L2k)e−t

2/2σ2

dt

= 32k−1 e−L
2/2σ2

(π/2)1/2 σ ·
(
R2k +L2k + σ2k(2k− 1)!!

)
,

where the last equality uses
∫∞
0 t2ke−t

2/2σ2

dt= (π/2)1/2σ2k+1(2k− 1)!!.

LEMMA 2.8. Let X and Y be continuous random vectors in Rd with densities pX and
pY , and let u ∈ Rd with ∥u∥= 1. Denoting by Xu := u⊤X and Yu := u⊤Y the projections
onto u,

∥pX − pY ∥1 ≥ ∥pXu
− pYu

∥1.
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PROOF. For any Borel set A⊆R, the preimage Au := {x ∈Rd : u⊤x ∈A} is a Borel set
in Rd. Therefore,
1
2∥pXu

− pYu
∥1 = sup

A∈B(R)

∣∣P(Xu ∈A)− P(Yu ∈A)
∣∣= sup

A∈B(R)

∣∣P(X ∈Au)− P(Y ∈Au)
∣∣

≤ sup
B∈B(Rd)

∣∣P(X ∈B)− P(Y ∈B)
∣∣= 1

2∥pX − pY ∥1,

which completes the proof.

LEMMA 2.9. For any p≥ 0 and ε > 0, there exists a constant Mp,ε > 0, depending only
on p and ε, such that up ≤Mp,ε e

εu for all u > 0.

PROOF. Let k := ⌈p⌉. From the Taylor expansion of eεu, we have

eεu ≥ 1 +
εkuk

k!
≥min

(
1,
εk

k!

)
max{1, uk} ≥min

(
1,
εk

k!

)
up.

Dividing both sides by min
(
1, ε

k

k!

)
yields

up ≤max

(
1,
k!

εk

)
eεu.

The result follows by setting Mp,ε := max
(
1, k!εk

)
.

LEMMA 2.10. Let µ and ν be two probability measures on Rd with finite first moments,
i.e., ∫

Rd

∥x∥µ(dx)<∞,

∫
Rd

∥x∥ν(dx)<∞.

Then there exists a function h∗ ∈ Lip1(Rd) with h∗(0) = 0 that attains the Kantorovich-
Rubinstein dual problem:

sup
h∈Lip1(Rd)

(∫
Rd

h(x)µ(dx)−
∫
Rd

h(x)ν(dx)

)
=

∫
Rd

h∗(x)µ(dx)−
∫
Rd

h∗(x)ν(dx).

PROOF. Let (hn)n∈N be a maximizing sequence for the Kantorovich-Rubinstein dual
problem. Since adding a constant to any hn does not affect

∫
hn dµ−

∫
hn dν (as µ and ν

are both probability measures), we may assume without loss of generality that hn(0) = 0 for
all n. Consequently, |hn(x)|= |hn(x)− hn(0)| ≤ ∥x∥ for all x ∈Rd, so the family (hn)n∈N
is uniformly bounded and equicontinuous on every compact subset of Rd.

We now apply a diagonal argument with the Arzelà-Ascoli theorem. Applying Arzelà-
Ascoli on B̄(0,1), we extract a subsequence (h1n)n∈N ⊂ (hn)n∈N converging uniformly on
B̄(0,1). Iteratively, for each k ≥ 1, by Arzelà-Ascoli on B̄(0, k + 1), we extract a subse-
quence (hk+1

n )n∈N ⊂ (hkn)n∈N converging uniformly on B̄(0, k+ 1). The diagonal sequence
(hnn)n∈N then converges uniformly on every compact subset of Rd to some pointwise limit h∗.
Since uniform-on-compacts limits of 1-Lipschitz functions are 1-Lipschitz, h∗ ∈ Lip1(Rd)
and clearly h∗(0) = 0.

It remains to show that h∗ attains the supremum. We have hnn(x)→ h∗(x) pointwise, and
the bound |hnn(x)| ≤ ∥x∥ holds uniformly in n. Since∫

Rd

∥x∥µ(dx) +
∫
Rd

∥x∥ν(dx)<∞,
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the Dominated Convergence Theorem (applied separately to µ and ν) yields∫
Rd

hnn(x)µ(dx)−
∫
Rd

hnn(x)ν(dx) −→
∫
Rd

h∗(x)µ(dx)−
∫
Rd

h∗(x)ν(dx).

Since (hn)n∈N is a maximizing sequence, the left-hand side converges to W1(µ,ν), so h∗

attains the supremum. This completes the proof.

LEMMA 2.11. Let x, y,M > 0 satisfy x≤My log y and x≥ e1/M . Then y ≥ x/(M logx).

PROOF. Define f(t) := t log t for t > 0. Since f ′(t) = log t+1, the function f is decreas-
ing on (0, e−1) and increasing on (e−1,∞), with global minimum f(e−1) = −e−1. From
x > 0 and x≤My log y, we have y log y > 0, hence y > 1.

The hypothesis x ≥ e1/M gives logx ≥ 1/M , hence M logx ≥ 1, which implies
x/(M logx)≤ x. Therefore

f

(
x

M logx

)
=

x

M logx
log

(
x

M logx

)
≤ x

M logx
logx=

x

M
.

Combined with x/M ≤ y log y = f(y), this gives f(x/(M logx))≤ f(y).
We conclude with a brief case analysis. If x/(M logx) ≤ 1, then since y > 1, the con-

clusion y ≥ x/(M logx) holds trivially. Otherwise, x/(M logx)> 1, and both x/(M logx)
and y lie in (1,∞)⊂ (e−1,∞), where f is strictly increasing; hence f(x/(M logx))≤ f(y)
implies x/(M logx)≤ y.
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