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Abstract

The conventional sliced Wasserstein is defined between two probability measures that have
realizations as vectors. When comparing two probability measures over images, practitioners
first need to vectorize images and then project them to one-dimensional space by using matrix
multiplication between the sample matrix and the projection matrix. After that, the sliced
Wasserstein is evaluated by averaging the two corresponding one-dimensional projected probability
measures. However, this approach has two limitations. The first limitation is that the spatial
structure of images is not captured efficiently by the vectorization step; therefore, the later
slicing process becomes harder to gather the discrepancy information. The second limitation is
memory inefficiency since each slicing direction is a vector that has the same dimension as the
images. To address these limitations, we propose novel slicing methods for sliced Wasserstein
between probability measures over images that are based on the convolution operators. We
derive convolution sliced Wasserstein (CSW) and its variants via incorporating stride, dilation,
and non-linear activation function into the convolution operators. We investigate the metricity
of CSW as well as its sample complexity, its computational complexity, and its connection to
conventional sliced Wasserstein distances. Finally, we demonstrate the favorable performance of
CSW over the conventional sliced Wasserstein in comparing probability measures over images

and in training deep generative modeling on images®.

1 Introduction

Optimal transport and Wasserstein distance [53, 46| have become popular tools in machine learning
and data science. For example, optimal transport has been utilized in generative modeling tasks to
generate realistic images [2, 52|, in domain adaptation applications to transfer knowledge from source
to target domains [9, 3], in clustering applications to capture the heterogeneity of data [20], and in
other applications [28, 56, 57]. Despite having appealing performance, Wasserstein distance has been
known to suffer from high computational complexity, namely, its computational complexity is at
the order of O(m3logm) [44] when the probability measures have at most m supports. In addition,
Wasserstein distance also suffers from the curse of dimensionality, namely, its sample complexity is at
the order of O(n~1/%) [14] where n is the sample size. A popular line of works to improve the speed
of computation and the sample complexity of the Wasserstein distance is by adding an entropic
regularization term to the Wasserstein distance [10]. This variant is known as entropic regularized
optimal transport (or equivalently entropic regularized Wasserstein). By using the entropic version,
we can approximate the value of Wasserstein distance with the computational complexities being
at the order of O(n?) [1, 34, 35, 33] (up to some polynomial orders of approximation errors).

!Code for the paper will be published at https://github.com/UT-Austin-Data-Science-Group/CSW.
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Furthermore, the sample complexity of the entropic version had also been shown to be at the order
of @(n~1/2) [38], which indicates that it does not suffer from the curse of dimensionality.

Another useful line of works to improve both the computational and sample complexities of the
Wasserstein distance is based on the closed-form solution of optimal transport in one dimension. A
notable distance along this direction is sliced Wasserstein (SW) distance [6]. Due to the fast compu-
tational complexity O(m logym) and no curse of dimensionality O(n~'/2), the sliced Wasserstein has
been applied successfully in several applications, such as generative modeling [55, 13, 24|, domain
adaptation [30], and clustering [25]. The sliced Wasserstein is defined between two probability
measures that have supports belonging to a vector space, e.g, R% As defined in [6], the sliced
Wasserstein is written as the expectation of one-dimensional Wasserstein distance between two
projected measures over the uniform distribution on the unit sphere. Due to the intractability of the
expectation, Monte Carlo samples from the uniform distribution over the unit sphere are used to
approximate the sliced Wasserstein distance. The number of samples is often called the number of
projections and it is denoted as L. On the computational side, the computation of sliced Wasserstein
can be decomposed into two steps. In the first step, L projecting directions are first sampled and
then are stacked as a matrix (the projection matrix). After that, the projection matrix is multiplied
by the two data matrices resulting in two matrices that represent L one-dimensional projected
probability measures. In the second step, L one-dimensional Wasserstein distances are computed
between the two corresponding projected measures with the same projecting direction. Finally, the
average of those distances is yielded as the value of the sliced Wasserstein.

Despite being applied widely in tasks that deal with probability measures over images [55, 13|,
the conventional formulation of sliced Wasserstein is not well-defined to the nature of images. In
particular, an image is not a vector but is a tensor. Therefore, a probability measure over images
should be defined over the space of tensors instead of images. The conventional formulation leads to
an extra step in using the sliced Wasserstein on the domain of images which is vectorization. Namely,
all images (supports of two probability measures) are transformed into vectors by a deterministic
one-one mapping which is the "reshape" operator. This extra step does not keep the spatial structures
of the supports, which are crucial information of images. Furthermore, the vectorization step also
poses certain challenges to design efficient ways of projecting (slicing) samples to one dimension
based on prior knowledge about the domain of samples. Finally, prior empirical investigations
indicate that there are several slices in the conventional Wasserstein collapsing the two probability
measures to the Dirac Delta at zero |13, 12, 23|. Therefore, these slices do not contribute to the
overall discrepancy. These works suggest that the space of projecting directions in the conventional
sliced Wasserstein (the unit hyper-sphere) is potentially not optimal, at least for images.

Contribution. To address these issues of the sliced Wasserstein over images, we propose to replace
the conventional formulation of the sliced Wasserstein with a new formulation that is defined on the
space of probability measures over tensors. Moreover, we also propose a novel slicing process by
changing the conventional matrix multiplication to the convolution operators [15, 17]. In summary,
our main contributions are two-fold:

1. We leverage the benefits of the convolution operators on images, including their efficient
parameter sharing and memory saving as well as their superior performance in several tasks on
images [27, 18], to introduce efficient slicing methods on sliced Wasserstein, named convolution
slicers. With the convolution slicers, we derive a novel variant of sliced Wasserstein, named
convolution sliced Wasserstein (CSW). We investigate the metricity of CSW, its sample and



computational complexities, and its connection to other variants of sliced Wasserstein.

2. We then illustrate the favorable performance of CSW in comparing probability measures over
images. In particular, we show that CSW provides an almost identical discrepancy between
MNIST’s digits compared to that of the SW while having much less slicing memory. Further-
more, we compare SW and CSW in training deep generative models on standard benchmark
images datasets, including CIFAR10, CelebA, STL10, and CeleA-HQ. By considering quality
of the trained generative models, training speed, and training memory of CSW and SW, we
observe that the CSW has more favorable performance than the vanilla SW.

Organization. The remainder of the paper is organized as follows. We first provide background
about Wasserstein distance, the conventional slicing process in the sliced Wasserstein distance, and
the convolution operator in Section 2. In Section 3, we propose the convolution slicing and the
convolution sliced Wasserstein, and analyze some of its theoretical properties. The discussion on
related works is given in Section 4. Section 5 contains the application of CSW to generative models,
qualitative experimental results, and quantitative experimental results on standard benchmarks. We
conclude the paper In Section 6. Finally, we defer the proofs of key results and extra materials in
the Appendices.

Notation. For any d > 2, S¥1 := {# € R?|||6]|2 = 1} denotes the d dimensional unit hyper-sphere
in Lo norm, and U(S?1) is the uniform measure over S~!. Moreover, § denotes the Dirac delta
function. For p > 1, Pp(Rd) is the set of all probability measures on R? that have finite p-moments.
For p,v € Pp(RY), I(p,v) := {m € Pp(R? x RY) | [puam(z,y)dz = v, [pam(z,y)dy = pu} is the set
of transportation plans between p and v. For m > 1, we denotes u®™ as the product measure
which has the support is m random variables follows u. For a vector X € R¥™, X := (x1,...,2),
Px denotes the empirical measures % > ity 0z, For any two sequences a,, and by, the notation
an = O(b,) means that a,, < Cb, for all n > 1 where C' is some universal constant.

2 Background

In this section, we first review the definitions of the Wasserstein distance, the conventional slicing,
and the sliced Wasserstein distance, and discuss its limitation. We then review the convolution and
the padding operators on images.

Sliced Wasserstein: For any p > 1 and dimension d’ > 1, we first define the Wasserstein-p
distance |53, 45| between two probability measures pu € P,(R?) and v € P,(R?), which is given by:

1
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When d' = 1, the Wasserstein distance has a closed form which is W,(p,v) = ( fol |Fy L(z) -

F;1(2)|Pd2)'/? where F,, and F, are the cumulative distribution function (CDF) of u and v

respectively. Given this closed-form property of Wasserstein distance in one dimension, the sliced

Wasserstein distance [6] between p and v had been introduced and admitted the following formulation:

P
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where 04 is the push-forward probability measure of p through the function Ty : R — R with
Ty(z) = 0T x. For each 6 € S¥—1, WP (08, 0fv) can be computed in linear time O(m logy m) where
m is the number of supports of 4 and v. However, the integration over the unit sphere in the
sliced Wasserstein distance is intractable to compute. Therefore, Monte Carlo scheme is employed
to approximate the integration, namely, 61,...,0; ~U (Sd/_l) are drawn uniformly from the unit
sphere and the approximation of the sliced Wasserstein distance is given by:

1
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In practice, the number of projections L should be chosen to be sufficiently large compared to the
dimension d’. It can be undesirable since the computational complexity of SW is linear with L.

Sliced Wasserstein on Images: Now, we focus on two probability measures over images: u,v €
Pp(R*4*4) for number of channels ¢ > 1 and dimension d > 1. In this case, the sliced Wasserstein
between p and v is defined as:

SW, (1, v) = SW,(Rip, Riv), (4)
where R : Rexdxd _y Red® ig 5 deterministic one-to-one "reshape" mapping.

The slicing process: The slicing of sliced Wasserstein distance on probability measures over
images consists of two steps: vectorization and projection. For better understanding, we visualize an
example of projecting a probability measure p € R®**¢ that has n supports in Figure 1. In short,
supports of y are transformed into vectors in R and are stacked as a matrix of size n x cd?. A
projection matrix of size L x cd? is then sampled and has each column as a random vector following
the uniform measure over the unit hyper-sphere. Finally, the multiplication of those two matrices
returns L projected probability measures of n supports in one dimension.

Limitation of the conventional slicing: First of all, images contain spatial relations across
channels and local information. Therefore, transforming images into vectors makes it challenging
to obtain that information. Second, vectorization leads to the usage of projecting directions from
the unit hyper-sphere, which can have several directions that do not have good discriminative
power. Finally, sampling projecting directions in high-dimension is also time-consuming and memory-
consuming. As a consequence, avoiding the vectorization step can improve the efficiency of the whole
process.

Convolution operator: We now define the convolution operator on tensors [15|, which will be
used as an alternative way of projecting images to one dimension in the sliced Wasserstein. The
definition of the convolution operator with stride and dilation is as follows.

Definition 1. (Convolution) Given the number of channels ¢ > 1, the dimension d > 1, the stride
size s > 1, the dilation size b > 1, the size of kernel k > 1, the convolution of a tensor X € Rexdxd
with a kernel size K € REFxk g

XsibK:K YERle/Xd/,

where d' = % +1. Fori=1,...,d and j=1,...,d, Y1, ts defined as:
c k-1k-1
Yiij = Z Z Z X, s(i—1)+bi+1,5(—1)+bj'+1 * Ehjir1,5741-
h=1i'=0j'=0
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The conventional slicing process of the sliced Wasserstein

Figure 1: The conventional slicing process of sliced Wasserstein distance. The images X1,..., X, € Re*4X4 are first

flattened into vectors in R° and then the Radon transform is applied to these vectors to lead to sliced Wasserstein (4)
on images.

From its definition, we can check that the computational complexity of the convolution operator is
2
d—b(k—1)—1 2
@) <c (75 + 1) k )

3 Convolution Sliced Wasserstein

In this section, we will define a convolution slicer that maps a tensor to a scalar by convolution
operators. Moreover, we discuss the convolution slicer and some of its specific forms including
the convolution-base slicer, the convolution-stride slicer, the convolution-dilation slicer, and their
non-linear extensions. After that, we derive the convolution sliced Wasserstein (CSW), a family of
variants of sliced Wasserstein, that utilizes a convolution slicer as the projecting method. Finally, we
discuss some theoretical properties of CSW, namely, its metricity, its computational complexity, its
sample complexity, and its connection to other variants of sliced Wasserstein.

3.1 Convolution Slicer

We first start with the definition of the convolution slicer, which plays an important role in defining
convolution sliced Wasserstein.

Definition 2. (Convolution Slicer) For N > 1, given a sequence of kernels KW e RC<1>Xd<1)Xd(1), ceey

KW) ¢ RC(N)Xd(N)Xd(N), a convolution slicer S(-|K™M, ..., KM on R4 js o composition of N
convolution functions with kernels KU, ...  KWN) (with stride or dilation if needed) such that:

S(XIKW,... KNy eR VX e R4,

As indicated in Definition 2, the idea of the convolution slicer is to progressively map a given data
X to a one-dimensional subspace through a sequence of convolution kernels, which capture spatial
relations across channels as well as local information of the data. It is starkly different from the
vectorization step in standard sliced Wasserstein on images (4).



Now, we will specify three particular types of convolution slicers based on using linear function
on the convolution operator, named convolution-base, convolution-stride, and convolution-dilation
slicers. We first start with the definition of the convolution-base slicer.

Definition 3. (Convolution-base Slicer) Given X € R4 (] >2)

1. When d is even, N = [log,d), sliced kernels are defined as K() € Rex271d+1)x271d+1) g
KM ¢ RIx@7"d+1)x(27"d+1) forh=2,...,N—1, and KIN) € R*%%a yhere q = ﬂ%. Then,
the convolution-base slicer CS-b(X|KW, ... K(N)) is defined as:

X h=0
CS-b(X|KW, .. KMy = x™  xh — 11 (5)
Xt=1) % g 1< hp <N,
2. When d is odd, the convolution-base slicer CS-b(X|K®, ..., KN takes the form:
CS-b(X|IED, ... KMy = cS-p(x % KO|K® .. kM), (6)
where KW € R¥2%2 gnd K@) .. KWN) are the corresponding sliced kernels that are defined

on the dimension d — 1.

The idea of the convolution-base slicer in Definition 3 is to reduce the width and the height of the
image by half after each convolution operator. If the width and the height of the image are odd, the
first convolution operator is to reduce the size of the image by one via convolution with kernels of
size 2 x 2, and then the same procedure as that of the even case is applied. We would like to remark
that the conventional slicing of sliced Wasserstein in Section 2 is equivalent to a convolution-base

slicer S(-|K() where K(1) € R4 that satisfies the constraint Y5 _, Zle Z?:l K}(Lll)? =1
We now discuss the second variant of the convolution slicer, named convolution-stride slicer, where
we further incorporate stride into the convolution operators. Its definition is as follows.

Definition 4. (Convolution-stride Slicer) Given X € R4 (1 >2)

1. When d is even, N = [log, d], sliced kernels are defined as K" € R*?*2 gnd KW ¢ R1%2x2
forh=2,....N—1, and KW) e RIXaxa yhere g = QN%. Then, the convolution-stride slicer
CS-s(X|KW, ..., KWMN) is defined as:

X h=0
CS-s(X|KD,. . KMy =x®™ x®W L xto-0D% g 1<p<nN_1 (7
X015 g®) = N,

2. When d is odd, the convolution-stride slicer CS-s(X|KW, ..., KWMN) takes the form.:

CS-s(X|KW, ... KM = ¢S-s(X % KV|K®, . KW), (8)

where KM € R*2%2 gnd K@ .. KWN) are the corresponding sliced kernels that are defined
on the dimension d — 1.



Similar to the convolution-base slicer in Definition 3, the convolution-stride slicer reduces the width
and the height of the image by half after each convolution operator. We use the same procedure of
reducing the height and the width of the image by one when the height and the width of the image
are odd. The benefit of the convolution-stride slicer is that the size of its kernels does not depend on
the width and the height of images as that of the convolution-base slicer. This difference improves
the computational complexity and time complexity of the convolution-stride slicer over those of the
convolution-base slicer (cf. Proposition 1).

Now, we discuss the next variant of convolution slicer, named convolution-dilation slicer, where we
include dilation with appropriate size into the convolution operators.

Definition 5. (Convolution-dilation Slicer) Given X € R4 (d>2),

1. When d is even, N = [logy d], sliced kernels are defined as K € R*2%2 gnd KW ¢ R1%2x2
forh=2,...,N —1, and KN) € R1*0Xa yhere q = 2Nd,1 . Then, the convolution-dilation
slicer CS-d(X|KW, ..., KWN)) is defined as:

X h=0
CS-dX|KW,. . KMy=x™  x0 _d xh-) P gm) 1<p<N-1, (9
xt=0 Y g® = N,

2. When d is odd, the convolution-dilation slicer CS-d(X|KW, ... KWN) takes the form.:

CS-d(X|KW, .. KMy =¢cs-d(x % KO|K®, ... KM, (10)

where KW € R*2%2 qnd K@ ... KWN) gre the corresponding sliced kernels that are defined
on the dimension d — 1.

As with the previous slicers, the convolution-dilation slicer also reduces the width and the height
of the image by half after each convolution operator and it uses the same procedure for the odd
dimension cases. The design of kernels’ size of the convolution-dilation slicer is the same as that of
the convolution-stride slicer. However, the convolution-dilation slicer has a bigger receptive field in
each convolution operator which might be appealing when the information of the image is presented
by a big block of pixels.

Computational and projection memories complexities of the convolution slicers: We now
establish the computational and projection memory complexities of convolution-base, convolution-
stride, and convolution-dilation slicers in the following proposition. We would like to recall that the
projection memory complexity is the memory that is needed to store a slice (convolution kernels).

Proposition 1. (a) When d is even, the computational and projection memory complezities of
convolution-base slicer are respectively at the order of O(cd*) and O(cd?). When d is odd, these
complezities are at the order of O(cd? 4+ d*) and O(c + d?).

(b) The computational and projection memory complexities of convolution-stride slicer are respectively
at the order of O(cd?) and O(c + [logy d]).

(¢) The computational and projection memory complexities of convolution-dilation slicer are respec-

tively at the order of O(cd?) and O(c + [logy d)).
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Figure 2: The convolution slicing process (using the convolution slicer). The images Xi,..., X, € Re*4Xd are

directly mapped to a scalar by a sequence of convolution functions which have kernels as random tensors. This slicing
process leads to the convolution sliced Wasserstein (11) on images.

Proof of Proposition 1 is in Appendix A.4. We recall that the computational complexity and the
projection memory complexity of the conventional slicing in sliced Wasserstein are O(cd?) and
O(cd?). We can observe that the convolution-base slicer has a worse computational complexity than
the conventional slicing while having the same projection memory complexity. Since the size of
kernels does not depend on the size of images, the convolution-stride slicer and the convolution-
dilation slicer have the same computational complexity as the conventional slicing O(cd?). However,
their projection memory complexities are cheaper than conventional slicing, namely, O(c + [log, d])
compared to O(cd?).

Non-linear convolution-base slicer: The composition of convolution functions in the linear
convolution slicer and its linear variants is still a linear function, which may not be effective when
the data lie in a complex and highly non-linear low-dimensional subspace. A natural generalization
of linear convolution slicers to enhance the ability of the slicers to capture the non-linearity of the
data is to apply a non-linear activation function after convolution operators. This enables us to
define a non-linear slicer in Definition 7 in Appendix B. The non-linear slicer can be seen as a
defining function in generalized Radon Transform [47] which was used previously in generalized
sliced Wasserstein [23].

3.2 Convolution Sliced Wasserstein

With the definition of convolution slicers on hand, we now state our general definition of convolution
sliced Wasserstein. An illustration of the convolution sliced Wasserstein is given in Figure 2.

Definition 6. For any p > 1, the convolution sliced Wasserstein (CSW) of order p > 0 between two

given probability measures pi,v € Pp(R>*) is given by:
CSWp(p,v) ==
1
(EKu)Nu(;cu)),...,K<N>~u(1<(N)) [W,? <5('|K(1), o KO, SR, -,K(N))ﬁV)Dp , (1)



where S(-|KW, ..., KM is a convolution slicer with K® ¢ R )RR g5y i € [N] and
Z/I(IC(i)) is the uniform distribution with the realz'zations being in the set KO which is defined
as KO .— {K(Z) e RV xk® xk() \ZC(” km ka Kh z, L= 1}, namely, the set K@ consists of

tensors KW whose squared o norm is 1.

When we specifically consider the convolution slicer as convolution-base slicer (CS-b), convolution-
stride slicer (CS-s), and convolution-dilation slicer (CS-d), we have the corresponding notions of
convolution-base sliced Wasserstein (CSW-b), convolution-stride sliced Wasserstein (CSW-s), and
convolution-dilation sliced Wasserstein (CSW-d).

Monte Carlo estimation and implementation: Similar to the conventional sliced Wasserstein,
the expectation with respect to kernels KM, ... K uniformly drawn from the sets K1), ... K&V
in the convolution sliced Wasserstein is intractable to compute. Therefore, we also make use of
Monte Carlo method to approximate the expectation, which leads to the following approximation of
the convolution sliced Wasserstein:

L
CsW > 7 (sCr®, K SCED, K (12)

h\H

where K i(e) are uniform samples from the sets K(©) for any ¢ € [N] and i € [L]. Since each of the
convolution slicer S(-| K Z-(l), oo K Z-(N)) is in one dimension, we can utilize the closed-form expression of
Wasserstein metric in one dimension to compute W), (S(~\KZ.(1), . ,KZ.(N))]j,u, S(-]Ki(l), cee Ki(N))tiu>
with a complexity of O(mlogym) for each i € [L] where m is the maximum number of supports
of  and v. Therefore, the total computational complexity of computing the Monte Carlo approx-
imation (12) is O(Lmlogy, m) when the probability measures p and v have at most m supports.
It is comparable to the computational complexity of sliced Wasserstein on images (4) where we
directly vectorize the images and apply the Radon transform to these flatten images. Finally, for the
implementation, we would like to remark that L convolution slicers in equation (12) can be computed
independently and parallelly using the group convolution implementation which is supported in
almost all libraries.

Properties of convolution sliced Wasserstein: We first have the following result for the metricity
of the convolution sliced Wasserstein.

Theorem 1. For any p > 1, the convolution sliced Wasserstein CSW,(.,.) is a pseudo-metric on

the space of probability measures on R4 namely, it is symmetric, satisfies the triangle inequality,
and CSWy(p,v) =0 <= p=v.

Proof of Theorem 1 is in Appendix A.1. Our next result establishes the connection between the
convolution sliced Wasserstein and max-sliced Wasserstein and Wasserstein distances.

Proposition 2. For any p > 1, we find that

CSWy(p, v) < maz-SWy(p,v) < Wy(p,v),

where maz-SW,(p,v) = MaXy g, g <1 W, (08, 08v) is maa-sliced Wasserstein metric of order p
between u and v. -



Proof of Proposition 2 is in Appendix A.2. Given the bounds in Proposition 2, we demonstrate
that the convolution sliced Wasserstein does not suffer from the curse of dimensionality for the
inference purpose, namely, the sample complexity for the empirical distribution from i.i.d. samples
to approximate their underlying distribution is at the order of O(n_l/ 2,

Proposition 3. Assume that P is a probability measure supported on compact set of RE*4*?_ Let
X1, Xo9,..., X, be i.i.d. samples from P and we denote P, = %2?21 0x, as the empirical measure
of these data. Then, for any p > 1, there exists a universal constant C' > 0 such that

2
E[CSW,(P,, P)] < C m)

n

where the outer expectation is taken with respect to the data X1, Xa, ..., Xn.

Proof of Proposition 3 is in Appendix A.3. The result of Proposition 3 indicates that the sample
complexity of the convolution sliced Wasserstein is comparable to that of the sliced Wasserstein on
images (4), which is at the order of @(n~'/2) [4], and better than that of the Wasserstein metric,
which is at the order of O(n~1/(2¢d*) [14],

Extension to non-linear convolution sliced Wasserstein: In Appendix B, we provide a non-
linear version of the convolution sliced Wasserstein, named non-linear convolution sliced Wasserstein.
The high-level idea of the non-linear version is to incorporate non-linear activation functions to the
convolution-base, convolution-stride, and convolution-dilation slicers. The inclusion of non-linear
activation functions is to enhance the ability of slicers to capture the non-linearity of the data. By
plugging these non-linear convolution slicers into the general definition of the convolution sliced
Wasserstein in Definition 6, we obtain the non-linear variants of convolution sliced Wasserstein.
Details of these variants are in Appendix B.

4 Related Works

Sliced Wasserstein is used for the pooling mechanism for aggregating a set of features in [39).
Sliced Wasserstein gradient flows are investigated in [37, 5]. Variational inference based on sliced
Wasserstein is carried out in [58]. Similarly, sliced Wasserstein is used for approximate Bayesian
computation in [40]. Statistical guarantees of training generative models with sliced Wasserstein is
derived in [42]. Other frameworks for generative modeling using sliced Wasserstein are sliced iterative
normalizing flows [11] and run-sort-rerun for fine-tuning pre-trained model [31]. Differentially private
sliced Wasserstein is proposed in [48]. Approximating Wasserstein distance based on one-dimensional
transportation plans from orthogonal projecting directions is introduced in [49]. To reduce the
projection complexity of sliced Wasserstein, a biased approximation based on the concentration of
Gaussian projections is proposed in [41]. Augmenting probability measures to a higher-dimensional
space for a better linear separation is used in augmented sliced Wasserstein [7]. Projected Robust
Wasserstein (PRW) metrics that find the best orthogonal linear projecting operator onto k > 1
dimensional space and Riemannian optimization techniques for solving it are proposed in [43, 32, 21].
Sliced Gromov Wasserstein, a fast sliced version of Gromov Wasserstein, is proposed in [51|. The
slicing technique is also be applied in approximating mutual information [16]. We would like to
recall that all the above works assume working with vector spaces and need to use vectorization
when dealing with images.
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5 Experiments

In this section, we focus on comparing the sliced Wasserstein (SW) (with the conventional slicing),
the convolution-base sliced Wasserstein (CSW-b), the convolution sliced Wasserstein with stride
(CSW-s), and the convolution sliced Wassersstein with dilation (CSW-d) on tasks that involve
probability measures over images. In particular, we first show the values of the SW and the CSW
variants between probability measures over digits of the MNIST dataset [29]. We then compare
SW and several variants of CSW in training generative models on image datasets such as CIFAR10
(32x32) [26], STL10 (96x96) [8], CelebA (64x64), and CelebA-HQ (128x128) [36]. We recall that the

number of projections in SW and CSW’s variants is denoted as L.

5.1 Comparing Measures over MNIST’s digits

In the MNIST dataset, there are 60000 images of size 28 x 28 of digits from 0 to 9. We compute SW
between two empirical probability measures over images of every two digits, e.g., 1 and 2, 1 and 3,
and so on. To compare on the same digit, e.g, 1, we split images of the same digit into two disjoint
sets and then compute the SW between the corresponding empirical probability measures.

Meaningful measures of discrepancy: We approximate the SW and the CSW’s variants by
a finite number of projections, namely, L = 1, L = 10, and L = 100. We show the mean of
approximated values of L = 100 over 5 different runs and the corresponding standard deviation in
Table 1. According to the table, we observe that SW and CSW’s variants can preserve discrepancy
between digits well. In particular, the discrepancies between probability measures of the same digit
are relatively small compared to the discrepancies between probability measures of different digits.
Moreover, we see that the values of CSW-s and CSW-d are closed to the values of SW on the same
pairs of digits. We also show similar tables for L = 1 and L = 10 in Tables 4-5 in Appendix C. From
these tables, we observe that the number of projections can affect the stability of both SW and
CSW'’s variants.

Projection memory for slicers: For SW, the conventional slicing requires L - 784 float variables
for L projecting directions of 28 - 28 dimension. On the other hand, CSW only needs L - 338 float
variables since each projecting direction is represented as three kernels K 1) ¢ RI5*15 [(2) ¢ RSB,
and K®) e R™7. More importantly, CSW-s and CSW-d require only L - 57 float variables since
they are represented by three kernels KV € R2*2, K2 ¢ R2%2 and K®) € R™7. From this
experiment, we can see that using the whole unit-hypersphere as the space of projecting directions
can be sub-optimal when dealing with images.

5.2 Generative Models

We follow the framework of sliced Wasserstein generator in [13]. In particular, we parameterize
the model distribution py(x) € P(R?*?) and py(z) = Gyte where € is the standard multivariate
Gaussian of 128 dimension and G4 is a neural network with Resnet architecture [18]. Since the
ground truth metric between images is unknown, we need a discriminator as a type of ground metric
learning. We denote the discriminator as a function T, o T, where Tj, : R*¥Xd 5 RE'*d'xd" apq
Tp, : RE*d'>xd" _y R In greater detail, T, maps the original images to their corresponding features
maps and Tz, maps their features maps to their corresponding discriminative scores. Let the data
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Table 1: Values of SW and CSW variants between probability measures over digits images on MNIST with L = 100

| 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9
SW | 0.58+£0.01 | 23.19:£0.88 | 15.81:£0.88 | 15.31£0.83 | 17.25:£0.57 | 12454091 | 16.44+0.8 | 17.714£0.71 | 15.81.12 | 18.14:£0.94
CSW-b | 0.83£0.03 | 32.33£3.02 | 24.86%2.11 | 25.73+£2.43 | 24.71£2.55 | 18.6+1.76 | 21.86£1.71 | 25.6£1.72 | 27.24£2.36 | 24.9340.92

CSW-s | 0.59+0.04 | 24.13+2.36 | 16.95+£1.21 | 15.21£2.02 | 19.24+1.33 | 13.33£1.85 | 18.0+1.57 | 18.04+2.21 | 15.51+£2.21 | 17.99+2.64
CSW-d | 0.5940.01 | 22.654+1.47 | 16.15+£1.28 | 16.79+0.79 | 17.91+0.65 | 12.6+1.28 | 17.81+1.28 | 18.53+1.54 | 14.854+1.76 | 16.93+0.97

SW 22.36+0.92 | 0.45+0.0 | 16.48+1.24 | 16.264+0.48 | 16.58+0.79 | 15.534+0.37 | 16.95£1.04 | 15.71£0.8 | 14.59£0.45 | 15.8240.67
CSW-b | 34.71£1.82 | 0.65+£0.02 | 24.19£2.05 | 25.62+1.61 | 27.75+1.6 | 23.7£1.92 | 28.07+£0.58 | 27.05+2.75 | 23.8441.37 | 25.44+0.93
CSW-s | 22.59£3.07 | 0.45+0.03 | 16.04+£1.25 | 17.2+0.8 | 16.25+1.13 | 15.7+1.3 | 17.37£1.37 | 15.87+0.76 | 15.854+0.96 | 17.08+0.96
CSW-d | 23.48+1.47 | 0.46+0.01 | 16.41£0.73 | 16.39£0.74 | 16.93+£0.99 | 15.01+£0.74 | 16.85+£1.02 | 16.48+0.99 | 15.22+0.78 | 15.76+0.8

SW 16.03£0.84 | 16.44+0.29 | 0.62+0.02 | 12.9£0.53 | 12.984+1.39 | 12.83£0.39 | 11.11£0.31 | 16.41£0.54 | 11.354+0.79 | 14.61+0.75
CSW-b | 24.740.84 | 24.57+1.05 | 0.89+0.05 | 19.56+1.07 | 19.09£0.48 | 20.65+1.91 | 17.95+0.94 | 20.9+1.96 | 16.98+1.21 | 18.81+0.66
CSW-s | 16.38+1.76 | 16.3+£0.87 | 0.64+0.03 | 11.92+0.89 | 14.81+£2.17 | 11.42£1.09 | 11.3+0.85 | 15.27+1.29 | 10.58+1.38 | 14.84+2.31
CSW-d | 16.22£0.98 | 17.09+0.93 | 0.6£0.01 | 13.22+0.37 | 13.81£0.73 | 11.92+0.5 | 12.13+£1.0 | 16.3+0.93 | 11.824+1.26 | 15.26+1.45

SW 15.89£0.82 | 15.7£0.63 | 12.6+0.96 | 0.57+£0.01 | 15.04£0.93 | 8.89+0.57 | 14.96+1.34 | 14.840.46 | 9.85+0.62 | 13.52+0.77
CSW-b | 26.62+1.65 | 25.43+3.13 | 18.57+£1.66 | 0.87+0.05 | 22.38+2.45 | 14.11£1.52 | 23.83+2.36 | 24.15+1.44 | 17.0+1.84 | 19.68+1.21
CSW-s | 16.71£1.88 | 16.25+1.41 | 12.31£1.55 | 0.6+0.01 13.7£0.91 | 8.97+1.41 | 15.69+£1.04 | 14.94+1.41 | 10.914+0.63 | 14.07+1.26
CSW-d | 15.23£1.83 | 16.37+1.05 | 13.19£0.79 | 0.584+0.02 | 15.0+0.91 | 9.21+0.61 | 16.14+0.32 | 15.64+1.24 | 11.1£0.76 | 13.93+0.6

SW 17.02£1.0 | 16.82+0.86 | 12.61£0.55 | 14.754+0.99 | 0.584+0.01 | 11.3940.44 | 12.07£0.51 | 10.514+0.56 | 12.43£0.78 | 6.78£0.47
CSW-b | 26.86+£2.04 | 26.444+1.75 | 18.91£2.74 | 22.08+1.47 | 0.83+0.03 | 18.51+1.15 | 18.494+1.35 | 18.95+1.67 | 17.294+2.19 | 10.54+0.69
CSW-s 16.2£2.1 | 15.65+1.16 | 13.94£1.92 | 15.23+1.32 | 0.58+0.03 | 11.29+2.18 | 12.33+1.05 | 11.07£0.9 | 12.39+1.71 | 7.8440.79
CSW-d | 17.3441.77 | 17.2841.27 | 13.08£1.54 | 15.3+0.67 | 0.57+0.01 | 12.04+0.52 | 13.23+£0.44 | 11.98+0.71 | 11.39+0.75 | 7.2640.51

SW 11.77£0.36 | 14.55£0.93 | 12.64+0.47 | 8.7+0.71 10.68+1.3 | 0.64£0.01 | 11.83+0.83 | 12.5440.2 | 8.994+0.78 | 10.4+£0.75
CSW-b | 20.55+1.98 | 25.31£2.14 | 19.68+£0.92 | 13.554+1.5 | 18.43+£1.22 | 0.914+0.02 | 16.554+1.0 | 17.454+0.8 | 14.44+1.07 | 15.85+1.21
CSW-s | 13.04£0.61 | 15.15+1.18 | 12.65+£0.94 | 8.27+1.01 | 11.83+0.85 | 0.624+0.01 | 12.044+1.0 | 12.36+£1.48 | 8.6440.55 | 10.840.97
CSW-d | 11.79£1.28 | 15.314+1.15 | 13.54£1.22 | 8.82+1.07 | 12.33+0.75 | 0.62+0.04 | 12.454+0.79 | 13.02+0.81 | 9.18+0.54 | 10.73+0.85

SW 15.97£0.87 | 16.84£1.4 | 11.52£0.53 | 15.56+0.66 | 12.09£0.63 | 11.98+0.82 | 0.65+0.01 | 16.69+1.63 | 12.524+0.42 | 13.84+0.93
CSW-b | 25.66+2.37 | 26.39+0.68 | 15.93+£0.91 | 22.98£3.47 | 18.8£1.9 17.0£1.66 | 0.91£0.02 | 23.31£2.45 | 17.62£0.99 | 18.73+0.84
CSW-s | 17.84£1.85 | 17.61+1.92 | 11.49£0.42 | 14.07+1.43 | 12.25£1.23 | 11.74+0.35 | 0.66+0.01 | 15.71£1.03 | 13.33+0.68 | 12.55+1.4
CSW-d | 16.95+1.45 | 17.15+1.12 | 11.47£0.79 | 15.71£1.24 | 11.91£0.37 | 12.63+£0.94 | 0.674+0.02 | 16.36+£1.29 | 13.15+1.0 | 14.35+0.92

SW 17.55+1.35 | 16.65+£0.79 | 15.3+£0.83 | 15.474+0.73 | 11.39+0.77 | 12.44+0.54 | 16.04£1.19 | 0.61+0.01 | 13.66+1.12 | 8.16+0.06
CSW-b | 27.36£2.07 | 28.354+1.32 | 22.24+1.59 | 23.56+£1.2 | 18.46+2.75 | 19.32+1.68 | 25.384+1.94 | 0.9440.04 | 22.63+1.67 | 14.71+0.52
CSW-s | 16.7442.14 | 15.81£1.23 | 17.724£2.26 | 14.75+£0.83 | 13.6+2.24 | 13.45+£1.94 | 15.37+£1.44 | 0.6440.05 | 12.92+0.77 | 8.95+1.3
CSW-d | 18.21+1.44 | 16.31£1.55 | 16.3+£1.05 | 14.97£0.76 | 11.45+£0.35 | 12.82£1.54 | 16.94+0.95 | 0.694+0.04 | 13.3+0.59 | 8.7240.48

SW 16.16+1.14 | 15.0940.96 | 11.02£0.54 | 10.02+0.79 | 11.454£0.69 | 8.46+0.75 | 13.41+0.29 | 14.33£1.27 | 0.65+0.02 | 10.62+0.35
CSW-b | 26.4942.12 | 21.76£0.63 | 15.73+£1.07 | 17.16£1.58 | 18.25+£1.36 | 14.5+0.94 | 18.87+1.68 | 21.36+1.76 | 0.9740.04 | 15.85+0.81
CSW-s | 17.19£1.17 | 14.26+1.07 | 11.01£0.79 | 10.32+1.02 | 11.86+1.4 | 8.754+0.63 | 13.23+0.96 | 13.72+1.3 | 0.66+0.04 | 10.65+1.02
CSW-d | 15.42+1.31 | 15.414+0.87 | 11.06+£0.43 | 10.56+0.44 | 12.51+1.74 | 8.98+0.61 | 13.87+1.29 | 14.77+0.67 | 0.65+0.03 | 11.09+1.06

SW 17.94£1.19 | 15.684+0.64 | 13.83£1.05 | 12.72+0.48 | 7.37£0.66 | 10.62+0.92 | 13.54£0.48 | 8.2440.31 | 10.66+0.38 | 0.5940.02
CSW-b | 26.67£3.65 | 26.0£1.95 | 20.52+1.24 | 19.68+1.14 | 10.394£0.42 | 16.36+2.03 | 19.2440.99 | 14.95+1.29 | 15.714+1.44 | 0.8440.04
CSW-s | 16.73£1.84 | 16.04+1.28 | 14.31£1.66 | 13.22+1.43 | 7.42+0.45 | 10.32+0.65 | 13.74+2.08 | 8.64+0.8 | 10.52+1.33 | 0.6+0.02
CSW-d | 17.58+1.17 | 15.43£1.09 | 13.98+0.51 | 13.55+£1.43 | 7.184+0.37 | 10.89+0.58 | 13.94+1.11 | 8.584+0.42 | 11.68+0.62 | 0.6+0.02

distribution is u, our training objectives are:
win (Eqy, [min(0, =1 + T, (T, ()] + Eerve[min(0, —1 = T, (T5, (Go(2)))]) »
mgn EX~y®m,Y~e®mD(Tﬁ1 ﬁPXv TﬁlﬁG(ﬁﬁPY)?

where m > 1 is the mini-batch size and D(-,-) is the SW or CSW’s variants.

We train the above model on standard benchmarks such as CIFAR10 (32x32) [26], STL10 (96x96) [8|,
CelebA (64x64), and CelebAHQ (128x128) [36]. To compare models, we use the FID score [19]
and the Inception score (IS) [50]. The detailed settings about architectures, hyperparameters,
and evaluation of FID and IS are given in Appendix D. We first show the FID scores and IS
scores of generative models trained by SW and CSW'’s variants with the number of projections
L € {1,100,100} in Table 2. In the table, we report the performance of models at the last training
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Table 2: Summary of FID and IS scores of methods on CIFAR10 (32x32), CelebA (64x64), STL10 (96x96), and
CelebA-HQ (128x128).

| CIFAR10 (32x32) | CelebA (64x64) | STL10 (96x96) | CelebA-HQ (128x128) |

Method
|FID() IS(1) | FIDU) |FID() IS(1) | FID (4)
SW (L=1 87.97 3.59 128.81 170.96 3.68 275.44
CSW-b (L=1) 84.38 4.28 85.83 173.33 3.89 31591
CSW-s (L=1) 80.10 4.31 66.52 168.93 3.75 303.57
CSW-d (L=1) 63.94 4.89 89.37 212.61 2.48 321.06
SW (L.=100) 53.67 5.74 20.08 100.35 8.14 51.80
CSW-b (L=100) 49.78 5.78 18.96 91.75 8.11 53.05
CSW-s (L=100) 43.88 6.13 13.76 97.08 8.20 32.94
CSW-d (L=100) 47.16 5.90 14.96 102.58 7.53 41.01
SW (L=1000) 43.11 6.09 14.92 84.78 9.06 28.19
CSW-b (L=1000) 43.17 6.07 14.75 86.98 9.11 29.69
CSW-s (L=1000) 35.40 6.64 12.55 77.24 9.31 22.25
CSW-d (L=1000) 41.34 6.33 13.24 83.36 9.42 25.93
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Figure 3: FID scores and IS scores over epochs of different training losses on datasets. We observe that CSW’s
variants usually help the generative models converge faster.

epoch. We do not report the IS scores on CelebA and CelebA-HQ since the IS scores are not suitable
for face images. We then demonstrate the FID scores and IS scores across training epochs in Figure 3
for investigating the convergence of generative models trained by SW and CSW’s variants. After
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Table 3: Computational time and memory of methods (reported in the number of iterations per a second and
megabytes (MB).

Method | CIFARIO (32x32) |  CelebA (64x64) |  STLI10 (96x96) | CelebA-HQ (128x128)
| Tters/s (1) Mem (1) | Iters/s (1) Mem (}) | Iters/s (1) Mem ({) | Iters/s (1) Mem ()
SW (L=1) 18.98 2071 6.21 8003 9.59 4596 10.35 4109
SW (L=100) 18.53 2080 6.16 8015 9.47 4601 10.22 4117
SW (L=1000) 18.15 2169 6.10 8102 9.13 4647 10.17 4202
CSW-b (L=1) 18.43 2070 6.21 8003 9.56 4596 10.33 4109
CSW-b (L=100) 18.35 2077 6.15 8009 9.40 4598 10.19 4110
CSW-b (L=1000) 18.06 2117 6.10 8049 9.07 4613 10.12 4134
CSW-s (d) (L=1) 18.69 2070 6.21 8003 9.56 4596 10.33 4109
CSW-s (d) (L=100) 18.50 2073 6.16 8005 9.41 4597 10.20 4109
CSW-s (d) (L=1000) | 18.10 2098 6.10 8029 9.10 4603 10.12 4114

CSW-s (L = 1) CSW-s (L = 100) CSW-s (L = 1000)

Figure 4: Random generated images of SW and CSW-s on CIFARI10.

that, we report the training time and training memory of SW and CSW variants in Table 3. Finally,
we show some randomly generated images from SW’s models and CSW-s’ models in Figures 4-7.
Additional experimental results with CSW-b and CSW-d are given in Appendix C.

Summary of FID scores and IS scores: According to Table 2, on CIFAR10, CSW-d gives the
lowest values of FID scores and IS scores when L = 1 while CSW-s gives the lowest FID scores
when L = 100 and L = 1000. Compared to CSW-s, CSW-d and CSW yield higher FID scores and
lower IS scores. However, CSW-d and CSW are still better than SW. On CelebA, CSW-s perform
the best in all settings. On STL10, CSW’s variants are also better than the vanilla SW, however,
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CSW-s (L =1) ~ CSW-s (L = 1000)

Figure 5: Random generated images of SW and CSW-s on CelebA.

it is hard to figure out which is the best variant. On CelebA-HQ, SW gives the lowest FID score
when L = 1. In contrast, when L = 100 and L = 1000, CSW-s is the best choice for training the
generative model. Since the FID scores of L = 1 are very high on CelebA-HQ and STL10, the scores
are not very meaningful for comparing SW and CSW'’s variants. For all models, increasing L leads
to better generative quality. Overall, we observe that CSW'’s variants enhance the performance of
the generative models well.

FID scores and IS scores across epochs: From Figure 3, we observe that CSW'’s variants help
the generative models converge faster than SW when L = 100 and L = 1000. Increasing the number
of projections from 100 to 1000, the generative models from both SW and CSW'’s variants become
better. Overall, CSW-s is the best option for training generative models among CSW'’s variants
since its FID curves are the lowest and its IS curves are the highest.

Training time and training memory: We report in Table 3 the training speed in the number of
iterations per second and the training memory in megabytes (MBs). We would like to recall that
the time complexity and the projection memory complexity of CSW-s and CSW-d are the same.
Therefore, we measure the training time and the training memory of CSW-s as the result for both
CSW-s and CSW-d. We can see that increasing the number of projections L costs more memory and
also slows down the training speed. However, the rate of increasing memory of CSW is smaller than
SW. For CSW-s and CSW-d, the extent of saving memory is even better. As an example, L = 1000
in CSW-s and CSW-d costs less memory than SW with L = 100 while the performance is better
(see Table 2). In terms of training time, CSW-s and CSW-d are comparable to SW and they can be
computed faster than CSW. We refer the readers to Section 3 for a detailed discussion about the
computational time and projection memory complexity of CSW'’s variants.
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CSW-s (L = 100)

Figure 6: Random generated images of SW and CSW-s on STL10.

Generated images: We show randomly generated images on CIFAR10, CelebA, STL10, and
CelebA-HQ in Figures 4-7 as qualitative comparison between SW and CSW-s. From the figures, we
can see that generated images of CSW-s is more realistic than ones of SW. The difference is visually
clear when the number of projections L is small e.g., L = 1 and L = 100. When L = 1000, we can
still figure out that CSW-s is better than SW by looking at the sharpness of the generated images.
Also, we can visually observe the improvement of SW and CSW-s when increasing the number of
projections. In summary, the qualitative results are consistent with the quantitative results (FID
scores and IS scores) in Table 2. For the generated images of CSW-b and CSW-d, we show them in
Figures 8-11.

Non-linear convolution sliced Wasserstein: We also compare non-linear extensions of SW and
CSW variants in training generative models on CIFAR10 in Appendix C. For details of non-linear
extensions, we refer to Appendix B. From experiments, we observe that convolution can also improve
the performance of sliced Wasserstein in non-linear projecting cases. Compared to linear versions,
non-linear versions can enhance the quality of the generative model or yield comparable results.

6 Conclusion

We have addressed the issue of the conventional slicing process of sliced Wasserstein when working
with probability measures over images. In particular, sliced Wasserstein is defined on probability
measures over vectors which leads to the step of vectorization for images. As a result, the conventional
slicing process cannot exploit the spatial structure of data for designing the space of projecting
directions and projecting operators. To address the issue, we propose a new slicing process by
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CSW-s (L = 100)

Figure 7: Random generated images of SW and CSW-s on CelebA-HQ.

using the convolution operator which has been shown to be efficient on images. Moreover, we
investigate the computational complexity and projection memory complexity of the new slicing
technique. We show that convolution slicing is comparable to conventional slicing in terms of
computational complexity while being better in terms of projection memory complexity. By utilizing
the new slicing technique, we derive a novel family of sliced Wassersein variants, named convolution
sliced Wasserstein. We investigate the properties of the convolution sliced Wasserstein including
its metricity, its computational and sample complexities, and its connection to other variants of
sliced Wasserstein in literature. Finally, we carry out extensive experiments in comparing digits
images and training generative models on standard benchmark datasets to demonstrate the favorable
performance of the convolution sliced Wasserstein.

Supplement to "Revisiting Sliced Wasserstein on Images:
From Vectorization to Convolution"

In this supplement, we collect the materials that are deferred from the main text. In Appendix A,
we provide proofs for key results in the paper. In Appendix B, we introduce non-linear versions of
the convolution sliced Wasserstein. In Appendix C, we include additional experiments for comparing
measures over MNIST’s digits via sliced Wasserstein and convolution sliced Wasserstein. We further
provide generated images for convolution sliced Wasserstein with convolution-base and convolution-
dilation slicers under generative models settings. Finally, in Appendix D, we include details of
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experimental settings in the paper.

A  Proofs

In this appendix, we provide proofs for key results in the main text.

A.1 Proof of Theorem 1

For any p > 1, it is clear that when p = v, then CSW,(u,v) = 0. Furthermore, CSW,(u,v) =
CSW,(v, p) for any probability measures p and v. Therefore, to obtain the conclusion of the theorem,
it is sufficient to demonstrate that is satisfies the triangle inequality. Indeed, for any probability
measures (i1, (2, 43, we find that

CSWy (g, 13)
1
= (EKu)Nu(;cm) KON~ (KN)) {Wﬁ (5('\K(1)7---7K(N))ﬁul,5('|K(l)7---,K(N))ﬁug)bp

-----

< (EK<1>Nu(;c(1>)7._,K(NJNu(;cuv)) [Wp <5("K(1); S KN SCIEWM, 7K(N))ﬁu2>

p\ 1/p
W, (s<-|K<1>,...,K<N>>ﬁu2,s<-u<<l>,...,K<N>>rm$)] )

1/p
< (EK(DNu(/c(l)),...,K(N)Nu(;cw)) [Wf (3('\K(1), S KN, SCIEW, ,K(N))ﬁ/w)])

1/p
+ <EK<1)Nu(icu)),...,K<N>~u(1c(N)) [Wf; (3(' ‘K(l)v SRR K(N))ﬂ/w, S('|K(1)» EE K(N))ﬁ/i:s)} )

= CSWP(Mb IU“Z) + CSWP(:UQ’ ,u3)7

where the first inequality is due to the triangle inequality with Wasserstein metric, namely, we have

Wy (SCIED, - KV, SCED, KM )gs ) < W (SCED, - KOy, SCED, K™ )zpn)

+ Wy (SCIED, o K™)gaa, SCIED, . KOs )

while the second inequality is an application of Minkowski inequality for integrals. As a consequence,
we obtain the conclusion of the theorem.

A.2 Proof of Proposition 2

The proof of this proposition is direct from the definition of the convolution sliced Wasserstein. Here,
we provide the proof for the completeness. Indeed, since the convolution slicer S(-|K O . KW ))
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is a mapping from R®*%*9 to R, it is clear that

CSW,(41,)

= (EK(UNZ/I(IC(l)),...,K(N)~Z/{(IC(N)) {W}f (5('\K(1)7---,K(N))ﬁuas('\K(l),---,K(N))ﬁl/ﬂ)
< max W, (S(~|K(1),...,K(N))ﬁu,S(-]K(l),...,K(N))jju)
K@ ereM xal®) xa® e[ N]

<  max  W,(0fu,04r) = max-SWy(u, v),
R 10]|<1

3=

where the second inequality is due to the inequality with fo norm of convolution of matrices and the
fact that the £ norm of each tensor K is 1 for all i € [N]. In addition, we find that

max-SWP(p,v) =  max ( inf / \QTx—HTy]pdw(a:,y)>
ered? 9] <1 \ 7€M (pv) JRed?
< max inf / olIPllz — yllPdm(x )
(,eRch:”Kl(WGH(W) it ez 01717 =yl (@, y)
< 3 f 9 p _ pd — Wp '
_WEII_[I%MV)/RCdQRcd? 1017l = yl[Pdm (2, y) p(“’y)

Putting the above results together, we obtain the conclusion of the proposition.

A.3 Proof of Proposition 3
From the assumption of Proposition 3, we denote © C R*?*? a5 the compact set that the probability

measure P is supported on. Based on the result of Proposition 2, we have
E[CSW,(Py, P)] < E[max-SW,(P,, P)],

where max-SW,(P,, P) = MAXy g, g <1 W, (04 P,,08P). Therefore, to obtain the conclusion of

the proposition, it is sufficient to demonstrate that E[max-SW,(P,, P)] < C+/(cd? + 1)log, n/n for
some universal constant C' > 0. Indeed, from the closed-form expression of Wasserstein metric in
one dimension, we have

max-SWP(P,, P) =  max / |F o (w)[Pdu
feRed?:||9||<1
max / Foo(a) — Fy@)lPde, < diam(©) max  |Foo(e) — Fa(@)?,
eeRcd2 Jl0l1<1 0eRed?:||0)|<1

where F), y and Fy are respectively the cumulative distributions of 64F, and 0§P. Furthermore, we
have the following relation:

max  |F, g(x) — Fy(x)| = sup [Py (A) — P(A)],
peRred?:||0)<1 AcA

where A is the set of half-spaces {y € R : Ty < z} for all § € R*" such that ||f]| < 1. The
Vapnik-Chervonenkis (VC) dimension of A is upper bounded by cd? + 1 (see the reference [54]).
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Therefore, with probability at least 1 — § we obtain that

aup [P (4) — P(A) €\ Zl(e? 4 1) logg(n-+ 1) + oga(8/0)].
AeA n

Putting the above results together, we can conclude that E[max-SW,(P,, P)] < C+/(cd? + 1)logy n/n
for some universal constant C' > 0. As a consequence, we obtain the conclusion of the proposition.

A.4 Proof of Proposition 1

(a) We first consider the computational and projection memory complexities of the convolution-base
slicer. When d is even, we can write down d = 2[g2d-1. M%. Direct calculation indicates that
the computational complexity of convolution-base slicer is

R =1 1\2(9—1 2 _a
ol c<2 +1> + lz; @7+ )? | + g
[logy d]—1
cd* 4 1
Y C;dél_d4_d74—"_[logZd]fli
B 16 16 — 16
1
I L S SN S Sl 12T,
16 4loexd] 16 1- &

c—17 16los2 d] 1 \ )
- ° (( 16 * 15 - 1glloga d]—1 d* | = O(cd?).

Similarly, we can check that the projection memory complexity of convolution-base slicer is

[logy d]—1 1
Cd2 —1 n2 d2 Cd2 d2 ) ) 1- 4llogg d]
o=+ ; 27ld)? | + Tiona | =O\ Tt qena 4t o

c—5  4llomd 7\ )
:(’)<< 1 +3,4[1og2d}—1 d® | = O(cd?).

Therefore, we obtain the conclusion of part (a) when d is even. Moving to the case when d is odd,
the computational complexity of convolution-base slicer becomes

O<4c'(d—1)2+ oDy @7y (d_1)4+(d—1)41wﬂm>

16 fllogy(d—1)—1] 16 1

16
[logy(d—1)] _
=0 <4cd2 + ( 107 ! 17) d4> = O(cd® 4 d*).

15 - 16llog2(d—D]-1 — 16
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Similarly, we can check that when d is odd, the projection memory complexity of convolution-base

L logg (d—1)] _ . . .
slicer is O (40 + (;Lﬁiz;(idj)]}l — %) dQ) = O(cd?). As a consequence, we obtain our claims with

the computational and projection memory complexities of convolution-base slicer.

(b) We now establish the computational and projection memory complexities of convolution-stride
slicer. When d is even, we can write down d = 2[los2d-1. d Then, the computational

complexity of convolution-stride slicer is
[logy d]—1 1
d2 _1 2 d2 2 2 1 1 - 4[10g2 d]
@) 4C'Z+ ; 4(2 d) +W =0|cd —|—4d _I_Z—FT

c—5  gllog2dl 7\

Similarly, the projection memory complexity of convolution-stride slicer is

[logy d]—1

d2
O 4C + Z 4 + W = (9 <4C +
=2

2

o d 1 T 4log, d]) = O(c + [logy d]).

When d is odd, the computational complexity of convolution-stride slicer is

lloga (d—1)] -1 2
s (d—1)2 o 2 (d-1)
O [de-(d—1) +4=——+ ; 427 d =) ) + Jpgat

S A e —
=0 [ 4e(d—1)? +4d* | 1 — - 4 AT
4 1-1
4[log2(d—1)] 1 5 , )
¢ <<4C+ 3. 4lloga(d-1)]-1 4 d* | = O (cd?).
Similarly, we can check that when d is odd, the projection memory complexity of convolution-stride

slicer is O (40 + (d—1)2)]71 + 4[logy(d — 1)]) = O(c + [logy d]). As a consequence, we obtain the
conclusion of part (b).

4lloga(d—1

(c) Since the convolution-dilation slicer is designed in the same way as that of the convolution-stride
slicer, its computational complexity and projection memory complexity can be derived in the same
manner as those of the convolution-stride slicer. As a consequence, we reach the conclusion of part

(c).

B Non-linear Versions of Convolution Sliced Wasserstein

In this appendix, we consider an extension of convolution sliced Wasserstein to non-linear convolution
sliced Wasserstein to enhance the ability of convolution sliced Wasserstein to capture the non-linearity
of the data. We first state the definition of non-linear convolution-base slicer.

Definition 7. (Non-Linear Convolution-base Slicer) Given X € R (d > 2) and a non linear
activation o(+),
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Table 4: Values of SW and CSW'’s variants between probability measures over digits images on MNIST with L = 1.

| 0 1 2 3 4 5 6 7 8 | 9

SW | 059012 | 9.4+43.33 | 8.83%5.14 | 12.34+10.13 | 14.61+8.93 | 4.43+24 | 1034561 | 7.80+3.39 | 10.37+7.68 | 15.92+6.76

o CSW-b | 0.68+0.23 | 38.2847.75 | 15.947.74 | 309+27.25 | 20.35+118 | 10.76213.07 | 14542488 | 1488995 | 17.3447.05 | 31514275
CSW-s | 0.42+£022 | 183%11.06 | 12.57+10.71 | 13.41412.62 | 30.13+13.13 | 8.85+4.24 | 684431 | 74450 | 11244119 | 25.05:422.1
CSW-d | 0.62+0.44 | 19.56+£8.64 | 9.9146.38 | 1134458 | 12.27+7.89 | 5.18+1.56 | 10.94+528 | 6.30+3.4 | 09.514821 | 8.06:£4.92
SW | 18.23+12.47 | 0.32+0.08 | 8.86+3.11 | 13.46£4.20 | 10.87+4.30 | 15.7745.76 | 11.22+8.73 | 12.60+9.66 | 9.76£2.16 | 12.43::2.42

| CSW-b | 87.0240.7 | 0.66£0.09 | 13.46£2.43 | 2011£10.16 | 16.924749 | 211466 | 19.914933 | 23511074 | 20.86+18.42 | 13.85+4.74
CSW-s | 6.33+£3.27 | 0.41+0.18 | 6.93+268 | 7.11+1.69 | 14.36£7.01 | 13.35+7.08 | 11.82+7.18 | 7.67+4.64 | 13.43+8.93 | 9.01%4.79
CSW-d | 22.36+£18.36 | 0.3540.06 10.49£2.83 | 17.85£10.07 | 12.72£8.06 15.42+6.8 18.25+9.68 12.31+4.21 15.98+£8.27 | 24.82+11.8
SW | 8.54+78 | 9.24£3.79 | 0.63+£0.16 | 8.73+£334 | 13.28+7.51 | 11.86+4.23 | 12.59+6.96 | 15.69+12.09 | 9.86+4.11 | 15.02+12.31

9 CSW-b 19.79+6.4 22.5%+11.13 0.8140.29 9.443.61 7.64£2.07 15.3+14.47 9.46+8.81 24.4414.02 13.8£5.79 14.91+£8.85
CSW-s | 7.05£4.92 | 13194525 | 0.6+0.16 | 5.26£3.69 | 9.01£6.03 | 183:+13.13 | 11.09+10.71 | 752459 | 9.66+8.72 | 10.12:13.99
CSW-d | 13.71£8.64 | 11.50£7.01 | 0.64+£03 | 941872 | T7.19433 | 1147453 | 11.624841 | 13.51+385 | 8.54+4.0 | 8.2046.85
SW 10.94£10.43 12.5£3.35 7.71+6.39 0.5640.09 6.151+4.34 9.4242.55 8.52+4.97 12.614+£8.26 | 16.88+11.04 | 5.58+4.21

5 CSW-b | 21.06+13.03 | 23.71418.24 | 10.0848.85 | 0.7840.16 | 25.54+0.02 | 10.2345.32 | 127246.25 | 18.05+10.86 | 733156 | 16.0+£4.06
CSW-s | 18.19+12.12 | 16.27£14.42 | 8.06+4.73 | 05+£031 |15.18+1124 | 4.76£2.0 | 8.88+5.27 | 9.66£6.45 | 6.99+4.95 | 8.34+9.14
CSW-d | 10.72£4.99 | 14.09£745 | 6.73+6.18 | 0.56+0.17 | 4.6£133 | 8.03+287 | 1204828 | 1223458 | 5.16+£2.18 | 10.15+5.44
SW | 16.21410.58 | 12.17£4.06 | 12.54+10.76 | 17.58£7.57 | 0.51+0.1 | 9.57+3.96 | 7.79+4.5 | 12.73+7.48 | 11.1243.72 | 5.6+2.48

, CSW-b | 162755 | 255441363 | 134334 | 221441621 | 0.82£0.12 | 234842319 | 13.345.44 | 13234883 | 2125415.67 | 8.53+2.99
CSW-s | 20.57+18.68 | 14.5210.80 | 18.37+13.61 | 12.49£7.05 | 0.47+0.25 | 9.23+9.75 | 15.37£6.19 | T.4547.00 | 6.73+6.33 | 550+2.31
CSW-d | 13.6548.12 | 15.2648.16 | 11.2247.24 | 6.18+218 | 0.36+£0.05 | 573321 | 12194431 | 9.41£0.01 | 10.59+3.86 | 5.9843.99
SW | 12234559 | 12.99+5.15 | 17.83£11.12 | 5.3%+2.56 | 8.37+2.08 | 0.58+0.08 | 4.59+3.25 | 88+454 | 5.82+2.61 | 11.44%3.38

. CSW-b | 10.05£4.97 | 21.11£8.77 | 19.4448.42 8.5343.58 10.85+£5.0 0.8140.28 12.84+6.14 16.5+11.63 13.45+8.48 9.284+4.11
7 OSW-s | 6.8544.73 | 824543 | 1048854 | 16.85+18.48 | 14.13£3.52 | 0.73+0.2 | 10.42+4.81 | 5494375 | 3824315 | 10.08+5.71
CSW-d | 876+4.74 | 14.61£5.94 | 11.85£4.81 | 7.1+3.36 | 17.0£4.88 | 0.82+£039 | 7.60£4.06 | 15.36+3.26 | 11.74:+11.53 | 7.4+5.64
SW | 16214944 | 1584629 | 6.59+1.61 | 7.94403 | 644424 | 16.24+6.96 | 0.65+0.16 | 11.23+2.50 | 17.33£10.31 | 7.3+2.58

s CSW-b | 2158+3.87 | 17.0245.1 | 13.73:456 | 19.33414.03 | 2108112 | 084512 | LO04£052 | 17.2148.0 | 12874252 | 9.1+3.99
CSW-s | 18.79£16.51 | 14.57+8.51 | 6.2+2.06 | 14.14+11.12 | 13.4149.32 | 10.95+10.33 | 0.7140.00 | 12.14+9.43 | 9.50+£6.6 | 6.89+4.66
CSW-d | 19.58+9.77 18.05+9.38 4.7+0.67 14.14+12.84 11.41£2.21 16.39+£6.1 0.79+0.24 12.75+4.06 | 13.214+10.12 12.08+2.4
SW | 1044483 | 11.6247.83 | 8.61£5.11 | 16.65+12.8 | 9.87+58 | 12.64+£2.6 | 1457478 | 047+0.14 | 9.98+3.95 | 7.49+4.21

o CSW-b | 20.07416.97 | 26.36+32.13 | 20.80+16.05 | 15,8857 | 11.2342.97 | 15.06£0.82 | 1684311 | 0.69£0.11 | 21.8140.41 | 13484755
CSW-s | 12.3747.50 | 12.62+11.30 | 11.9+12.84 | 12.97+7.35 | 16.3+8.65 | 4.9242.62 | 794257 | 045402 | 8.66+7.18 | 4.60+543
CSW-d | 13.13+12.28 | 12.91£6.65 | 15.72£7.26 | 13.89+£3.32 | T7.06+24 | 12.37+4.41 | 14.194815 | 0.79£034 | 6.03+232 | 6.07+2.33
SW 11.18+3.98 14.1945.37 6.66+3.28 7.154+4.18 7.8243.83 5.76+2.75 | 20.31£12.51 | 24.66+11.34 | 0.63+0.12 10.91+£6.09

¢ CSW-b | SLOGEIS.7TL | 22144072 | 10.1343.45 | 124628.84 | 142041111 | 083£3.62 | 10.152447 | 2L.86+14.21 | 0.94018 | 12.3845.37
CSW-s | 8.43+£6.04 |15.30+12.30 | 4.16+2.58 | 5.3742.76 | 3.35+1.86 | 4.46+2.26 | 544£4.0 | 15241191 | 0.56£0.19 | 7.23+3.64
CSW-d | 21.88+12.6 | 16.54£10.0 | 13.86£0.91 | 122041132 | 5.1443.02 | 5.76+£4.77 | 1281£1342 | 0.30+4.3 | 057016 | 12.99+8.29
SW | 18.24%10.84 | 15.00£4.64 | 9.86+6.72 | 9.79+10.32 | 5.83+5.27 | 8.30+4.23 | 0.79+6.82 | 7.97+4.03 | 9.41+489 | 0.58+0.11

g CSW-b | 16.68+5.5 | 20.024731 | 1142+46 | 224241527 | 8.88+2.86 | 10.05+6.64 | 13.10+4.39 | 14.9429.06 | 10.37+171 | 0.91+0.23
Y CSW-s | 7.66+£352 | 10.848.77 | 1083342 | 8.65£3.32 | 3.43+2.52 | 6.33+5.67 | 8.2348.12 | 7.204397 | 9.77+580 | 0.4%0.16
CSW-d | 13.2746.99 | 10.67+10.51 | 10.97+7.32 | 15.94+7.08 | 7.06£4.48 | 10.1£5.74 | 15.0146.66 | 2.88+1.24 | 11.6247.4 | 0.46+0.1

. . -1 -1
1. When d is even, N = [logyd], sliced kernels are defined as K1) € R*2 d+1x270d+1 4y q

KM ¢ RO2T"HD2™HL £ p =2 N — 1, and KN € R1X¢X¢ yhere q = 21@%1. Then,
the non-linear convolution-base slicer NCS-b(X|KWM, ..., KN)) is defined as:

NCS-b(X|KD, ..,

KWy = x(V)

x ) —

X
U(X(hfl
x(h—1

11
) %

)11

K(h))

K (h)

h=0,
1<h<N-1,
h=N,

(13)

2. When d is odd, the non-linear convolution-base slicer NCS-b(X|KM, ..., KN)) takes the

form:

22

1,1

NCS-b(X|KW ... KMy = NCS-b(o(X * KW)K® . .. KN,

(14)



Table 5: Values of SW and CSW’s variants between probability measures over digits images on MNIST with L = 10.

| 0 | 1 | 2 3 4 5 | 6 | 7 | 8 | 9
SW | 0.5740.06 | 20.53+2.52 | 15.36+2.78 | 15.7442.2 | 18.2541.54 | 11.4243.99 | 14.46+1.51 | 15.8+2.52 | 15.15+1.35 | 17.48+2.0
0 CSW-b | 0.7140.06 | 31.88+11.67 | 22.34+3.15 | 22.98+4.53 | 20.52+5.56 | 17.94+2.84 | 22.32+2.56 | 26.14+5.25 | 30.03£6.21 | 19.28+4.25
CSW-s | 0.58+0.06 | 20.0945.51 | 14.48+7.14 | 13.0643.76 | 16.45+4.3 | 13.26::2.85 | 16.745.72 | 20.21+5.67 | 14.914+4.91 | 16.94+8.94
CSW-d | 0.52+0.06 | 21.06+7.2 | 13.01+2.71 | 17.36+3.46 | 16.16+3.39 | 14.77+£3.17 | 16.7+£3.23 | 21.9243.09 | 20.25+8.6 | 18.55+2.71
SW | 25.3+7.96 | 0.43+0.03 | 16.3+1.96 | 17.3642.74 | 16.39+2.88 | 14.01£1.93 | 19.2443.77 | 13.23+2.57 | 15.99+1.78 | 14.52+2.62
| CSW-b | 33.0£6.0 | 0.65+£0.08 | 2046146 | 22.441.94 | 27.1244.68 | 23.18%3.97 | 24.84:£2.97 | 20.085.91 | 25.64:4.54 | 28.8845.61
CSW-s | 18.9749.36 | 0.46+0.07 | 18.06+7.38 | 16.58-4.18 | 13.5842.54 | 12.5541.78 | 15.62+6.23 | 15.54+4.85 | 13.74+1.98 | 14.87+3.24
CSW-d | 22.17+2.48 0.43+0.04 16.17+1.43 | 16.78+4.2 | 14.934+2.08 | 12.79£2.63 | 14.98+3.85 | 16.9+5.14 | 13.92+4.58 | 15.11+3.81
SW 14.77+1.8 | 17.69+1.6 | 0.64+0.03 | 10.2841.96 | 12.2242.12 | 11.734+2.48 | 11.5+3.53 | 13.53+1.72 | 9.6+1.85 | 13.15+2.57
5 CSW-b | 21494499 | 23.43£6.43 | 0.83£0.05 | 18.58+3.28 | 18.32:£2.20 | 18.96+2.85 | 16.8£3.60 | 18.31423 | 16.242.87 | 18.84:5.18
CSW-s | 16.89+4.26 | 17.574+2.08 | 0.63+0.07 | 11.1343.82 | 13.88+5.17 | 12.615.01 | 11.154+1.74 | 14.28+2.33 | 10.1942.03 | 16.62+4.35
CSW-d | 21.2844.15 | 17.16+3.04 | 0.634+0.06 | 12.09+3.81 | 14.7941.78 | 12.25+4.75 | 11.71£2.14 | 17.241.54 | 12.32+2.76 | 15.6342.79
SW 15.66+4.87 16.82+2.5 14.4241.92 0.64+0.07 13.62+1.41 8.05+0.6 15.1142.59 | 12.1941.27 | 10.52+2.78 | 14.35+3.08
4 CSW-b | 24734819 | 23514383 | 16.3£3.95 | 0.76£012 | 25.5743.7 | 10.64:£0.96 | 22.13£5.06 | 24.77£6.63 | 16.83:£1.66 | 21.49:£5.49
CSW-s | 15.6145.91 | 15.03+5.75 | 9.41+3.99 | 0.55+0.07 | 12.7844.56 | 8.724+3.2 | 11.83+2.8 | 14.65+4.16 | 7.58+3.0 | 13.59+1.91
CSW-d | 15.88+2.67 | 14.9443.43 | 10.75+1.56 | 0.65+0.06 | 14.7+3.18 | 8.24+1.22 | 13.8345.09 | 13.3343.79 | 10.0+1.62 | 14.11+2.86
SW | 185+1.38 | 16.9442.19 | 12.31+3.21 | 13.4842.23 | 0.5540.05 | 10.39-£1.66 | 13.254+2.24 | 9.44+2.86 | 11.154+2.01 | 6.8341.49
, OSW-b | 25.145.55 | 25.6246.12 | 18.14:3.41 | 24.22:64.88 | 0.84£0.07 | 18.941.36 | 14.25:42.79 | 18.08:£6.55 | 18.37£1.48 | 12.07£2.52
CSW-s | 19.4847.65 | 15.57+5.95 | 13.0244.05 | 15.874+1.25 | 0.55+0.13 | 11.9241.29 | 13.843.54 | 10.4842.78 | 13.5142.76 6.73+1.7
CSW-d | 16.1741.16 | 18.11+5.31 | 13.2143.01 | 15.01£1.24 | 0.55-0.08 | 13.47+3.11 | 11.53+1.48 | 8.7842.06 | 12.27+1.25 | 7.32-2.04
SW | 11.3542.37 | 14.34+2.0 | 11.84+1.76 | 8.13+1.63 | 10.4640.77 | 0.6240.07 | 8.424+0.95 | 12.71+2.66 | 7.38+0.95 | 10.03+1.81
5 CSW-b | 17.33£7.32 | 23.974+3.93 | 18.03+3.14 | 11.442.14 17.3£1.86 0.81+£0.03 | 13.774+2.15 | 16.374+2.63 | 13.994+1.74 | 18.16+3.73
CSW-s | 13.45+4.62 | 13.664+2.71 | 11.13+2.89 | 8.25+1.46 | 12.843.12 | 0.59+0.08 | 12.3142.51 | 13.14+2.75 | 5.94+2.38 | 10.63+3.61
CSW-d | 11.79+1.47 | 14.454+4.43 | 10.9943.76 | 8.79+2.58 | 12.68+4.04 | 0.67+0.08 | 11.2442.05 | 12.57+1.41 | 8.54+2.28 | 11.65+2.85
SW 15.6+1.2 | 16.65+3.04 | 10.63+1.99 | 15.93+3.09 | 12.541.05 | 12.58+3.18 | 0.6640.07 | 15.37+3.21 | 11.68+2.11 | 12.124+3.93
¢ CSW-b | 21152467 | 26.98£3.01 | 1498148 | 22.54:64.87 | 18.32:43.14 | 17.24:4.15 | 1.0440.1 | 23.68:£6.73 | 1594141 | 17.9443.6
CSW-s | 18.834+4.56 | 16.09+4.05 | 13.72+3.78 | 15.24+4.06 | 13.044.2 | 17.1244.06 | 0.644+0.08 | 17.28+4.99 | 11.69+3.35 | 11.74+2.59
CSW-d | 16.12+3.72 | 14.6943.83 | 11.43£1.67 | 10.75%£1.92 | 13.95+3.16 | 15.15£1.79 | 0.6940.15 | 17.14+1.65 | 12.4242.7 | 13.24+4.31
SW | 18.5542.71 | 14.24+2.65 | 14.61+£1.6 | 14.1242.33 | 11.7942.89 | 12.1542.79 | 17.08+1.51 | 0.72+0.09 | 12.67+2.78 | 7.98+1.63
- OSW-b | 2417474 | 25.38:£6.42 | 21.83+£8.2 | 22.5423.56 | 19.9555.58 | 16.28+2.96 | 21.13+2.93 | 0.9£0.14 | 19.6£2.63 | 12.73£3.11
CSW-s | 12.47+1.5 | 15.364+0.97 | 15.23+3.91 | 12.7141.72 | 10.69+3.32 | 12.015.21 | 17.814+5.83 | 0.61+0.06 | 13.3346.67 | 9.56+2.85
CSW-d | 19.444.62 | 17.74+3.06 | 15.343.29 | 10.51+£2.69 | 12.0142.19 | 11.87+2.01 | 15.7+3.37 | 0.740.1 | 12.91+1.35 | 9.49+2.61
SW | 14.9941.95 | 13.63+2.87 | 9.59+2.8 | 8.77+1.09 | 11.8942.73 | 7.54+1.87 | 12.93+2.57 | 13.43+0.92 | 0.59+0.07 | 11.0+£1.95
g CSW-b | 2482433 | 2056£182 | 1507203 | 15.51£1.18 | 18.82:+3.58 | 11.7340.52 | 16.3£3.85 | 19.28+2.76 | 0.93£0.16 | 13.9+3.14
CSW-s | 15.4944.93 | 13.59+3.22 | 12.38+2.73 | 9.3+0.57 | 13.7142.37 | 7.8143.45 | 17.73+7.39 | 12.52+4.11 | 0.67+0.09 | 11.11+2.33
CSW-d | 15.19+4.72 | 13.9242.28 | 11.3+2.84 | 10.36+2.18 | 13.92+3.61 | 8.26+1.93 | 11.1342.68 | 13.9441.75 | 0.614+0.07 | 10.63+2.94
SW | 18.69+3.5 | 15.5942.36 | 13.37+0.4 | 12.714+2.73 | 7.36+1.82 | 10.05+£2.31 | 13.4242.92 | 85+2.18 | 11.33+1.33 | 0.6140.07
g CSW-b | 25.6647.64 | 24444189 | 2066468 | 22.19£6.0 | 9.87+1.96 | 1543132 | 16.7144.28 | 15414276 | 15.67£2.73 | 0.8+0.12
’ CSW-s 15.6+3.63 19.294+5.63 | 10.75+3.21 14.834+3.5 8.66+2.2 10.4942.57 | 13.574+2.71 | 7.914+2.74 | 11.98+3.98 | 0.61£0.08
CSW-d | 18.1142.98 | 15.13+3.83 | 14.294+2.38 | 13.52+3.24 | 7.41+1.78 | 10.48+0.75 | 11.89+1.63 | 11.1743.27 | 11.17+2.6 | 0.54-0.08

where K1) € Re*2%2 gnq K(2)
on the dimension d — 1.

LKW are the

corresponding sliced kernels that are defined

The main idea of non-linear convolution-based slicer is that we incorporate non-linear activation
function o(.) into the layers of the convolution-base slicer. Using that idea, we also can extend
the convolution-stride and convolution-dilation slicers to their nonlinear versions, named non-

linear convolution-stride and convolution-dilation slicers. We respectively denote these slicers as
NCS-s(X|KW, ..., KM and NCS-d(X| KD, ... KM,

Using the non-linear convolution-base slicer for sliced Wasserstein, we obtain the corresponding
non-linear convolution-base sliced Wasserstein as follows.

Definition 8. For any p > 1, the non-linear convolution-base sliced Wasserstein (NCSW-b) of order
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Figure 8: Random generated images of CSW-b and CSW-d on CIFARI10.

p > 0 between two given probability measures p,v € Pp(RCXdXd) s given by:

NCSW-by(p, v) :=

1
(EK<1>~M(/C<1>),...,K<N>~u(/c<N>) {Wf; (Ncs-b('ﬁf(l)»--~aK(N))ﬁM,NCS-b('|K(1),---,K(N))ﬁVﬂ)p,
(15)

where NCS-b(-|KM, ..., KM) is a non-linear convolution-base slicer with K ¢ R <k xk®
for any i € [N] and UKD) is the uniform distribution with the realizations being in the set

D) _ L () o e xk@ k| §ac® k@ kO ()2
K()_{K()GR | S S K =1

By replacing the non-linear convolution-base slicer NCS-b(-|K™), ..., KM in Definition 15 by non-
linear convolution-stride slicer NCS-s(-|K™M), ..., K™)) and non-linear convolution-dilation slicer
NCS-d(-|KW ..., KM we respectively have the non-linear convolution-stride sliced Wasserstein
(NCSW-s) and non-linear convolution-dilation sliced Wasserstein (NCSW-d). In Appendix C, we
provide experiment results with non-linear convolution sliced Wasserstein on generative models.
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Figure 9: Random generated images of CSW-b and CSW-d on CelebA.

C Additional Experiments

Comparing Measures over MNIST’s digits: Similar to the result in the main text with
L = 100, we present the values of SW and CSW'’s variants between probability measures over
digits-images with L =1 and L = 10 in Table 4 and Table 5. We observe that with a smaller value
of L, the standard deviations of 5 different runs of both SW and CSW’s variants are higher than
values with L = 100.

Random generated images of CSW-b and CSW-d: We show some images that are drawn
randomly from models trained by CSW and CSW-d on CIFARI10, CelebA, STL10, and CelebA-HQ
in Figure 8, Figure 9, Figure 10, and Figure 11 in turn. From these figures, we again observe
the effect of changing the number of projections L, namely, a bigger value of L leads to better
generated images. Also, the qualitative comparison between CSW-b and CSW-d is consistent with
the quantitative comparison via FID scores and IS scores in Table 2.

Results of non-linear convolution sliced Wasserstein: We report FID scores and IS scores of
generative models trained by non-linear sliced Wasserstein (NSW) [23] and non-linear convolution
sliced Wasserstein (NCSW) variants including NCSW-b, NCSW-s, and NCSW-d on CIFARI10 in
Table 6. The non-linear sliced Wasserstein is a variant of generalized sliced Wasserstein where we
use a non-linear activation function after the linear projection, namely, g(z,6) = o(0" ). For NSW
and NCSW variants, we choose () as the Sigmoid function. Compared to linear versions in Table 2,
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Figure 10: Random generated images of CSW-b and CSW-d on STL10.

we can see that including the non-linear activation function can improve the scores in some cases,
e.g., NSW and NCSW-s. We also show FID scores and IS scores across training epochs in Figure 12.
Similar to the linear case, NCSW'’s variants can help generative models converge faster than NSW.

D Experimental Settings

Architectures of neural network: We illustrate the detail of neural network architectures
including the generative networks and the discriminative networks on CIFAR10 in Table 7, CelebA
in Table 8, STL10 in Table 9, and CelebA-HQ in Table 10.

Other settings: We set the number of training iterations to 50000 on CIFAR10, CelebA, and
CelebA-HQ and to 100000 on STL10. For each 5 iterations, we update the generator G by the
corresponding SW and CSW variants. For the discriminator, we update T}, and T}, every iterations.
We set the mini-batch size m to 128 on CIFARI10 and CelebA, set to 32 on STL10, and set to
16 on CelebA-HQ. The learning rate of Gy, Ts,, and Tj, is set to 0.0002. We use Adam [22] for
optimization problems with (51, 32) = (0,0.9).

Calculation of scores: For the FID scores and the Inception scores, we calculate them based
on 50000 random samples from trained models. For the FID scores, we calculate the statistics of
datasets on all training samples.
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Figure 11: Random generated images of CSW-b and CSW-d on CelebA-HQ.

Table 6: Summary of FID and IS scores of NSW and NCSW variants on CIFAR10 (32x32).

Method

| CIFAR10 (32x32)

| FID (1) IS (1)
NSW (L=1) 8358  3.76
NCSW-b (L=1) 8219  3.74
NCSW-s (L—1) 79.09  4.42
NCSW-d (L=1) 75.94  3.92
NSW (L=100) 52.99  5.33
NCSW-b (L=100) | 50.25  5.60
NCSW-s (L=100) | 44.56  5.91
NCSW-d (L=100) | 45.91  6.04
NSW (L=1000) 4373 6.03
NCSW-b (L=1000) | 44.03  5.98
NCSW-s (L=1000) | 30.21  6.97
NCSW-d (L=1000) | 4230  6.31
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Figure 12: FID scores and IS scores over epochs of different training non-linear losses on CIFAR10. We observe that
NCSW variants usually help the generative models converge faster.

Table 7: CIFAR10 architectures.

(a) Gy
Input: € € R28 ~ A(0,1) (b) Ts,
Input: @ € [—1,1]32x32x3 (c) T,
128 — 4 x 4 x 256, dense put: ’
Input: o € RI128%8x8
linear ResBlock down 128
ResBlock up 256 ResBlock down 128 ReL.U
ResBlock up 256 ResBlock down 128 Global sum pooling
128 —» 1
ResBlock up 256 ResBlock 128 .
Spectral normalization
BN, ReLU, ResBlock 128

3 x 3 conv, 3 Tanh

Table 8: CelebA architectures.

(a) Gy
Input: € € R ~ N(0,1) (b) Ts
1
128 — 4 x 4 x 256, dense Input: x € [—1,1]64x64x3 (©) T
linear 7 &
ResBlock down 128 Input: & € R128x8x8
ResBlock up 256
ResBlock down 128 ReL.U
ResBlock up 256 RoBlock d o8
esBlock down '
ResBlock up 256 Global sum pooling
ResBlock 128 128 - 1
ResBlock up 256 ResBlock 128 Spectral normalization

ResBlock up 256

BN, ReLU,
3 x 3 conv, 3 Tanh

ResBlock 128
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Table 9: STL10 architectures.

(a) Go
Input: € € R28 ~ A(0,1) (b) T,
. _ 96 x96x 3
128 — 3 x 3 x 256, dense Input: € [-1,1] =
, linear ResBlock down 128 po
. 128 x6x6
ResBlock up 256 ResBlock down 128 Input: @ € R
ResBlock up 256 ResBlock down 128 ReL.U
ResBlock up 256 ResBlock down 128 Global sum pooling
ResBlock up 256 ResBlock 128 128=1
Spectral normalization
ResBlock up 256 ResBlock 128
BN, ReL.U, ResBlock 128

3 x 3 conv, 3 Tanh

Table 10: CelebA-HQ architectures.

(a) Gy
Input: € € R12 ~ N(0,1) (b) Ts,
, _ 128%128%3
128 — 4 x 4 x 256, dense Input: 2 € [—1, 1] o7
, linear ResBlock down 128 P2
. 128 x8x8
ResBlock up 256 ResBlock down 128 Input: z € R
ResBlock up 256 ResBlock down 128 ReLU
ResBlock up 256 ResBlock down 128 Global sum pooling
ResBlock up 256 ResBlock 128 128 = 1 L
Spectral normalization
ResBlock up 256 ResBlock 128
BN, ReLU, ResBlock 128

3 x 3 conv, 3 Tanh
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