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Abstract

Understanding parameter estimation of softmax gating Gaussian mixture of experts has
remained a long-standing open problem in the literature. It is mainly due to three fundamental
theoretical challenges associated with the softmax gating: (i) the identifiability only up to
the translation of the parameters; (ii) the intrinsic interaction via partial differential equation
between the softmax gating and the expert functions in Gaussian distribution; (iii) the complex
dependence between the numerator and denominator of the conditional density of softmax gating
Gaussian mixture of experts. We resolve these challenges by proposing novel Vononoi loss
functions among parameters and establishing the convergence rates of the maximum likelihood
estimator (MLE) for solving parameter estimation in these models. When the number of experts
is unknown and over-specified, our findings show a connection between the rate of MLE and a
solvability problem of a system of polynomial equations.

1 Introduction

Softmax gating Gaussian mixture of experts |20, 22|, a class of statistical machine learning models
that combine multiple simpler models, known as expert functions of the covariates, via softmax
gating network to form more complex and accurate models, have found widespread use in various
applications, including speech recognition [27, 35, 36|, natural language processing [11, 8, 29, 12],
computer vision [28|, and other applications [15, 25]. In softmax gating Gaussian mixture of experts,
the parameters of each expert function play an important role in capturing the heterogeneity of data.
However, a comprehensive theoretical understanding of parameter estimation in these models has
still remained a long-standing open problem in the literature.

Parameter estimation had been studied quite extensively in standard mixture models. In his seminal
work, Chen [4] established the convergence rate O(n~/*) of parameter estimation in over-fitted
univariate mixture models, namely, the settings when the number of true components is unknown
and over-specified, when the family of distribution is strongly identifiable in the second order, e.g.,
location Gaussian distribution. That slow and non-standard convergence rate is due to the collapse
of some parameters into single pararameter or the vanishing of weights to 0, which leads to the
singularity of Fisher information matrix around the true parameters. Then, Nguyen [26] and Ho et
al. [18] utilized Wasserstein metric to achieve this rate under the multivariate settings of second-order
strongly identifiable mixture models. Recently, Ho et al. [17] demonstrated that rates of the MLE
can strictly depend on the amount of overspecified components when the mixture models are not
strongly identifiable, such as location-scale Gaussian mixtures. The minimax optimal behaviors of
parameter estimation were studied in [16, 24|. From the computational side, the statistical guarantee



of the expectation-maximization (EM) and moment methods had also been studied under both
exact-fitted [2, 1, 14| and over-fitted settings [10, 9, 32, 7, 33| of mixture models.

Compared to mixture models, there has been less research on parameter estimation of mixture
of experts. When the gating networks are independent of the covariates, Ho et al. [19] employed
generalized Wasserstein to study the rates of parameter estimation in Gaussian mixture of experts.
They proved that these rates are determined by the algebraic independence of the expert functions
and the partial differential equations associated with the parameters. Later, Do et al. [6] extended
these results to general mixture of experts with covariate-free gating network. Statistical guarantees
of optimization methods for solving parameter estimation in Gaussian mixture of experts with
covariate-free gating were studied in [5, 37, 23, 34]. When the gating networks are softmax functions,
parameter estimation becomes more challenging to understand due to the complex structures of the
softmax gating in the Gaussian mixture of experts. Before describing these phenomena in further
detail, we begin by formally introducing softmax gating Gaussian mixture of experts and related
notions.

Problem setting: Assume that (X1,Y1),...,(X,,Y,) € R x R are i.i.d. samples from the softmax

gating Gaussian mixture of experts of order k, whose conditional density function g¢, (Y| X) is given
by:
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where f(.|u,0) is a Gaussian distribution with mean p and variance o. Here, we define G, :=
Zf;l exp(/35;)9¢ Bt.at bt ,ot) IS atrue but unknown mixing measure associated with the true parameters
and ¢ is denoted as Dirac delta measure. Notably, G is not necessarily a probability measure as the
summation of its weights can be different from 1. For the purpose of the theory, we assume that
(Bgis B, a5, b7, 07) € © C R x R? x R? x R x R4 where © is a compact set and X € X C R? where
X is a bounded set. Furthermore, (aj,b3,07),...,(a;_,b; 0} ) are pairwise different and at least
one of 57y, ..., B}, is different from 0. Since the value of true order k. is unknown in practice, to
estimate the unknown parameters in softmax gating Gaussian mixture of experts (1), we consider
using maximum likelihood estimation (MLE) within a class of at most k£ Gaussian mixture of experts,
which is defined as follows:

~ 1<
Gy € argmax — Y log(ga(Yi| X)), (2)
Geoy(e) i

where Oi(0) = {G = Zf;l exp(ﬁm)&ﬁmai’bmi) : k' <k and (Boi, B4, @i, b, 07) € ©}. To guarantee
that the MLE CAJn is a consistent estimator of G, we need k > k,. When k = k,, we refer this

setting to exact-specified softmax gating Gaussian mixture of experts. When k > k., we call this
setting as over-specified softmax gating Gaussian mixture of experts.

In this paper, we study the convergence rate of the MLE @n to the true mixing measure G, under
both the exact-specified and over-specified settings of the softmax gating Gaussian mixture of experts.

Fundamental challenges from the softmax gating: There are three fundamental challenges
arising from the softmax gating that create various obstacles when trying to comprehend the



behaviors of the MLE: (i) the parameters j;, 5;; are only identifiable up to translation, namely, the
softmax weights remain identical when we translate 37; to 8]; 4+ t1 and g, to 8(; + t2 for some 1, ta;
(ii) the numerators in softmax weights have an intrinsic interaction with the expert functions in
Gaussian distribution via the following partial differential equation (PDE):

du(X,Y) du(X,Y) u(X,Y) du(X,Y) ;
o, o 9By da (3)

where u(X,Y) = exp(3{ X + Bo) - f(Y]a" X + b,0); (iii) the numerator and denominator of the
conditional density of Gaussian mixture of experts (1) are dependent.

These fundamental challenges from the softmax gating suggest that the previous loss functions, such
as Wasserstein distance 26, 17, 19|, being employed to study parameter estimation in standard
mixture models or mixture of experts with covariate-free gating functions are no longer sufficient as
these loss functions heavily rely on the assumptions that the weights of these models are independent
of the covariates.

Main contributions: To tackle these challenges of the softmax gating, we propose novel Voronoi
losses among parameters and establish the lower bounds of the Hellinger distance of the mixing
densities of softmax gating Gaussian mixture of experts in terms of these Voronoi losses to capture
the behaviors of the MLE. Our results can be summarized as follows:

1. Exact-fitted settings: When k = k., we demonstrate that h(gq, 9¢,) > C - D1(G, Gy) for any
G € Ok () where C' is some universal constant and the Voronoi metric D; (G, G,) is defined as:

ko
Di(G,Gy) == inf >N exp(Boi)(AwBuij, Aaij, Abij, Acij)|

j=1icA;

+1 > exp(Boi) — exp(By; + t1), (4)

i€A;

where Ay, S5 == Pri — ﬁi‘] —t2, Aajj == a; — a;, Ab;j = b; — b;f, Aojj =05 — U;-‘. The infimum
over ty,ts is to account for the identifiability up to the translation of (562, B1 j);?*zl' Furthermore,
Aji={i € {1,2,....k} : 0; = 07]| < [0; — 07]| V€ # j} is Voronoi cell of 07 = (a}, b}, 07) for all
1 < j <k, where 6; = (a;, b;,0;).

As h(gg ,9¢.) = O(n~='2) (up to logarithmic term), that lower bound of Hellinger distance
indicates that Dy (Gy, Gx) = O(n~Y/2). Therefore, the rates of MLE to estimate exp(8g;), B1; (up to
translations) and a;,B;, o5 are O(n~1/2), which are optimal.

2. Over-fitted settings: When k > k., the lower bound of Hellinger distance in terms of the
Voronoi metric D; in the exact-fitted settings is no longer enough due to the collapse of softmax of
vector in possibly k dimensions to softmax of vector in k, dimensions. Our approach is to define



more fine-grained Vononoi metric Dy(G, G,) to capture such collapse, which is given by:

Dy(G,G.) = inf > > exp(Boi) ([[(Ary Brij, Abig) D + |[(Aais, Agyy)||"H4D72)

t1,t2 :
JilAj>1i€A;

kx
+ > > e(Boi) (A Buij, Aagg, Abig, Aai)|| + Y| Y exp(Bor) —exp(Bg; + 1), (5)

Ji|Aj|=14€A; J=1 icA;

for any G := Zf;l exP(80i)0(81;,01,05,0:) € Ok(©). Here, 7(|.A;]) is the smallest number r such that
the following system of polynomial equations does not have any non-trivial solutions:

|41 1
> PR S B = 0, (6)

=1 (a1,a2,a37a4)6121752

where Zy, ¢, = {0 = (o1, a2, a3, 4) € N x NYx NxN: a; +a =/, |azs| +as + 2ay4 = £} for
any (f1,02) € N? x N such that 0 < |[¢1] <7, 0 < fy <7 —|f]| and |¢1| + fo > 1. In this system,
{p11, D21, P31, Pais p5l}lg are unknown variables. A solution is considered to be non-trivial if at least
one among pz is different from 0 and all of ps; are non-zero. Some specific values of 7(].A;) can be
found in Lemma 1.

In high level, the system of polynomial equations (6) arises from the PDE (3) when we establish
the lower bound h(g9q,9a.) > C'D2(G,Gy) for any G € O(0©) for some universal constant C’.
Since h(g9g . 96.) = O(n=12), we also have Dy(Gy, Gy) = O(n~1/2) under the over-fitted settings
of the softmax gating Gaussian mixture of experts. As a consequence, the rates for estimating true
parameters whose Voronoi cells have only one component of the MLE are (’)(nfl/ 2). On the other
hand, for true parameters exp(3g;), 8;, a;, b;, o whose Voronoi cells have more than one component

17 7))

of the MLE, the estimation rates are respectively O(n=Y/27 (4l for g, b, O(n=1/71AD) for a¥, o7,
and O(n~1/2) for exp(3;). That rich spectrum of the convergence rates of the parameters is due to

the complex interaction between the softmax gating and the expert functions.

Practical implication: In practice, as the true number of experts k, is generally unknown and the
rates of MLE depend on the number of extra components under the over-fitted settings of softmax
gating Gaussian mixture of experts, the value of the number of experts £ should not be chosen very
large compared to k. Furthermore, the slow convergence rates of the MLE may provide important
thresholds in the merge-truncate-merge procedure, a procedure that was used to estimate the true
number of components in standard mixture models [13], to consistently estimate the true number
of experts k.. A high-level idea of that procedure is that we can merge the MLE parameters that
are close and within the range of their rates of convergence or truncate the parameters that lead to
small weights of the experts. As the sample size becomes sufficiently large, the reduced number of
experts may converge to the true number of experts. We leave a theoretical investigation of that
procedure in future work.

Organization: The paper is organized as follows. In Section 2, we first provide background on
the identifiability and rate of conditional density estimation in softmax gating Gaussian mixture of
experts. Then, we proceed to establish the convergence rate of the MLE under both the exact-fitted
and over-fitted settings of these models in Section 3. The conclusion of the paper is in Section 4.
Finally, proofs of the results in the paper are in the Appendices.



Notation: For any positive integer n, we denote [n] = {1,2,...,n}. For any a € N, we denote |«
as the summation of elements of . For any positive sequences {ap }n>1, {bn}n>1, we write a,, = O(by,)
or ap < by if a, < Cb, for all n > 1 where C' > 0 is some universal constant. Furthermore, we

write a, < b, when a, < b, < a,. Given two probability density functions p,q dominated by

measure p, we denote h%(p,q) = % / (VP — \/a)Qdu as the their squared Hellinger distance and
Vp,q) = %f |p — q|dp as their Total Variation distance.

2 Background

In this section, we first start with the following result about the identifiability of the softmax gating
Gaussian mixture of experts, which was studied previously in [21].

Proposition 1 (Identifiability of softmax gating Gaussian mixture of experts). For any mizing
measures G = Y21 exp(B0i)(8y,,0,b1.00) and G = 3201 exp(B5,)0(31, arpr,07) if we have g(Y|X) =
9o (Y|X) for almost surely (X,Y), then it follows that k = k' and G = G} ,, where Gy, ;, =

S exp(Bh; + t1)0(p1. 11p.al 0,01y Jor some t1 € R and ty € RY.

Proof of Proposition 1 is in Appendix B.1. The identifiability of the softmax gating Gaussian mixture
of experts guarantees that the MLE G,, (2) converges to the true mixing measure G, (up to the
translation of the parameters in the softmax gating).

Given the consistency of the MLE, it is natural to ask about its convergence rate to the true
parameters. Our next result establishes the convergence rate of conditional density estimation
9g, (Y]X) to the true conditional density estimation g¢, (Y'|X), which lays an important foundation
for the study of MLE’s convergence rate.

Proposition 2 (Convergence rate of conditional density estimator). Given the MLE in equation (2),
the conditional density function g5 (Y|X) has the following convergence rate:

P(h(gg, > 9¢.) > C(log(n)/n)'/?) < exp(—clogn),
where ¢ and C are universal constants.

Proof of Proposition 2 is in Appendix B.2. The result of Proposition 2 indicates that under either
the exact-fitted or over-fitted settings of the softmax gating Gaussian mixture of experts, the rate of
the conditional density function g5 (Y[X) to the true one gg, (Y[X) under Hellinger distance is

parametric O(n~'/2) (up to some logarithmic factors).

From density estimation to parameter estimation: The parametric rate of the conditional
density function from the MLE in Proposition 2 suggests that as long as we can establish the
following lower bound h(gq(Y|X),9c. (Y|X)) Z D(G, Gy) for any G € Ok(©) for some metric D
among the parameters, then we obtain directly the parametric convergence rate of the MLE under
the metric D. Therefore, the main focus of the next section is to determine such metric D and
establish that lower bound under either exact-fitted or over-fitted settings of the softmax gating
Gaussian mixture of experts.



3 Convergence Rate of the Maximum Likelihood Estimation

In this section, we first study the convergence rate of the MLE under the exact-fitted settings of
the softmax gating Gaussian mixture of experts in Section 3.1. Then, we move to the over-fitted
settings in Section 3.2. Finally, we provide proof sketch of the theories in Section 3.3.

3.1 Exact-fitted Settings

For the exact-fitted settings, namely, when the chosen number of experts k is equal to the true
number of experts k,, as we mentioned in the introduction the proper metric between the MLE and
the true mixing measure is the metric D; defined in equation (4), which is given by:

ks
Di(G,Gy) = inf > Y " exp(Boi) | (Ar, iy Aaij, Abij, Acij)|
t1,t2
j=1icA;
+1 > exp(Boi) — exp(By; + t1),
i€A;

where Atzﬁlij = 51,‘ — ,Bik] — tQ, Aaij = a; — a;f, Abij = bl' — b;, AUij = 0; — 0;5. Here, .Aj
is Voronoi cell of (a;, b;f,a;) for all 1 < j < k,. Furthermore, the infimum is taken with respect
to (t1,t2) € R x R? such that B+t and B7; +t2 still lie inside the domain of the parameter space ©.

It is clear that D1 (G, G,) = 0 if and only if G = G, (up to translation). When D (G, G.) is sufficiently
small, there exist £1,t2 such that all of Ay, 8145, Aasj, Abij, Aoy, and Y, 4 exp(Bo;) — exp(ﬁ[’)kj +11)
are sufficiently small as well. Therefore, the loss function D; provides a useful metric to measure the
difference between the MLE and the true mixing measure. For any fixed t1,to, the computation of
the summations in D; only has the complexity of the order O(k2). To solve the optimization with
respect to t1,ty in the metric D1, we can utilize the projected subgradient method with fixed step
size [3], which has the complexity of the order O(¢~2) as the functions of ¢; and ¢, are convex where
¢ is a desired tolerance. Therefore, the total computational complexity of approximating the value
of the Voronoi loss function Dy is at the order of O(k2/e?).

The following result establishes the lower bound of the Hellinger distance between the conditional
densities in terms of the loss function D; between corresponding mixing measures, which in turn
leads to the convergence rate of the MLE.

Theorem 1. Given the ezact-fitted settings of the softmaz gating Gaussian mixture of experts (1),
i.e., k= ki, we find that

h(9c,9c.) > C - Di(G, Gy), (7)

for any G € &, (©) := Ok, (0) \ Ok,_1(0) where C is some universal constant depending only on
G and ©. As a consequence, there exist universal constants C' and c such that the convergence rate
of the MLE G,, under the exact-fitted settings satisfies:

P(D1(Gn, Gy) > C'(log(n)/n)'/?) < exp(—clogn). (8)

Proof of Theorem 1 is in Appendix A.1. The parametric convergence rate of the MLE to G, under the
metric Dy suggests that the rates of estimating the true parameters exp(f;), 81; (up to translation),

az, by, 07 for j € [k.] are O((log(n)/n)/?), which are optimal up to logarithmic factors.



3.2 Over-fitted Settings

We now consider the over-fitted settings of the softmax gating Gaussian mixture of experts. Different
from the exact-fitted settings, the softmax weights associated with the MLE collapse to softmax
weights of the mixture of true experts as long as the MLE approaches the true mixing measure

G.. More concretely, we can relabel the supports of the MLE @n with k, components (k, < k)

L A ke ST 3 & =
such that we can rewrite it as G, = > 377 > ;L exp(ﬁ&j)(s(gﬁjvagﬁgﬁyj where duizy o7 = ko
(@, b, 5m) — (af,bf,07) for all 1 < j < &7, and

130 71y Y ag R

Z exp((Bi) X +By)  exn((8i) X + By)
S S exp((Br)TX + By) X exn((B1) X + By))

as n approaches infinity for all i € [k,].

The collapse of softmax weights along with the PDE (3) between the softmax gating and the expert
functions in the Gaussian distribution create a complex interaction among the estimated parameters.
To disentangle such interaction, we rely on the solvability of a novel system of polynomial equations
defined in equation (6). In particular, for any m > 2, we define 7(m) as the smallest number r such
that the following system of polynomial equations

m
1 2
> > PP} Py P3P =0,

J=1 (a1,02,a3,04) €Ly, 0

for any (£1,02) € N% x N such that 0 < |[¢1| <7, 0 <y <7 — |[¢1] and |¢1| + ¢2 > 1, does not have
any non-trivial solution for the unknown variables {p1;, p2j, p3j, paj, D5; };":1, namely, all of p5; are
non-zeros and at least one among p3; is different from 0. The ranges of a1, a2, @3, a4 in the sum
satisfy Ty, p, = {o0 = (o1, 00,3, 4) € NYx N x NxN: a1 +ag = {1, |ag| + az + 204 = lo}.
When d = 1 and r = 2, that system of equations becomes

m m m
> paipi; =0, > pEpl; =0, 3 p3(paps; +p2y) =0,
j=1 j=1 Jj=1

m m 1
Zpgjp?)j =0, Zpgj (510%]' + p4j) =0.
j=1 J=1

It is clear from that we have non-trivial solutions ps; = 1, p1; = 0 for all j € [m], |[p21] = p31 =1,
|p22| = p32 = —1, pa1 = paz = —1/2, paj = p3; = paj = 0 for j > 3. Therefore, 7(m) > 3 when d =1
and m > 2.

In general, when d = 1, the system of equations has (72 + 3r)/2 equations. Intuitively, when m
is sufficiently larger than (72 + 3r)/2, the system may not have non-trivial solution. In general,
for general dimension d and parameter m > 2, finding the exact value of 7(m) is non-trivial and a
central problem in algebraic geometry [30]. When m is small, the following lemma provides specific
values for 7(m).

Lemma 1. For any d > 1, when m =2, #(m) = 4. When m = 3, #(m) = 6.



Proof of Lemma 1 is in Appendix B.3. When m increases, the value of 7(m) also increases. Given
the results of Lemma 1, we conjecture that 7(m) = 2m and leave the proof for that conjecture for
the future work.

The following result demonstrates that the convergence rates of the MLE under the over-fitted
settings of the softmax gating Gaussian mixture of experts are determined by 7(.).

Theorem 2. Under the over-fitted settings of the softmaz gating Gaussian mizture of experts (1),
namely, when k > k., we obtain that

h(9a, 9c.) = C - D2(G, Gy), 9)

for any G € Or(©) where the Voronoi loss Dy is defined in equation (5) and C' is some universal
constant depending only on G, and ©. Therefore, that lower bound leads to the following convergence
rate of the MLE:

P(D3(Gy, Gy) > C'(log(n)/n)?) < exp(—clogn). (10)

Proof of Theorem 2 is in Appendix A.2. A few comments with the result of Theorem 2 are in order.

First, the convergence rate O(n~'/2) (up to some logarithmic term) of the MLE under the loss
function Dy implies that for the true parameters exp(f8y;), 57;, a;, by, o whose Voronoi cells have
only one component of the MLE, the rates for estimating them are O(n~2). On the other hand,
for true parameters with greater than one components in their Voronoi cells, the rates for estimating
B, bt are O(n~1/2714:D) while those for af, oF are O(n~ /T4, As the maximum value of | A;| is
k — k. + 1, it indicates that these rates can be as worse as O(n~/"*F=k+1) for estimating a, o
and O(n~1/27(k=k:+1)) for estimating the remaining parameters. Finally,.........

Although the slow rates of the MLE under the over-fitted settings of the softmax gating Gaussian
mixture of experts may seem discouraging, a practical implication of these results is that we should
not choose k to be very large compared to the true number of experts k.. Furthermore, the slow
rates can also be useful for post-processing procedure, such as merge-truncate-merge procedure [13],
with the MLE to reduce the number of experts so as to consistently estimate k, when the number
of data is sufficiently large. We leave an investigation of model selection with Gaussian mixture of
experts via the rates of MLE for the future work.

Second, similar to the Voronoi loss function D in the exact-fitted settings, the loss function Dy is
also computationally efficient. In particular, for any fixed ¢1,t2, the computation of the summations
in the formulation of Dy is at the order O(k X k), which is linear on k when k, is fixed. Furthermore,
we can solve the convex optimization problem with respect to ¢1,t2 with computational complexity
at the order of O(¢72) via the projected gradient descent method with fixed step size where € is the
error. Therefore, the total computational complexity of approximating the Voronoi loss function Doy
is at the order of O(k x k,/e?).

3.3 Proof Sketch

In this section, we provide a proof sketch for Theorems 1 and 2. To simplify the ensuing discussion,
the loss function D in the proof sketch is implicitly understood as either the loss function D; or Do



depending on the settings of the softmax gating Gaussian mixture of experts. To obtain the bound
of Hellinger distance between gg and g¢, in terms of D(G, Gy), it is sufficient to consider the lower
bound of the total variation distance V(gq, gg,) in terms of D(G, G). To establish this bound, we
respectively prove its local and global versions by contradiction as follows:

Local version: lim._,o infgeo, (0),p(c,6.)<c V (96, 96.)/D(G, G+) > 0. Assume that this claim does
not hold true, that is, there exists a sequence G,, = Zf;l exp(8g;)0(pn. ar br om) € Ok(©) such that
both V(ga,,,9c.)/DP(Gn, G«) and D(G,, G«) approach zero as n tends to infinity. This implies that
for any j € [ks], we have ZiGA]- exp(By;) — exp(f;) and (67}, af', b7, 07') — (ﬂlj,a],b;‘, 0;) and for
all i € A;. For the sake of presentation, we simplify the loss function D by assuming that it is
minimized when t; = 0 and t5 = 04. Now, we decompose the quantity Q,, = [Zf,*:l exp((ﬁi“j,)TX +

Boi)l - 196, (Y|X) — ga. (Y] X)] as follows:

Qn—z Zexp B(]z |: X, Y‘ﬁlz’azv zvaz)_u(X Y|Blj7a’]7 g7 ]) (X Y|Blz)

J=li€A;

k*
o(X,Y18i)] + D0 (3 exp(8g) — exp(8iy) ) [u(X, Y18}, b5, 07) = v(X, Y18)].
j=1

i€A;

where we define u(X,Y |31, a,b,0) := exp(8{ X)f(Y|a" X+b,0) and v(X,Y|51) := exp(3{ X)gac, (Y|X).
Next, for each j € [k.] and i € A;, we apply the Taylor expansions to the functions u(X, Y|57;, al', b, o)
and v(X,Y|57;) up to orders r1; and ro; (which we will choose later), respectively, as follows:

(X Y‘ﬂlwazv i z)_u(X Y|/81]=a]7 'R j)

2715

12
S Y b n ()X exp((81)TX) L ()X +82,07) + Ruy (X, V),

32
‘f1|+52=1 aEIgljz a
T25
o(X,Y|8E) —v(X,YB1) = D s, ()X exp((85;) T X)ga, (Y]X) + Ry (X,Y),
[v|=1

where Ry;;(X,Y) and Rp;;(X,Y) are Taylor remainders such that R,;;(X,Y)/D(G,,, G) vanishes
as n — oo for p € {1,2}. As a result, the limit of Q,,/D(G,, Gx) when n goes to infinity can be seen
as a linear combination of elements of the following set:

ol f
Oh'?

U{ X7 exp((87)T X)ge (YIX) 1 € k], 0< o] <oy}

w:z{X“exp(wi‘j)T )= (Y[(a}) "X + b7, ;>:je[k*],0s2r€1|+€zs2m}

which is shown to be linearly independent. By the Fatou’s lemma, we demonstrate that Q,,/D(Gy, G«)
goes to zero as n — oo, implying that all the coefficients in the representation of @, /D(Gy, Gs), de-
noted by 1y, ¢,(7)/D(Gr, G«) and Sy (j)/D(Gy, G+), vanish when n — co. Given that result, we aim
to select the Taylor orders r1; and r9; such that at least one among the limits of Ty, 4,(j)/D(Gn, G+)
and Sy(7)/D(Gp,Gy) is different from zero, which leads to a contradiction. Hence, we obtain the
local version of the desired inequality. Below are the details of choosing appropriate Taylor orders in
each setting.



Exact-fitted settings: Under this setting, since k. is known, each of the Voronoi cells A;
for j € [ki] has only one element. Thus, for any i € A;, we have exp(f;) — exp(ﬁa‘j) and
(Bl ai b o) — (B1), a5, b}, 07). Given that result, we can select r1; =ry; =1 for all j € [ki] as
it suffices to show that at least one among the limits of T}, 4,(j)/D(Gn, G«) and S (j)/D(Gr, Gy)
is different from zero. In particular, if all of them vanish, we would take the sum of all the limits
of T, .0,(3)/D(Gn, Gy) for (£1,€2) such that 0 < 2[¢1| 4 ¢ < 2, which leads to a contradiction that

1 = D(Gn, Gy)/D(G, G) — 0.

Over-fitted settings: As k., becomes unknown in this scenario, we need higher Taylor orders to
obtain the same result as in the exact-fitted setting. We will reuse the proof by contradiction method
to figure out those orders. More specifically, assume that all the limits of Tp, ¢,(j)/DP(Gp,Gx) and
S+(7)/D(Gr, Gy) equal zero. After some steps of considering typical limits as in the previous setting
which requires rp; = 2 for all j € [k,], we encounter the following system of polynomial equations:

[A;] 1
2 o1, 09 Q3 Q
Z ap5lp111p2lzp3fp4l4 =0,

I=1 (a1,02,03,04) €L 0y

for all (€1, f2) such that 1 < |¢;| + ¢y < ry; for some j € [ky]. Due to the construction of this system,
it must have at least one non-trivial solution. Therefore, if we choose r1; = 7(|.4;|) for all j € [k],
then the above system does not admit any non-trivial solutions, which leads to a contradiction.

Global version: The local inequality suggests that there exists a positive constant &’ > 0 such that
infgeo,0)p(G,a0<e V(96 96.)/D(G, G+) > 0. Thus, it suffices to show the following version of
this inequality infoco, (©),p(G,¢.)> V (96, 96.)/D(G,Gy) > 0. Assume that this claim is not true,
then we can find a mixing measure G’ € Ok(0) such that go (Y |X) = g, (Y|X) for almost surely
(X,Y). According to Proposition 1, we get that D(G’, G,) = 0, which contradicts the hypothesis
D(G',Gy) > €. These arguments hold for both exact-fitted and over-fitted settings up to some
changes of notations.

4 Conclusion

In the paper, we study the convergence rates of parameter estimation under both the exact-fitted
and over-fitted settings of the softmax gating Gaussian mixture of experts. We introduce novel
Voronoi loss functions among parameters to resolve fundamental theoretical challenges posed by
softmax gating, including identifiability up to the translation of parameters, the interaction between
softmax weight and expert functions, and dependence between the numerator and denominator of
the conditional density function. When the number of experts is known, we demonstrate that the
rates of estimating true parameters are parametric. On the other hand, when the number of experts
is unknown and overspecified, these rates are determined by a solvability of a system of polynomial
equations.

A  Proofs of Main Results

In this appendix, we provide proofs for Theorems 1 and 2.
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A.1 Proof of Theorem 1

General Picture: It is worth noting that given the bound in equation (7), we can directly deduce
the result in equation (8) from Proposition 2. Moreover, since the Hellinger distance h is lower
bounded by the total variation distance V', we only need to show that

V(ga,9a.) = C-Di(G,G.). (11)

to obtain the bound in equation (7).

Local version: Firstly, we prove the local version of the above inequality, i.e., we will verify that

li inf  V(ga, Di(G,G.) > 0. 12
i oot (96, 9a.)/D1( ) (12)
D1(G,Gy)<e

Suppose that the inequality in equation (12) does not hold, then we can find a sequence G,, :=
Yok exp(B5)0(ap, an br.om) € Ek. (©) such that V(ge,, ga.)/D1(Gn, G+) = 0 and Dy(Gp, Gy) — 0
as n — oo. Next, for each j € [k,], let us define the Voronoi cells corresponding to the mixing
measure G,, as follows:

Af = Aj(Gn) = {i € [k - 16 = 051 < 1167 — 6711, V0 # j[},

J

where 67 := (a]', b}, 07') and 07 := (a;, b}, a;-“). As the number of distinct sets A} x ... x A} is finite,
there exist a subsequence of G, such that A; = A?, i.e., the Voronoi cells are independent of n, for
all j € [k,]. Since the argument in this proof is asymptotic, without loss of generality we assume
that these Voronoi cells are independent of n for all n. Additionally, since k, is known under the
exact-fitted setting and Dy (G, G«) — 0, the Voronoi cells A; has only one element for any j € [k.].
Without loss of generality, we assume that A; = {j} for all j € [k.], i.e., (a]},},07) — (a}, b}, 07)
as n — 0o. Furthermore, there exist ¢; and to independent of n and a subsequence of G,,, which we
again assume without loss of generality to hold for all n, such that exp(5f;) — exp(5g; +t1) and
BY; — Bi; + t2 as n approaches infinity for all j € [ki]. It indicates that we can upper bound the

Voronoi loss function D; (G, G4) as follows:

ks
DG Ga) € 30 exp(B) (A0 81y, Ay, AV, Aot +| S exp(Bl) — exp(6; + 1)

j=1i€A; i€A;
=D (Gn, Gs).

As V(ga,, 9c.)/D1(Gn, Gx) — 0, we obtain that V(ga,, 9c.) /D (Gn, Gx) — 0.

Step 1: Decomposition
Subsequently, we consider @, := [Z?*Zl exp((B7; + )T X + Bo; + )] - 196, (Y[X) — ga. (YIX)],

11



which is decomposed as

ZZQXP 501 [ X Y’ﬁlzvaw i z)_u(X Y‘ﬁlj—i_t%a]’b;’ ;k)]

j=1li€A;

- Z Z exp 502 |: X Y‘Blz) (va‘ﬂikj +t2)]

j=1licA;

Ky
30 (X explBh) — exp(Bi; + 1)) [ulX, Y18 + ta,05,b5,07) — o(X, V|85 +12)

j=1 €A,
=A, + B, + E,, (13)

where we denote u(X,Y|S1,a,b,0) := exp(8] X)f(Y]a" X+b,0) and v(X,Y|p1) := exp(8{ X)gq,, (Y|X).
Next, by means of the first-order Taylor expansion, we rewrite A,, as

eXp B 7 n n\« 7\« n
Z Z Z 210y 0, AtQBlij)al(Aaij) 2(Abij) 3(A0ij)a4
Jj=1li€A;j|al=1
8|a2|+a3+20¢4f

w X1tz eXP((ﬁfj + tQ)TX) . (Y|(a;“)TX + b;, O';k) + Rl(X; Y)

ah|az\+a3+2a4
1

_ Z Z Z Z exp B(]z At26ﬁj)a1(Aa?j)ag(Abyj)ag(Ao_Zﬂj)tM

2(1406'
J=11€A; 2101 |+la=1 €Ly, o,

otz
hf(Y|( DX + b0

x X exp((B1; +t2) ' X) - j:05) + Bi(X,Y), (14)

where R1(X,Y) is a Taylor remainder such that Ry (X,Y)/D}(Gn,Gs) — 0 as n — oo. The last
equality in the above equation is obtained by defining ¢1 = a; + o, fo = || + a3 + a4 and

Igth = {Oé = (Oéi);lzl € Nd X Nd XNXN:a+ay =401, ag+2a4 =¥y — ]a2|}, (15)

for all (¢1,¢2) € R? x R such that 1 < 2[¢;| 4+ ¢ < 2. Analogously, B,, can be rewritten as

K .
Y 3 3 S g X e (87, + 1) X, (V) + BV, (16)

J=li€A; |y|=1

where Ry(X,Y) is a Taylor remainder such that Re(X,Y)/D}|(Gp,Gx) — 0 as n — oo. From the

formulations of A,, B, and E,, we can represent (),, as the following linear combination

o f

T *
1) X +55,09)

K« 2
Qn = Z Z Tf1,€2(j) XN eXp((BTj + tQ)TX)

J=12|¢1|+£2=0

K 1
+3°3 8,(5) - X7 expl((B5 +t2) T X)ge, (VIX),

J=1 y|=0

12



with coefficients being denoted by Ty, ¢,(j) and S,(j) for all j € [ki], 0 < 2[41] + 42 < 2 and
0 < |v| <1 where

ZieA]- Zaezglh W(Atzﬁﬁj)al (Aa?j)az (Ab?j)og (AO'Z.)OML,
Tel,@(j) = (41,£2) # (04,0) (17)
> ica, exp(By;) — exp(B; + t1), (£1,5) = (04,0)
and
~Siea B a0, hi#0
Sy(j) = (18)

—2ica, exp(8g;) + exp(By; +11), |y =0.
Step 2: Non-vanishing coefficients
Now, we will demonstrate by contradiction that at least one of the terms Ty, ¢,(j)/D}(Gn, Gx),

S,(7)/DP1(Gr, G4) does not approach zero. Indeed, assume that all of them vanish when n — oo,
then we get

kz* ool _ kz | Liea, exP(B) —exp(B; +0)|
= Pl G D}(Gr, G 7
which implies that
1 Fr . )
m : ; ) i;;j exp(fg;) — exp(ﬁoj +1t1)| — 0. (19)

Similarly, by considering the limits of Ty, 4, (j)/D}(Gn, Gy) for all j € [ki] and 1 < 2[¢1| + l5 < 2, we
obtain that

ks
N exp(BE)(A 8L, Mgy, Aby, Aot = 0. (20)

j=licA;

1
D} (Gp,Gx)

Combine the results in equations (19) and (20), we have 1 = D} (G, G+)/D{(Gy, G.) — 0, which is
a contradiction. As a result, not all the limits of Ty, ¢,(j)/D}(Gn, Gx) and Sy(j)/D}(Gr, G+) equal
to zero.

Step 3: Fatou’s lemma involvement

Thus, let m,, be the maximum of the absolute values of those terms, we have that 1/m, /4 oo.
Subsequently, the Fatou’s lemma says that

.1 Viga, 9a.) / o1 ge, (YX) = ga, (Y]X)|
1 —_— eI s ] f—- n . X,Y). 21
e DG Gy ) it G ey ) 1)

13



By assumption, the left-hand side of the above equation equals to zero, therefore, the integrand in
the right-hand side also equals to zero for almost surely (X,Y"), which leads to the following limit:
Qn/[mnD1(Gr, Gy)] — 0 as n — oo for almost surely (X,Y). More specifically, we have

0 f

(Y1) X+ 8. )
1

.7’.7

Ky 2
> Y mne) XM exp((B) T X)

j=1 2\£1|+£z—0
+ ZZWV - X7 exp((B1;) " X)ge. (Y[X) =0,
J=1]y]=0

for almost surely (X,Y"), where 7, ¢,(j) and wy(j) are the limits of Ty, ¢,(7)/[mnD](Gn, G)] and
S+(7)/[mnD)(Gp, Gy)], respectively, for all j € [ki] , 0 < 2[41] + ¢ < 2 and 0 < |y| < 1. Here, at
least one among 7y, ¢,(j) and w,(j) is different from zero. On the other hand, since the set

o f
OhS?

O {X7 exp((85) T X9 (V1X) 1 € [ka], 0 < < 1. (22)

Wi {Xflexp«ﬁl]fX) (YI(a5)TX +b3, ;>:je[k*1,os2|fl|+@gz}

is linearly independent (see Lemma 2 at the end of this proof), we obtain that 7, ¢,(j) = wy(j) =0
for all j € [ki] , 0 <2|¢1| 4+ €2 <2 and 0 < |y| < 1, which is a contradiction. Thus, we reach the
local inequality in equation (12), that is, there exists ¢’ > 0 that satisfies

inf V D1(G,G) >0
ceilo, (96,96.)/D1(G,Gx)
D1 (GG

Then, in order to obtain the conclusion in equation (11), it suffices to prove its following global
version:

Global version:

inf vV DG, G,) > 0. 23
ce o (96,96.)/D1(G,Gx) > (23)

D1(G,Gx)>e

Assume by contrary that there exists a sequence G), € &, (©) that satisfies

limy, 00 V(QG%» 96.)/D1(Gy,, Gy) =

Therefore, we obtain that V(gar ,9a,) — 0 as n — oo. Since the set © is compact, we are able to
replace the sequence G}, by its subsequence which converges to some mixing measure G’ € &, (0)
such that D(G’, G) > €’. Then, by the Fatou’s lemma, we get

. 1 ..
Jm Vigeyg6.) > 5 [ lmint log, (V1Y) - go. (V)] dCX.Y),
which implies that

/!gcf(Y!X) —gc. (Y]X)] d(X,Y) =0

14



Thus, we obtain that gg(Y|X) = ga, (Y|X) for almost surely (X,Y). Now that the softmax
gating Gaussian mixture of experts is identifiable up to a translation (see Proposition 1), the
mixing measure G’ admits the form G’ = Zf lexp(ﬁoT @ T t1)0(gr o2 B )
t1,t2, where 7 is some permutation of the set {1,2,...,k}. This leads to D1(G’,Gx) = 0, which
contradicts the hypothesis that D1 (G’, G,) > &’ > 0. Hence, we obtain the inequality in equation (11).

for some

To complete the proof, we will show the previous claim regarding the independence of elements in
W1 in the following lemma:

Lemma 2. The set Wy defined in equation (22) is linearly independent.

Proof of Lemma 2. Assume that we have the following equality for almost surely (X,Y):

O Y@ X 45, 0%)

ks 2
Yoo el XTexp((8) "X )8h 7505

j=1 2‘Z1|+€2*0

+ ZZ% X7 exp((8;) " X)ge, (Y]X) =0,

J=11|y]=0

where 7, ¢,(7) € R and w,(j) € R, we need to show that 1, ¢,(j) = wy(j) = 0, for all j € [k.],
0 < 2J41] + €3 <2 and 0 < |y| < 1. The above equation is equivalent to

S el

j=1¢=0 egzo

ks 2—

h@ L 01a) X+ 85,0 + g (V0] X expl(87,)TX) = 0,

for almost surely (X,Y"). Since 8], .., B}, are ki distinct values, we get that the set {exp((/@i"j)TX) 1j € [k*]}
is linearly independent, which implies that

1 2-2

SIS wen? h@ Tl T 5, 0) + g (V1X)] X =0
(=0 £5=0

for all j € [k,] for almost surely (X,Y). Obviously, the above equation is a polynomial of X € X,
where X is a compact subset of R%. Then, we achieve that

2-2¢
cheg ah@ Y!( DX 405, 0%) + we(i)ge. (YIX) =0,

for all j € [ki] and ¢ € {0,1}, for almost surely (X,Y). Again, as (af,b%,0%) for j € [k,] are k,

32250 9j
distinct tuples, we have that ((a )TX + b}, 07%) for j € [k,] are also k. distinct tuples for almost

(Y|( )TX +03,07%), 96.(Y|X) p is a linearly independent set. As a

result, 0y, ¢, () = wy(j ) = O for all j € [ki], 0 < 2|¢1| 4+ ¢2 <2 and 0 < |y| < 1. Hence, the proof is
completed. m

surely X. Therefore,
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A.2 Proof of Theorem 2

In this proof, we will adapt the framework in Appendix A.1 to the setting of Theorem 2. However,
since the arguments utilized for the global version part remain the same (up to some changes of
notations) for the over-fitted setting, they will not be presented here again and we focus only on
proving the following local inequality by following the steps outlined in Appendix A.1:

li inf V Do(G, Gy) > 0. 24
lig - _inf (96,96.)/D2(G, Gy) (24)
D2(Gn,Gx)<e

Assume that the above claim is not true, then there exists a sequence G,, := Zfﬁl exp(ﬂ&)é(%’a?,b?ﬂ?) €
Ok(0©) such that both terms V(gq, , 9G.)/D2(Gn, G«) and D2(G,,, G4) vanish to 0 when n tends to
infinity. As k, < k for all n € N, we are able to substitute the sequence G,, with its subsequence
which has the number of atoms k,, = k' < k, being independent of n. Since the proof argument is
asymptotic, we also assume that k,, = £k’ for all n > 1. Following the proof argument of Theorem 1 in
Appendix A.1, we also assume that the Voronoi cells A; = A} does not change with n for all j € (k]
Furthermore, for any (a,b,0}") that i € A;, we have (a} ,bf, ') — (a;‘f, b}, a;) as n approaches
infinity. Furthermore, there exist 1, ¢y such that exp(8f;) — exp(ﬁé"j + 1) and S}, — Bi; + ta for
any ¢ € A; and j € [ky]. Given ty,t2, we can upper bound the Voronoi loss function Da(Gy,, G4) as
follows:

Dy(Gn,Ge) < Y D exn(B8) (1( Ao By, AU [T 4[| (Aafy, Acty)|7HAD/2)

JilAj>1i€A;

+ Z Z exp(ﬂgi)H(Atz/Blija Aai]? Ab?]? Aaz] H + Z| Z exp /801 exp(ﬁf)kj + t1)|

J A =14i€A; J=1 icA;
= DL(Gp, Gy).

Since V(g9a,,, 96.)/D2(Gr, G.) — 0, the above inequality leads to V(ga,, 9a.)/Ds(Gn, Gx) — 0 as
n — 0o.

Step 1: Decomposition

In this step, we reuse the decomposition @, = A,, + B, + E,, in equation (13). However, under the
over-fitted setting, since there are some Voronoi cells A; possibly having more than one element, we
continue to decompose A, and B,, as follows:

Z Z exp 60@ |: X Y’/Bh’aw P04 ) _U(X Y|/Blj +t27a’y7b;<7 *)]

Ji|Aj|=11€A;

+ Z ZGXP /BO’L |: X Y’/Bh?az’ ] z)_u(X Y‘Blj—i_t%a]’b;’ j)]

JilA;I>1i€A;
L= An,l + An,27
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and

= Y () [o(XL Y18 — o(X, Y18 + )|

Ji|Aj|=14i€A;
= 203 (B [v(X, YIBE) — v(X, Y87, + 12)]
JilAj|>14€A;
= Bn,l + Bnyg.
Now, we apply the first-order Taylor expansions for two terms A, ; and By, ; as in equations (14)

and (16), while for A, » and By, 2, we use the Taylor expansions of orders 7(|.4;|) and 2, respectively,
for each j : |A;j] > 1 as

2T(|AJ D

Ma= XY S X SR e ) a0 (Ao

] |A ‘>1 ’LE.AJ 2|£1H—£2 1 OéEI[l 2
o' f

< X expl(Bf; + )T X): S (V@)X +8,07) + RalX,Y),
- ~ XU (A g X exp((5 4 fa) T
B = Z Z Z | (Atzﬁuj) X eXP((ﬁu +1t2) X)gc, (Y|X) + Ra(X,Y),

Jil A>T ieA; |y]=1
where Zy, ¢, is defined in equation (15) and R3(X,Y), R4(X,Y) are Taylor remainders such that
R,(X,Y)/D4(Gp,Gy) = 0 when n — oo for p € {3,4}. As a result, @, can represented as

ke 240 oy

Qu=2_ 2 Thel) X" exp((Bf; +t2) X) 2 (YI(a)) "X 4], 07)
=1 2|1 |+£2=0 !

ke 1Tlga;>1

+30 Y S0) - X exp((B; + t2) T X)ga, (V]X), (25)

j=1 |y|=0
where Ty, 4,(j) and S,(j) are defined in equations (17) and (18).

Step 2: Non-vanishing coefficients

Next, we will show that not all the quantities Ty, ¢, (j)/D5(Gn, Gx) and S,(j)/Dy(Gr, Gx) go to 0
as n — 0o. Assume that all of them vanish when n tends to infinity. Then, by arguing similarly as
in equations (19) and (20), we obtain that

1 "
Dy (G G [ Z exp(fg;) — exp(B; + 1)
J=1 icA;
YD exn(B) I(AnBly, Ady, A, AGh)II| - 0.
Ji|Aj|=11i€A;

Putting the above limit and the formulation of Ds(G,,, G«) together, we deduce that

D/ (G G Z Z exp ﬁOz ”At2/81’L]’Abn ||T (IA;51) 4 ”( O.ZHF(LA]D/Q) 7L> 0,
A ieA,;
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which indicates that there exists some index j* € [ky] such that |A;-

1

n n (A n 7(|A;])/2
m' Z exp(B0i) [[(Aty BT 5+, A} ) | (1451 +||(Aaz]*’ Acii| (4517 # 0,

for all t5 € RY. Without loss of generality, we may assume that j* = 1. Recall that for (¢1, f3) such
that 1 < [¢1] + l2 < 7(].A1]), we have Ty, 4,(1)/D5(G,, Gi) — 0 as n — co. Thus, by dividing this
ratio and the left hand side of the above equation and let to = 0, we obtain that

€xp 5711 n \a n\o n\a n\o
ZZG.Al ZaEIgl 2 26,(4,1[!])(Aﬁ17,1) 1(Aazl) 2(Abzl) 3(A0'11) *

Yiea, exp(B5) (1(ABF, ABE)IHAD + [[(Aafy, Aagy)||7(1A4D72)

for all (¢1,05) such that 1 < [f1] + ¢ < 7(|Aq]).

Let us define M, := max{||AS7; |, [Aa||M2, A |, | Ao Y2 i € Ay} and B, := max;e 4, exp(BE).
Note that the sequence exp(f);) /B, is bounded, we will replace it by its subsequence that has a
positive limit pZ; := lim,, o0 exp(B%:)/B,,. Thus, at least one among p3, for i € A; equals 1.

In addition, we also define

0, (26)

(ABTA) /My — priy,  (Aajy)/ My — pai,
(Abﬁ)/wn — D3i, (Adﬁ)/[zﬁn] — P4

Here, at least one of py;, p2;, ps; and py; for i € Ay equals either 1 or —1. Next, we divide both the

numerator and the denominator of the ratio in equation (26) by Bnﬂﬁﬁb, we achieve the following
system of polynomial equations:

o (03 (07
Z Z p5zp111p212p313p42 =0,
ZGAl OéEI[l

for all (¢1, /) such that 1 < [#1] + €3 < 7(]A1|). However, based on definition of 7(|.41]), the above
system do not have any non-trivial solutions, which is a contradiction. Thus, not all the quantities
Tr,0,(7)/D5(Gr, Gy) and Sy (5)/Dy(Gn, Gx) go to 0 as n — oo.

Step 3: Fatou’s lemma involvement

Subsequently, we denote by m,, be the maximum of the absolute values of those quantities. Based
on the result in Step 2, we know that 1/m, 4 oo. Then, by applying the Fatou’s lemma as in
equation (21), we get that Qp/[mnD5(Gr, Gx)] — 0 as n — oo for almost surely (X,Y). It follows
from the decomposition of @, in equation (25) that

ke 27(1A;])

Yo D mne) XM exp((8])) " X)

Jj=1 2|¢1]+£2=0

8(

o Lyl Tx + 8,07

]’J

ke 1TL{4;>1

+ 3 Y W) X exn((85) X)ge. (YIX) =0,

=L =0
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for almost surely (X,Y"), where 1, ¢,(j) and w+(j) denote the limits of Ty, ¢,(7)/[mnD5(Gr, G+)]
and S, (7)/[mnD5(Gr, G4)] as n — oo, respectively, for all j € [k.] , 0 < 2|¢1] + ¢2 < 27(]A;|) and
0 <|y| <1+ 1g4,>1}- By definition, at least one among 7y, ¢,(j) and w,(j) is different from zero.
Nevertheless, as the set

o f
ont?
U {X7 exp((B1) ' X)ga, (Y|X) 1 j € [k, 0< |y <1+ 1{|Aj|>1}}7 (27)

Wz:z{X“exp((BTj)TX) (¥l(a) X +0], ;‘me[k*Loszwlrwzswjo}

is linearly independent (proof can be done similarly to Lemma 2), it follows that 7, 4, (j) = wy(j) =0
for all j € [ki] , 0 < 2[61] + £y < 27(|A;]) and 0 < |y] < 1+ 14,51}, which is a contradiction.
Hence, we achieve the inequality in equation (24), and complete the proof.

B Proofs of Auxiliary Results
In this appendix, we provide proofs for the remaining results of the paper.

B.1 Proof of Proposition 1

Given the notations in Proposition 1, assume that the equation gg(Y|X) = go/ (Y| X) holds true,
that is,

Eki exp((B1) T X + Boi)
Sk exp((B1y)TX + Bog)

eXP (B1) "X + B) T /
— FY(d)TX + b, 0 28
Z S exp((BY)TX + B);) ¥la) 7 )

f(Y|(a1)TX + bi, O‘i)

for almost surely (X,Y). Then, it follows from the identifiability of the location-scale Gaussian
mixtures that the number of atoms and the weight set of the mixing measure GG equal to those of its
counterpart G’, i.e. k =k’ and

)TX i T X g
{ exp((B) X+ o) [k]} _ { eR(BTXA ) m} |
Zj:l exp((B17) T X + Boj) Zj:l eXP((Blj) X+ 50]')

for almost surely X. For simplicity, we may assume that

exp((B1i) "X +Boi)  _ exp((B1;) "X + Byy)
i exp((Bi)TX + Boy) by exp((B1,)TX + By,)

for all ¢ € [k]. Since the softmax function is invariant to translation, we get that So; = /3, + t1 and
B1i = BY; + t2 for some t; € R and t3 € R?. Therefore, equation (28) reduces to

Zexp 502 X Y’/Bluazvbuo—z Zexp 501 X Y|6117a17 39 z)) (29)
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for almost surely (X,Y), where u(X,Y |31, a,b,0) := exp(8]{ X)f(Y|a" X +b,0) for all i € [k]. Next,
we will partition the index set [k] into ¢ subsets Uy, Us, ..., U, such that for each ¢ € [¢], we have
exp(Boi) = exp(Boi) for any 4,7 € Uy. As a result, equation (29) can be rewritten as

Z Z eXp ﬁOz X Y’ﬁlhalablyaz Z Z €Xp BOZ X Y|ﬁ1l7am zvaz)

(=11i€eU, (=1i€U,

for almost surely (X,Y). Given the above equation, for each ¢ € [¢], we obtain that
{((ai)TXiji,ai) = Ug} = {(( NTX 4 b,0l) i Ug},
for almost surely X, which directly leads to

{(a;,bi,00) 1 € Up} = {(al,bi, al):i€ Ug}.
WLOG, we assume that (a;, b;,0;) = (al, b}, 0%) for all i € U;. Consequently,

R R ’L

q
Z Z eXp(’BOi)é{ﬁli,ai,bivUz} Z Z exp BOZ +th 5{511""52 aj,bl,o0}h

(=1 1icU, (=1 1icU,

or equivalently, G = Gglh. Hence, the proof is completed.

B.2 Proof of Proposition 2

Our proof will be based on the convergence rates of density estimation from MLE in Theorem 7.4 in
[31]. Before stating this result here, let us introduce some necessary notations. Firstly, let Px(O)
be the set of conditional densities of all mixing measures in Ok(0), i.e., Pr(0) := {ga(Y|X) : G €
Or(©)}. Additionally, we define

P2(©) = {g 1c/;2+G LY|X) : G € 0(0)}.

Next, for each § > 0, the Hellinger ball centered around the conditional density g, (Y]X) and
intersected with the set 77;/ 2(@) is denoted by

P©.5) = {5/ € PL0) : hy.gc.) < ).

Finally, in order to measure the size of the above set, [31] proposes using the following quantity:

~ 6 ~
Ts(8,P,/*(0,0)) := /5 H? (6, P2(0,1), ] - [l2) dt v 6, (30)

2 /913

where Hp(t, 75,1/2(@, t), |l - |]2) denotes the bracketing entropy [31] of 75,1/2(@, u) under the f-norm,
and ¢tV ¢ := max{t,d}. Now, we are ready to recall the statement of Theorem 7.4 in [31]:

Theorem 3 (Theorem 7.4, [31]). Take V() > Tp(9, 52/2(@,5)) that satisfies W(5) /62 is a non-
increasing function of 6. Then, for some universal constant ¢ and for some sequence (9,,) such that
Vné2 > c¥(6,), we achieve that

né?
P<h(gan,gc:*) > 5) < cexp (CQ) ;

for all § > 6,.
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The proof of this theorem can be seen in [31].

Proof of Proposition 2. Back to our main proof, since
Hp(t,P,*(0,u), | - |l2) < Hp(t, Pr(©, 1), h)

for any ¢t > 0, it follows from equation (30) that

6 1

HY(6,Pu(0,0), | - [l2) dt v 6 < / log(1/t)dt v 6,
§2/213

Ts(6,P,/*(0,5)) < /

52/213

where we apply the upper bound of a bracketing entropy in Lemma 3 (cf. the end of this proof) in
the second inequality. Let ¥(8) = d[log(1/6)]'/2, we have ¥(§)/6? is a non-increasing function of 6.

Moreover, the above equation deduces that ¥(§) > Jp(J, 75,1/2(@, 9)). Additionally, we also have
that \/nd2 > c¥(4,) for some universal constant c. As all the assumptions are met, Theorem 3 gives
us that

P(h(gg, ,9c.) > Cllog(n)/n)'/?) < exp(—clog(n)),
for some universal constant C' that depends only on ©. O

For completion, we will provide the result regarding the upper bound of a bracketing entropy in the
following lemma:

Lemma 3. Assume that © is a bounded set, then the following inequality holds true for any
0<e<1/2:

Hp(e,Pp(©),h) < log(l/e).

Proof of Lemma 3. Firstly, we will establish an upper bound for the univariate Gaussian density
f(Y|a"X +b,0). Since both X and © are bounded sets, there exist positive constants &, u, £ such
that —x < a' X +b <k and £ < o < u. As a result,

(Y — h1)2> PN

1
Y|a" X +b,0) = exp | — .
(Y] 7) V2mhs P ( 2ha RYPY Y

For any |Y| > 2k, we have that % > 58/—5, which leads to
f(Y]a"X +b,0) < ! ex (—Y2>
=V TP s

Putting the above results together, we obtain that f(Y|a"X +b,0) < K(Y|X), where we define

K(Y|X) := 18/—5) if |Y| > 2k, and K(Y|X) := \/21W otherwise.

1
e (-

Subsequently, let 7 < e, we assume that the set P(O) has an n-cover (under ¢;-norm) denoted by
{m1,...,7n}, where N := N(n,Pr(0),| - ||1) is known as the n-covering number of P (©). Then,
we will build up the brackets of the form [v;(Y|X), u;(Y]X)] for all i € [N] as follows:

X) _7770}7
X) +n, K(Y[X)}.

v;(Y|X) := max{m; (Y

|
i (Y| X) := max{m;(Y|
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Consequently, it can be checked that P(©) € N, [v(Y|X), 1i(Y|X)] with a note that ;(Y]X) —
v;(Y|X) < min{2n, K(Y|X)}. Next, for each i € [N], we attempt to give an upper bound for

i — villi = / (1 (Y[X) = v4(Y]X)) d(X,Y) +/ (1:(YX) —v(Y]X)) d(X,Y)
[V|<2k [V |>2x

R2
SRn—Fexp(—%) < R'n,

where R := max{2x, v/8u}log(1/n) and R’ is some positive constant. By definition of the bracketing
entropy, since Hg(R'n, Pr(0O), || - ||1) is the logarithm of the smallest number of brackets of size R'n
necessary to cover Py (©), we achieve that

Hp(R'n, Pp(©),] - l1) <log N =log N(n,Pr(©), ] - [I1)
<log N(n,Pr(©), ] [loc)

where || - ||oo denotes the sup-norm and the last inequality is due to the fact that || - || < | - |1

Assume that the following upper bound for the covering number log N (1, Pr(0), || - [|) < log(1/n)
holds true (proof provided at the end), then the above result leads to

Hp(R'n,Pr(®©), | - 1) < log(1/n).

By selecting n = ¢/R’, we receive that Hg(e,Pr(0),] - |l1) < log(1/e). Furthermore, since the
Hellinger distance is upper bounded by the £1-norm, we reach the desired conclusion:

Hp(e,Pr(©),h) < log(1/e).

Upper bound of the covering number. For completion, we will establish the following upper
bound for the covering number, i.e.,

log N'(1, Pe(©), [ - [loo) < log(1/n).

Let us denote A, as an n-cover of size M; for an k-dimensional simplex and Q := {(a,b,0) :
(Bo, B1,a,b,0) € O}. Since O is a compact set,  is also a compact set in R%2. Thus, we can
find an 7-cover 2, of  with the covering number Ms. It can be verified that M; < (5/n)* and
My S O((1/m)\4+2)).

For each mixing measure G = Y% | exP(80i)0(81;,0:,b5,0) € Ok(©), we consider another one denoted
by G := Zle exp(ﬂ()i)é(ﬁu 35151)’ where (@;,b;,5;) € Q, such that (a;,b;,7;) are the closest to
(ai,bi,0;) for all @ € [k]. In addition, we also take into account the following mixing measure

k

7T —

G =% exp(By)o5 - 7 - ., where (p;(X))F, = < exp(B1; X +Bo;) ) is the closest to
Ez_l p(BOz) (B14>:,b:,01) (pz( ))z_l Z?:leXP(IBlTjX""rBOj) i

k
T :
(pi(X))k_| = (Zfitp;fﬁf;{ﬁﬁ%))i:g We can verify that the conditional density g belongs to the

following set:

R = {gG € Pr(©) : (pi(X))izy € Ay, (ai,bi03)iy € Qn} :

22



By the triangle inequality, we have
196 — 9alloe < ll9c — 9gllec + l9g — 9gllco-

From the formulation of é, we get the following bounds:

k
lge = galloo <D IV I(ai) "X + b3, 00) = FV(@) T X + b5, 7))l oo
=1
k p—
S (lai — @il + b = bil + |o: — 73]
i=1
< (31)

where the second inequality follows from the facts that X is a bounded set. Additionally, we have

k
l9& — Z X (Y](@) "X +bi,77) o0 S 1 (32)

Combine the bounds in equations (31) and (32), we receive ||ga — gzllcc S 7, which means that R is
an 7n-cover (not necessarily smallest) of Pr(©) under the sup-norm. By definition of the covering
number, we know that

N(1,Pr(©), ]| - lso) < O((5/m)*) - O((1/m) 2",

or equivalently,

log N'(1, Pe(©), [ - [loo) < log(1/n).

Hence, the proof is completed. O

B.3 Proof of Lemma 1

First of all, let us recall the system of polynomial equations of interest here:

m
Z > o Pmpi‘;pé‘fp?img =0, (33)

J=la€ly,, 22

where Zy, o, = {0 = (0, a2, a3, 04) € N x N x NxN: o) +ag = {1, |ao| + oz + 204 = £o} for
any (f1,02) € N? x N such that 0 < |¢1| <7, 0 < ly <7 — |[1] and |1] +£5 > 1.

In this proof, we denote p1; = (p1j1,P1j2,- - -, P1jd) and paj = (P2j1,D252, - - - » D2jd)-

When m = 2:

By observing a portion of the above system when ¢; = 04, which is,

m 2 (&3 (82
>y m @)

leval
a3.:04-
J=1 az+2a4=~L> 3:4
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for all 1 < ¢y < r, we deduce that 7(m) < 4 based on the Proposition 2.1 in [17]. Moreover, from the
discussion in Section 3.2 about the system in equation (33), we know that 7(m) > 3. As a result, it
is sufficient to show that 7(m) > 3. Indeed, when r = 3, the system in equation (33) can be written
as follows:

m m m
> pEpij =0Vl € [d], Zpgjp:%j =0, > p3i(paju + prjeps;) = 0 Yu,v € [d],

7j=1
Zp?)jpljupljv =0 Yu,v G pr( p3] +p4j> =0, pr)] <3|p3j +p3]p4j> =0,
j=1 =t
m
> pEiprjupijepi = 0 Yu,v,1 € | prw( P1jub1joPs; +p1ﬂp2ﬁ> =0 Vw0, b7 € [d,
=1

Zp@( Piju - P3; + P1juPaj +pzjzp3]) =0Vu,v,l,7 €[d]. (35)

It can be seen that the following is a non-trivial solution of the above system: ps; = 1, p1; = p2j = Oq4

for all j € [m], ps1 = \3[, P32 = \/57 D41 = P42 = —%. Therefore, we obtain that #(m) > 3, which
leads to 7(m) = 4.
When m = 3:

Note that 7(m) is a monotonically increasing function of m, the previous result implies that
7(m) > 7(2) = 4, or equivalently, 7(m) > 5 when m = 3. Additionally, according to the Proposition
2.1 in [17], we have that 7(m) < 6 based on the reduced system in equation (34). Thus, we only
need to show that 7(m) > 5. The system in equation (33) when r = 5 is a combination of the system
in equation (35) and the following system:

m m
1 1 1
> " p3p1juprjopiiiptie = 0 Vu,v, LT € [d], Y pl; (Ipéj + oyP3pas + 51)3;) =0,
Pt P ! ! !

1 1
ZP?,J' <§pljup§j + p1jups;paj + gpwpgj + p2j7p4j) =0 Yu,v,l,7 € [d],
= ! !

m
1 1
>~ 5 (gPrm PrusPriaapa + g1 PPz ) = 0 utiy, {ofi € (d)
Jj=1 ) ’

m

1 1
E pEQ)j (72|2'p1ju1p1juzp§j + 5y P1iusP1jusP4j +p1ju5p1ju6p3j) =0 V{ui}j—; € [d],
st 12! !

m 5
Zpgj lejuz 0 v{u’l}z 1 € [d],
j=1 =1
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= 2 1 5 1 3 1 2
E D5 (52733‘ + 310314 + §p3jp4j) =0,
= ! ! !

m
1 1 1 1
2 4 2 2 3 5
E D5, (Epljulpgj + Eplju2p3jp4j + gplju3P4j + §p2ju4]33j + ijU5p3jp4j> =0 Wui};, € [d],
= ! ! ! !

m 4 7
1 1
Zpgj(g lejuip:’)j +3r lejuip2jus> 0 V{u;}i—y € [d],
4

1
Zp5j (2'3‘ lejuzp;;j 2' lejulp&]p‘lj +p1]u5p2jﬂ6(2p3] +p4j 2' Hp2]uzp33> =0 v{uz}z 1€ [ ]
Jj=1 i=3

11
1 1
Zp5] <3‘2| lejuzp?,] 3' Hp1]u1p4j + 2‘p1]1wp2]u8p3] + 2'plju9 H p2]uz> Ov{uz}l 1 € [ ]
1=10

We can verify that the non-trivial solution mentioned in the previous setting also satisfies this system.
Hence, we conclude that 7(m) = 6.
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